
Algebraic Geometry. A Start Up Course. Task 5 (October 19, 2017)

Commutative algebra and affine algebraic geometry

AG5⋄1. Let a polynomial 𝑓 vanish along a hypersurface 𝑉(𝑔) ⊂ 𝔸௡ over an algebraically closed field. Prove
that every irreducible factor of 𝑔 divides 𝑓.

AG5⋄2. For the ideal 𝐽 = (𝑥𝑦, 𝑦𝑧, 𝑧𝑥) ⊂ ℂ[𝑥, 𝑦, 𝑧], describe 𝑉(𝐽) ⊂ 𝔸ଷ and 𝐼(𝑉(𝐽)) ⊂ ℂ[𝑥, 𝑦, 𝑧]. Is it possible
to describe the same variety by two polynomial equations?

AG5⋄3. Find 𝑓 ∈ 𝐼(𝑉(𝐽)) ⧵ 𝐽 for the ideal 𝐽 = (𝑥ଶ + 𝑦ଶ − 1, 𝑦 − 1) ⊂ ℂ[𝑥, 𝑦].
AG5⋄4. Describe 𝑉(𝐽) ⊂ 𝔸ଷ and 𝐼(𝑉(𝐽)) ⊂ ℂ[𝑥, 𝑦, 𝑧] for the ideals

a) 𝐽 = (𝑥𝑦, (𝑥 − 𝑦)𝑧) b) 𝐽 = (𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥, 𝑥ଶ + 𝑦ଶ + 𝑧ଶ) .
AG5⋄5. Show that the ideal 𝐼(𝐶ଷ) ⊂ ℂ[𝑥଴, 𝑥ଵ, 𝑥ଶ, 𝑥ଷ] generated by all homogeneous polynomials vanishing
identically on the Veronese cubic 𝐶ଷ ⊂ ℙଷ
a) is generated by three quadratic polynomials b*) can not be generated by two polynomials.

AG5⋄6. For an arbitrary field 𝕜 and two ideals 𝐼, 𝐽 ⊂ 𝕜[𝑥ଵ, 𝑥ଶ, … , 𝑥௡], is it true or not that
a) √𝐼𝐽 = √𝐼 ∩ 𝐽 b) √𝐼𝐽 = √𝐼√𝐽 c) (𝐼 = √𝐼 & 𝐽 = √𝐽) ⇒ 𝐼𝐽 = √𝐼𝐽 ?

AG5⋄7. Let 𝐵 ⊃ 𝐴 be an extension of commutative rings such that 𝐵 is finitely generated as 𝐴-module. Prove
that 𝔪𝐵 ≠ 𝐵 for all maximal ideals 𝔪 ⊂ 𝐴.

AG5⋄8 (Zariski topology).
a) Let 𝐴 be a finitely generated reduced 𝕜-algebra, 𝑋 = Specm 𝐴 the set of its maximal ideals. Verify that
the sets 𝑉(𝐼) = { 𝑥 ∈ 𝑋 | 𝑓(𝑥) = 0 ∀ 𝑓∈ 𝐼 }, where 𝐼 ⊂ 𝐴 is an ideal, satisfy the axioms for closed sets
of a topology. That is, the sets 𝑋, ∅, 𝑉(𝐼) ∪ 𝑉(𝐽) for any two ideals 𝐼, 𝐽 ⊂ 𝐴, and ⋂ூ∈ெ 𝑉(𝐼) for any set
𝑀 of ideals in 𝐴, can be written as 𝑉(𝐾) for appropriate ideal 𝐾 ⊂ 𝐴.

b) The same question for an arbitrary commutative ring 𝐴, the set 𝑋 = Spec𝐴 of all prime ideals1 𝔭 ⊂ 𝐴,
and the subsets 𝑉(𝐼) = {𝔭 ∈ 𝑋 | 𝐼 ⊂ 𝔭}, where 𝐼 ⊂ 𝐴 is an ideal.

AG5⋄9. Let 𝑋 ⊂ 𝔸௡, 𝑌 ⊂ 𝔸௠ be affine algebraic varieties. Assuming that equations for 𝑋, 𝑌 are known, write
explicit equations for 𝑋 × 𝑌 ⊂ 𝔸௡+௠ and show that 𝑋 × 𝑌 is irreducible for irreducible 𝑋, 𝑌.

AG5⋄10. Let a 𝕜-algebra 𝐴 be of finite dimension as a vector space over 𝕜. Prove that Specm(𝐴) is finite.
AG5⋄11. Give an example of regular non-finite2 morphism of affine algebraic varieties 𝑓 ∶ 𝑋 → 𝑌 such that
every non-empty fiber of 𝑓 is finite.

AG5⋄12. For a given affine hypersurface 𝑆 = 𝑉(𝑓) ⊂ 𝔸௡ over an algebraically closed field, describe all vectors
of the form 𝑣 = (1, 𝜈ଵ, 𝜈ଶ, … , 𝜈௡) such that the parallel projection of 𝑆 along 𝑣 to the hyperplane 𝑥ଵ = 0 is
a) dominant3 b) surjective c) finite.

AG5⋄13. For an affine hypersurface 𝑆 ⊂ 𝔸௡ over an algebraically closed field, prove that
a) the central projection of 𝑆 from a point 𝑝 ∉ 𝑆 onto a hyperplane 𝐻 ∌ 𝑝 is dominant
b) there exists a finite surjective parallel projection of 𝑆 onto a hyperplane.

AG5⋄14*. For a normal4 commutative ring 𝐴, prove that 𝐴[𝑥] is normal as well.

1A proper ideal 𝔭 ⊂ ஺ is called to be prime if the quotient ring ஺∕𝔭 has no zero divisors.
2A regular morphism of affine varieties ௙ ∶ ௑ → ௒ is called to be finite if 𝕜[௑] is finitely generated as a ௙∗(𝕜[௒])-module.
3A morphism ௙ ∶ ௑ → ௒ is called dominant if ௙(௑೔) is dense in ௒ for every irreducible component ௑೔ ⊂ ௑.
4That is, having no zero divisors and integrally closed within its field of fractions.
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