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Exact Categories𝟏

SHA 2½⋄1. Let a category ℰ have the zero object 0 and the kernel and cokernel of every morphism2. Given
a morphism 𝜑 ∶ 𝑋 → 𝑌 in ℰ, put im𝜑 ≝ ker (𝑌 → coker 𝜑) and coim𝜑 ≝ coker (ker 𝜑 → 𝑋). Show that
every 𝜑 admits the functorial in 𝜑 factorization 𝑋 → coim𝜑 → im𝜑 → 𝑌.

Exact categories. A category ℰ is called to be exact if it satisfies the conditions of prb. SHA 2½⋄1 an the canonical arrow
coimఝ → imఝ is an isomorphism for every ఝ ∈ Mor ℰ. A composition ఝట is called to be exact if ker ఝ = imట. All the
remaining problems deal with an arbitrary exact category.
SHA 2½⋄2. Consider a commutative diagram with exact arrows

𝑋ଵ
ఈభ //

క
��

𝑌ଵ
ఉభ //

ఎ
��

𝑍ଵ
఍
��

𝑋ଶ ఈమ
// 𝑌ଶ ఉమ

// 𝑍ଶ

a) For ker 𝛼ଵ = 0 = ker 𝛼ଶ, construct an exact sequence 0 → ker 𝜉 → ker 𝜂 → ker 𝜁. Now assume that
coker 𝜉 = coker 𝛽ଵ = coker 𝛽ଶ = 0. Show that b) coker 𝜂 ≃ coker 𝜁 c) the sequence 𝑋ଶ → im 𝜂 → im 𝜁 is
exact d) im 𝜁 = coker (ker 𝜂 → 𝑍ଵ) e) coker (ker 𝜂 → ker 𝜁) = 0.

SHA 2½⋄3. Given a commutative diagram with exact arrows

𝐴ଵ //

ఈ
��

𝐵ଵ //

ఉ
��

𝐶ଵ //

ఊ
��

𝐷ଵ
ఋ
��

𝐴ଶ // 𝐵ଶ // 𝐶ଶ // 𝐷ଶ

show that if coker 𝛼 = 0 (resp. ker 𝛿 = 0), then there exists an exact sequence ker 𝛽 → ker 𝛾 → ker 𝛿 (resp.
coker 𝛼 → coker 𝛽 → coker 𝛾).

SHA 2½⋄4. For every composition 𝜑𝜓, construct a long exact sequence 0 → ker 𝜓 → ker 𝜑𝜓 → ker 𝜑 →
coker 𝜓 → coker 𝜑𝜓 → coker 𝜑 → 0.

SHA 2½⋄5. For a commutative diagram with exact arrows

𝐴ଵ //

ఈ
��

𝐵ଵ //

ఉ
��

𝐶ଵ //

ఊ
��

𝐷ଵ //

ఋ
��

𝐸ଵ
ఌ
��

𝐴ଶ // 𝐵ଶ // 𝐶ଶ // 𝐷ଶ // 𝐸ଶ

(1)

and coker 𝛼 = 0 = ker 𝜀, put 𝐾 ≝ ker (𝐶ଵ → 𝐷ଶ), 𝐾 ≝ coker (𝐵ଵ → 𝐶ଶ). a) Construct an injection 𝐾 ↠ ker 𝛿
and a surjection coker 𝛽 ↪ 𝐾. b) Show that there exists a unique morphism 𝜕∶ ker 𝛿 → coker 𝛽 such that
the compositions 𝐾 → 𝐶ଵ → 𝐶ଶ → 𝐾 and 𝐾 → ker 𝛿 డ−→ coker 𝛽 → 𝐾 coincide. c) Construct an exact
sequence ker 𝛽 → ker 𝛾 → ker 𝛿 → coker 𝛽 → coker 𝛾 → coker 𝛿.

SHA 2½⋄6. For a diagram (1) with invertible 𝛼, 𝛽, 𝛿, 𝜀, show that 𝛾 is invertible too.

SHA 2½⋄7. Given a complex3 𝐶: ⋯ ௗ೔−భ−−→ 𝐶௜ ௗ೔−→ 𝐶௜+ଵ ௗ೔+భ−−→ ⋯, put 𝑍௜ ≝ ker 𝑑௜, 𝑍௜ ≝ coker 𝑑௜−ଵ, 𝐻௜ ≝
𝑍௜ ∕ im𝑑௜−ଵ. Verify that 𝑑௡ gives a morphism 𝑍௡ → 𝑍௡+ଵ. For an exact sequence of complexes 0 →
𝐴 ఈ−→ 𝐵 ఉ−→ 𝐶 → 0 construct the functorial exact sequence 𝐻௡(𝐴) ு೙(ఈ)−−−→ 𝐻௡(𝐵) ு೙(ఉ)−−−→ 𝐻௡(𝐶) ு೙(ఋ೙)−−−−→
𝐻௡+ଵ(𝐴) ு೙+భ(ఈ)−−−−−→ 𝐻௡+ଵ(𝐵) ு೙+భ(ఉ)−−−−−→ 𝐻௡+ଵ(𝐵).

1Hints for all the problems in this task see in B. Iversen. «Cohomology of sheaves».
2That is, the (co)equalizer of the morphism in question and the zero morphism (i.e., transmitted through the zero object).
3This means that ௗ೔ௗ೔−భ = ଴ for all ௜.
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