
Algebraic Geometry. A Start Up Course. Task 1 (September 6, 2017)

Projective spaces

AG1⋄1. Let 𝑉 be a vector space of dimension 𝑛 over the finite field 𝔽 of 𝑞 elements. How many
a) bases b) subspaces of dimension 𝑘

are there in 𝑉? How many
c) affine d) projective

subspaces of dimension 𝑘 are there in 𝔸(𝑉) and ℙ(𝑉) respectively?
AG1⋄2*. Write 𝐺 (𝑞) for the rational function of 𝑞 that gives the answer to prb. AG1⋄1 (b). Compute lim

→ଵ
𝐺 (𝑞).

AG1⋄3. Consider the projective closures of the following affine plane curves:
a) 𝑦 = 𝑥ଶ b) 𝑦 = 𝑥ଷ c) 𝑦ଶ + (𝑥 − 1)ଶ = 1 d) 𝑦ଶ = 𝑥ଶ(𝑥 + 1)

Write down their homogeneous equations and their affine equations in two other standard affine charts on
ℙଶ. Draw all these 12 affine curves.

AG1⋄4 (Pythagorian triples). Write (𝑡 ∶ 𝑡ଵ ∶ 𝑡ଶ) for homogeneous coordinates on ℙଶ. Let line ℓ and conic 𝑄
be given by the equations 𝑡ଶ = 0 and 𝑡ଶ + 𝑡ଶଵ = 𝑡ଶଶ respectively. Consider the point 𝑂 = (1 ∶ 0 ∶ 1) ∈ 𝑄. For
every point 𝑃 = (𝑝 ∶ 𝑞 ∶ 0) ∈ ℓ, find the coordinates of intersection point 𝑄 ∩ (𝑂𝑃) different from 𝑂. Show
that the projection from 𝑂 maps 𝑄 bijectively onto ℓ. Find a triple of quadratic polynomials 𝑎(𝑝, 𝑞), 𝑏(𝑝, 𝑞),
𝑐(𝑝, 𝑞) whose values produce all (up to common integer factor) integer solutions of the Pythagor equation
𝑎ଶ + 𝑏ଶ = 𝑐ଶ as (𝑝, 𝑞) runs through ℤ × ℤ.

AG1⋄5. Let the real Euclidian planeℝଶ be included in the complex projective plane ℂℙଶ as the real part1 of the
standard affine chart 𝑈.

a) Find two points on ℂℙଶ laying on every conic visible inside ℝଶ as a circle.
b) Let a conic 𝐶 ⊂ ℂℙଶ pass through these two points and have at least 3 non-collinear points visible inside
ℝଶ. Prove that 𝐶 ∩ ℝଶ is a circle.

AG1⋄6 (Veronese map). Write 𝑆ௗ𝑉∗ for the space of homogeneous polynomials of degree 𝑑 on a vector space 𝑉.
The Veronese map 𝑣ௗ ∶ 𝑉∗ → 𝑆ௗ𝑉∗ takes a linear form 𝜓 ∈ 𝑉∗ to its 𝑑-th power 𝜓ௗ ∈ 𝑆ௗ𝑉∗.

a) Find dim 𝑆ௗ𝑉∗, if dim𝑉 = 𝑛.
b) Over a field of zero characteristic, prove that the image of 𝑣ௗ linearly spans the whole 𝑆ௗ𝑉∗.
c) Is the same true for all 𝑑 over a field of characteristic 𝑝 > 0?

AG1⋄7 (projections of twisted cubic). Write ℙଵ = ℙ(𝑈∗) (resp. ℙଷ = ℙ(𝑆ଷ𝑈∗)) for the space of linear (resp.
cubic) homogeneous forms in 𝑡, 𝑡ଵ up to proportionality. The image of the Veronese map2 𝑣ଷ ∶ ℙଵ ↪ ℙଷ is
called twisted cubic and denoted 𝐶ଷ ⊂ ℙଷ. Describe the projection of 𝐶ଷ

a) from the point 𝑡ଷ to the plane spanned by 3 𝑡ଶ𝑡ଵ, 3 𝑡𝑡ଶଵ, and 𝑡ଷଵ
b) from the point 3 𝑡ଶ𝑡ଵ to the plane spanned by 𝑡ଷ, 3 𝑡𝑡ଶଵ, and 𝑡ଷଵ
c) from the point 𝑡ଷ + 𝑡ଷଵ to the plane spanned by 𝑡ଷ, 3 𝑡ଶ𝑡ଵ, and 3 𝑡𝑡ଶଵ.

Namely, write an explicit parametric representation for the target curve in appropriate coordinates on the
target plane, then find affine and homogeneous equations for this curve. Find the degree of target curve. Plot
affine parts of the curve in three different charts covering the target plane. Do they have self-intersections or
cusps?

AG1⋄8. Let dim𝑉 = 𝑛+ 1 and 𝑓 ∶ 𝑉 ⥲ 𝑉 be a linear isomorphism such that all fixed points of the induced map
𝑓 ∶ ℙ(𝑉) ⥲ ℙ(𝑉) are isolated. How many such fixed points may be there?

1That is, the set of points with real coordinates in the standard basis.
2Comp. with prb. AG1⋄6.
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