§19. Ilyuku KBaZ[puK

B aTroMm maparpade MBI 0 yMOTYaHUIO CYUTaeM, YTo mose kk anrebpanyecku 3aMkHyTo U char k # 2.

19.1. BasucHOe MHOKECTBO M CIieKTp. HarloMHIo!, uTo mpsMble B IpocTpaHcTBe KBaApHK P(S2V*)

Ha P,, = P(V) Ha3bIBatoTca nyuxamu keadpuk. Takoii mydok (Q,Q,) C P(S 2V*) oHO3HAYHO 3a4a8TCA
0601 napoil pasnMUYHBIX Jexamux B HEM KBagpuk Q, = V(q,), @; = V(gq,) U cocToUT U3 Bcex
KBaJIpUK BUJa

Q2 =V(4eqo + 2,q,) = {v € P(V) | A9qo(v) + 4,4, (v) = 0},

, (19-1)
med=(4, : A,) € P, =P(k?).

ITepeceyeHue 6a3UCHBIX KBaApUK B = Q, N Q, Ha3bIBaeTCA 6A3UCHbIM MHOJCECMBOM ITydKa. [TOCKOIb-
Ky KakJasa kBagpuka us nydka (19-1) mpoxoaut depes B, 6a3rcHOe MHOXECTBO SIBJISIETCS TIEpeceye-
HHUeM BceX KBaZIpUK ITydKa U He 3aBHCUT OT BbIOOpa 0a3UCHBIX KBaAPUK Q,, @, Ha npamoii (Q,Q,).
MHorouineH

X(qoql)(tO’ t;) € det(tyqy + t1q,) € kltg, t,] (19-2)

Ha3BIBAeTCA XAPAKMmMepucmuueckum MHo2ouieHoM Iydka (19-1). 3To ofHOPOAHBIM MHOTOWIEH CTe-
neHu n + lort = (t, : t;). B owmune oT 6a3MCHOrO MHOXECTBA, XapaKTePUCTUIECKII MHOTO-
wieH (19-2) 3agucum oT BeIOOpa 6a3UCHBIX KBAZIPUK Q, @4, ¥ JaXKe UX ypaBHEHUH q,, q,. [Ipu nepe-
X0Zie K IPYyTUM ZBYM Oa3UCHBIM KBa[pUKaM B TOM K€ CAMOM ITyYKe WJIM YMHOXXEHUU UX YpaBHEHUH
Ha KOHCTaHTHI lepeMeHHBIe (t, : t;) IoABepraTcsa o6paTHMOMY JMHEHHOMY ITpeobpa3oBaHuo. ITo-
aTOMY aJrebpandecKM HHBAPHUAHTOM ITy4YKa SABJIAETCA He caM MHorowieH (19-2), a TOIBKO ero Kiiacc
10 MOZYJII0O 06paTUMOM INHENHO 3aMeHHI lTepeMeHHBIX.

[Ty4oK KBaZIpUK HAa3bIBAETCS HEBbLPONCOEHHbIM, ECJTI B HEM €CThb XOTh OZ[HA IVIaIKasi KBaPHUKa. DTO
03HAYaeT, YTO XapaKTepUCTHIECKUH MHOTrOWIeH (19-2) omIideH OT HyJA XOTs OBl B OZIHOM TouKe Ha [P,
Y, B YaCTHOCTH, fBJIIETCS HEHYJIEBBIM MHOTOWIEHOM. [103TOMy B HEBBIPOXXJEHHOM ITyYKe KBaJPUK
Ha IP,, MoxeT OBITh He 6071ee n+ 1 0cOOBIX KBaZPUK, IPHUYEM BePIIMHHBIE IIOATIPOCTPAHCTBA HUKAKUX
[BYX U3 HUX He IlepeceKaloTcs, TaK BEeKTOp, JeXalluil B AApe cpasy AByX KOppeaauui §,, q,, IeXUT
B AApe U Mo601 UX MMHeHO! kKoMbuHauuu A,§, + 4,§,, 9To 03Ha4aeT BEIPOXKJEHHOCTh CPa3y BCex
KBa/IpUK ITyJKa.

MHOXeCTBO BBIPOXK/EHHBIX KBa/I[PUK B HEBBIPOXKJEHHOM ITyuKe (19-1) Ha3bIBaIOT CneKmpom 3TO-
ro nmyuka. KsagpaTtudnsle GopMsl A,q, +4, q,, 3aat01Ivie KBaJPUKY U3 CIIEKTPa, OMEKTHBHO COOTBET-
CTBYIOT KOPHAM A = (4, : A,) XapakTepucTHuieckoro MHorodeHa (19-2). Byzem HasbIBaTh KpamHo-
cmoio mult @ BBIPOXKAEHHOM KBaZpUKHU (5, OTBedaoleil KOpHIo A XxapaKTepUCTUIeCKOro MHOTOIe-
Ha (19-2), KpaTHOCTb 3TOT'0 KOpHA — MakcuMasibHoe k € N, Takoe yTo mHorowieH (19-2) genurcs
B KofibIle MHOTOWIeHOB K[t,, t,] Ha det“(A,t) = (Ayt; — A,t,)¥. KpaTHOCTH Beex MafKkux KBaApHK
IIy4Ka [0 ONIpeZieJIeHUIO OJIOKUM paBHBIMU Hymo. Haz anrebpandecky 3aMKHYTBIM IIOJIEM CIIEKTD
HEeBBIPOXKJEHHOT0 IIyuKa KBaJpuk Ha [P, cOCTOUT POBHO U3 N + 1 KBaZpUK € y4ETOM MX KpaTHOCTEH.
PaccMmaTpuBaeMslii Kak HeylopsAZoueHHbIH Habop U3 n + 1 He 06s13aTeIbHO PA3IUYHBIX ToUeK Ha P,
C TOYHOCTBIO 10 IPpO6HO nHeHHOoro aBToMopdu3ma [P, , oH He 3aBUCHUT OT BEIOOpa 6asuca B ITydKe.

JIEMMA 19.1
KparHocTh mult S kaxkz011 0cob0i KBaZpUKYU S M3 HEBBHIPOXKAEHHOT'O ITyYKa CTPOro 6oJIblile pa3Mep-
Hoctu dim Sing S mpocTpaHCcTBa €€ 0COOBIX TOYEK.

1Cm. n° 16.6 Ha cTp. 220.
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252 819 ITyuxu KBaJpUK

JIOKABATELCTBO. [IycTh kBagpuka G C IP,, Heocoba, a kBaApuka S C IP,, umeer dim Sing S = k. 310
o3HayvaerT, yTo e€ MaTpuua 'pama umeerrk S = (n+1)—(k+1) = n—k, u Bce MUHOpPHI mopsigka n—k+1
U BhIIIe B Hell — HysneBble. CornacHo npuM. 8.10 Ha cTp. 116, XapakTeprucTUUeCKHUil MHOTOWIeH

n+1
det(tyS +t,6) = Y. g7 ™. N 5945 (19-3)

m=0 #I=#]=m
JeJINTCA Ha t’f“. [TosToMy KpaTHOCTB 3afatomieit S Touku t = (1 : 0) € P, He meHee k + 1. O

19.2. HeBbIpOoxKZ€eHHbIE MyYKU KOHUK. Haz anre6pandecky 3aMKHYTHIM 110J1eM K HEBBIPOXKJEHHBIN
ny4ok KoHuK Ha P, = P(V) cogepxxut 1, 2 win 3 pasnn4HEIX 0COOBIX KOHUKY, a €ro 6a3ucHOe MHO-
JKeCTBO COCTOUT U3 1, 2, 3 wiu 4 pa3nuyHbIX ToueK. Ecyiu B IIydyKe ecTh BOMHAsA IpsMas, TO Bce ero
6a3uCcHbIe TOYKH JIeXKaT Ha 3TOH npAMoi. Ecii B ITydKe ecTh pacnaBiiascsa KoHuka £, U £,, To Bee 6a-
3UCHBIe TOUYKH TAKOTo ITydKa JiexkaT Ha Hell Tak, YTo Ha KaX/Jo! U3 NpAMBIX €, £, €CTb XOTs ObI 0fiHA
6a3ucHas Touka, nbo mobasn mazKas KOHUKA ITyYKa epeceKaeT KaXAylo U3 IBYX NPAMBIX.

19.2.1. IIy4yok c ogHOI 6a3ucHO# ToUKOIi. Eciiy 6a3ricHOe MHOXKECTBO MTyYKa COCTOUT U3 €[UH-
CTBEHHOM TOUKH p, 0c060¥ KOHUKOM B HEM MOXKET OBITH JIUIITH IBOMHAA MPsMasi, Kacaromasics 60
IIaZIKOM KOHUKY Iy4dKa B ToYKe p. Haoboport, 1t06as riazkasd KoHuKa C ¥ Kacarolascs e€ B IPOUs3-
BOJIbHOM Touke p € C gBOMHAs npsaMas £ 3aJai0T PETyIAPHBIH ITy90K KOHUK C eMHCTBEHHOM 6a3uc-
HOU TOYKOU p, M €IUHCTBEHHOM 0CcO60M KOHUKOM — ABOMHOM NpsaMoii €. Bee IaZikvie KOHUKU 3TOTO
My4Ka [epeceKarTcs APYT C APYroM I10 eJMHCTBEHHOM TOYKe P U UMEIOT B Hel 0BIIyI0 KacaTeIbHYI0
cM. puc. 1901.

D2

7 S=4,Uft, /P £,
Puc. 1902. [Ty4okK c AByMs 6a3UCHBIMHU
TOYKaMu p; = a = b = ¢, p, = d u ogHOH
BBIPOXKIEHHOU KOHUKOH S.

Puc. 1901. [Ty4oK ¢ 0ZiHOM 6a3UCHOM TOYKOM
(a=b=c=d=p).

19.2.2. Ilyuku ¢ AByMsI 6a3MCHBIMH TOYKaMu. Eciu 6a3rcHOe MHOXECTBO IIyYKa COCTOUT U3
[IBYX TOYEK P, , P,, TO BHIDOXIEHHBIMY KOHUKAMK B HEM MOTYT WIH ABOWHaA mpAMas £ = (p,p,) WK
Takasd pacnasluasca KoHuka £, U £,, 9to p,; € ¥,, p, € {,. BTopoil ciydaii paszenaercsa Ha JBa
nozgcIy4as: mbo obe TOUKHU p,, p, OTIUYHEI OT £; N £,, Kak Ha puc. 1963, mubo p; = £, N¥,, a
p, € £, £, KaKk Ha puc. 1902.

Eciim mMeeT MecTo IocIeiHee, TO paciaBIIasncsa KOHUKA £, N £, SBIAeTC eJUHCTBEHHOH 0c060i
KOHUKO B IyuKe, a KaxxJad [IaJKasd KOHHKa ITydka kacaeTcs IPAMOIi £, B TOUKe p; 1 IPOXOJUT Yepe3
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TOYKY P,, CM. puc. 19¢2. B gacTHOCTH, JII00bIe /Be IMaJKhe KOHUKHU B TaKOM IIy4dKe IepeceKaroTcs
POBHO II0 IBYM TOYKaM P, P, ¥ UMEIOT B TOUKe p, OOILIyI0 KacaTelbHYIO.

Jpoiinas npamasa £ = (p,p,) U pacnasmascsa koHuka £, U £, cp, € £, ¥,,p, € £, ¢,
BO3HUKAIOT B ITy4Ke C IByMA 6a3HCHBIMU TOYKAMH P, P, TOIBKO OZHOBPEMEHHO B CUIY CIeAyIoIIeit
JIEMMBI.

JIEMMA 19.2

KoHnukwu, xacatomuecs AByX 3aZlaHHBIX IPAMBIX £, €, B IByX 3a/laHHBIX TOUKax p, € £,,p, € ¥,,
OTIMYHBIX OT £ N £,, COCTABJIAIOT IIy4OK. DTOT ITyIOK COZEP;KUT POBHO /IBe BEIPOXK/eHHbIe KOHUKHU!
ZBOIHYIo npsAMyto £ = (p,p,) ¥ pacnaBllylocs KOHUKY £, U £,, Ipu4éM npAMsle £, U £, OAHO3HAYHO
BOCCTAHABJIMBAIOTCA 110 IBOMHOM IPAMOH (p, p, ) ¥ 060 IagKol KoHMKe C 13 IyYKa KaK KacaTeJlb-
Hble Kk C B Toukax IepecedeHus C N (p,p,).

JJOKABATE/BCTBO. Ka)kIbIil HeHY/IeBOit BeKTOp p € V 2,
3a/1aéT CIOpPBEKTHUBHOE JIMHEHHOe 0ToOpakeHNe

| %)

S2v* » V*, — 4(p), 19-4
q~q4p) ( )Sl=£1u€2

IepeBoJAlee KBaAPATUYHYIO GOpPMY g B KOBEKTOP

= 2¢

qp): V-k, veq,p).

Tak kak dimV = 3, sagpo otobpaskenus (19-4) ume-
eT pasmepHocTh dim S?V* — dimV* = 3. Iloaro-
MY HOJTHBIH TPo06pa3 r060ro OZHOMEPHOTO ITOATIPO- D1
crparcrBa ¢ C V* npu orobpakennu (19-4) umeer ?

pasMepPHOCTb 4, a €ero IPOEKTUBU3ALINA NMEET KOpas- 1
MEpHOCTD 2 B MPOCTPAHCTBE KOHUK. Beps BeKTOp p Prc. 1993. TIy4OK ¢ IByM#A GasUCHBIMK

Ha mpsaMoit £ = Anné, MBI 3aKJIO4aeM, 9YTO KOHK-  TOIKaAMH P, =d = b, p, = ¢ = d v aByma
KU, Kacarolmyecs npsamoli £ B Touke p € £, 06pasyior BBIPOK/ICHHBIMU KOHUKAMH Sy, S,

BP, = P(S%V*) npoeKTUBHOE HOAIIPOCTPAHCTBO KO-

pasMepHocTH 2. /IBa TaKUX OAIPOCTPAHCTBA, OTBedapmue p, € £, up, € ¥,, nepecekaloTcs Kak
MUHHUMYM 10 IpamMoi. Eciu 651 UX IepecedeHue COLepKaIo IIOCKOCTh, TO B IPOCTPAHCTBE KOHUK,
Kacaromuxcsa £, U £, B TOUKAX p; U P,, HalUIach OBl KOHMKA, IPOXOAAIAs Yepe3 J00bIe [Be Halle-
pén 3azaHHble ToUKU. Ho Takas KOHMKa, IPOXOAAIas depe3 OTIMYHYIO OT p; U P, TOUKY IpAMOIt £
U ellé KaKyo-HUOyb TOUKY BHe IpAMBIX ¢, £,, £,, paciazaercs B 00beAHeHNE TIPAMOH £ U emmé
onHoii psamoit £/, omaHol ot £, £, £,. [I03TOMY OHA HE MOXET TlepeceKaTh npsamMbie £, , £, ¢ Kpat-
HOCTBIO 2 OZJHOBPEMEHHO U B P, , U B P,. DTO JOKa3bIBaeT NlepBoe yTBep:kAeHue JeMMbl. OcTaibHble
YTBepXJeHUA OUeBUAHBI U3 puc. 1903. O

19.2.3. Ily4ok c TpeMa 6a3UCHBIMU TOYKaMu. Eciiy 6a3ricHOe MHO)XECTBO ITyYKa KOHUK COCTOUT
U3 TPEX TOYEK P, , P, P3, TO OHU HE KOJUIMHeapHH! | . B 4aCTHOCTH, TAKOM Iy4OK He COZIEPIKUT ABOHHBIX
npsAMEIX. KpoMme TOro, HY OHA U3 TOUEK p; He MOXeT ObITb 0c000I1 OZIHOBPEMEeHHO JJIA IBYX PaclaB-
IIMXCA KOHUK U3 Mydka®. Kaxkzas pacraBInasgca KOHHUKa £, U £, U3 TaKoro IIy4Ka IIPOXOJUT depe3
6a3ucHble TOYKM 16O TaK, YTo p; = £, Ny, p, € £, \¥,, p3 € £, ¥, b0 Tak, uTop; € £, ¥,, a

1ViHave cogepixaman ux mpsaMas mepeceKaa 6 TO6YI0 MAAKYI0 KOHUKY MydKa [0 TPEM TOUKaM.
2Mnave Bce KOHMKM ITy4Ka GBUTH 651 0COGHI B 3TOH TOUKe, CM. caMoe Hayano n° 19.1.
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D2, D3 € ¥, ~¢,. Ha puc. 1904 Hrke nepBoe otBedaet npAMbIM £5, £5, BTopoe — npsimbim £ , £5 . Bo
BTOPOM CJIydae trobast miagKas KoHuKa C U3 IydKa KacaeTcst IpsAMOH £, B ToUKe p, . B mepBoM cirydae
BCe IVIa/IK1e KOHUKU ITy9Ka UMEIOT B TOYKe P, OOIIyI0 KacaTeIbHYIO, IOCKOJIBKY IPOXO/AIIAA 4Yepe3 Py
npsaMas £, kacaromasncs GUKCHPOBAHHOM IMTaJKOM KOHUKY C 13 IIydKa B TOUKe p; € (, conmpuKacaeTcs
B TOUKE P, C K&K/IOU KOHUKOH My4YKa, TOPOXAEHHOTO KOHUKO# C U pacrapieiics KoHukoi £ U £},
KOTOpasi TOXe KacaeTcs IpAMoit £ B Touke p; = £ N 45

4
P1 2
" _ pn " ' pn "
Puc. 1904. [Ty4ok ¢ TpeMs 6a3UCHBIMU TOUKAaMU p; = a = b, p, = ¢, p; = d U AByMA
BBIDOXK/JI€EHHBIMU KOHUKaMU S, S,.

YIPAXKHEHME 19.1. Y6euTech B 3TOM U IIOKQXKUTe, YTO MHOXKECTBO BceX KOHUK C C P,, kacaroIux-
¢ 3aZIlaHHOY TIpsAMoY £ B 3aJaHHOM TOUKe p € ¥ ¥ IPOXOJAIMINX Yepe3 /IBE ApYyrue pa3indHble
3a/laHHbIe TOYKHU C, d ¢ £, COCTABJIAIOT MY4OK, COEPIKAIIUI POBHO /IBE BRIPOXKI€HHbIE KOHUKH:
(cd)yu?u(pc)U (pd).

19.2.4. IIpocToii My4OoK KOHUK. [Ty4OK KOHUK, CIIEKTP KOTOPOI'O COCTOUT U3 TPEX Pa3HBIX TOUEK,
HaspiBaeTca npocmoim. I1o meM. 19.1 Bce TOUKM clieKTpa IIPOCTOro IIydKa UMeIOT KpaTHOCTh 1, 1 1o
ImpeabIAyIeMy 6a31CHOEe MHOXKECTBO TAKOI'O IyYKa COCTOUT M3 YeThIPEX PA3IUYHBIX TOYEK a, b, ¢, d,
HUKaKye 3 U3 KOTOPBIX He KOJUIMHEeapHHL.

YIPAXXHEHUE 19.2. [IoKa)XHTe, YTO MHOKECTBO BCeX KOHUK, IIPOXOAAIINX Yepe3 YeThlpe PasIuyHble
TOYKH a, b, ¢, d, HUKaKye TpU U3 KOTOPHIX He KOJUIMHeapHBI, IpeJcTaBiaeT cob0o IIPOCTOH IIy-
YOK, TPH 0COOBbIe KOHUKH KOTOPOT'O CyTh Maphl IPOTHUBOIIOIOXKHBIX CTOPOH YETHIPEXBEPIINHHUKA
abcd, xak Ha puc. 19¢5 Ha cTp. 255.

TakymM 06pasomM, IPOCTOH Iy4OK KOHUK OJHO3HAYHO OIpe/iesIAeTCs CBOMMHU 6a3siCHBIMU TOUYKAMH d,
b, c, d. B ofHOPOAHBIX KOOpAMHATAX X = (X, : X; : X,)Ha [P, ypaBHeHUs ero KOHUK UMeIOT BUJ,

det(x,a,b) - det(x,c,d) 4,

det(x,a,d) - det(x,b,c) A’

rae A = (4, : A,) npoberaet IP,. Bce npeapiAyIivie IpUMephl ABIAIOTCA BHIPOXKAECHUAMU IPOCTOTO
My4Ka ¥ TOJIYy4YalOTCs U3 HEro, Korja HeKOTOpble M3 Oa3MCHBIX TOYEK CIMIIAIOTCA APYT C APYroM. A
HMMeHHO, IIyY0K Ha puc. 1904 BosHUKaeTIpu a,b — p,, ¢ = p,, d = p,, My4ok Ha puc. 1903 — korza
a,b = p,,c,d = p,, Iy4ok Ha puc. 1902 —ecimu a,b,c = p,, d = p,, a Ha puc. 1901 Bce yeTbIpe
6a3uCHbIE TOYKY CXJIOIBIBAIOTCSA B OAHY.
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ITpuMEP 19.1 (B. C. JKryH, CP. C IIPHM. 17.6 HA CTP. 234)

[TokaxeM, YTO acCOLMMPOBAHHBIN C YeTBIPEXBEPIINHHUKOM abcd TpeyroJbHUK XYyZ aBTOIOJIAPEH
OTHOCHUTEJIPHO BCeX IVIaZIKMX KOHHK, ONKMCAHHBIX OKOJIO 3TOT0 YeThIpEXBepUIMHHUKA. Kaxkasa onu-
CaHHas OKO0JIO YeThIpEXBepIIMHHNKA abcd kKoHUKa C = V(q) IeXKUT B IIPOCTOM IIy4Ke, TOPOXKAEHHOM
JIIOOBIMU BYMS U3 TPEX PaCHaBIINXCA KOHUK

Se =V(f) = (ab)u(cd), S, =V(f,) =(ad)U(bc), S,=V(f) = (ac)u(bd).

TlockonmsKy X = SingS, = ker f,, MbI umeeM paBencTBa f(y,x) = f.(z,X) = 0. AHamOrudHoO,
fy(x, y) = fy(z, y)=0u fz(x,z) = fz(y, z) = 0. Tak xak 6bwinHelHasa Gpopma § ABISIETCI TUHEHHOMN
KoMOuHauyel OHINHERHBIX GOPM f, ¥ f,,, U3 paBeHCTB f,(x,y) = f,(x,y) = 0 BEITEKaeT paBeHCTBO
q(x,y) = 0. AHaymoru4Ho noxy4aeM paBeHcTBa §(x, z) = 0u g(y, z) = 0, cm. puc. 1906. IloyuurenbHo
CpPaBHUTH 3TO ajnrebpanyeckoe pacCy)kIeHue ¢ reOMeTPUIECKUM U3 TpUM. 17.6 Ha cTp. 234.

y
X
b
e
c 7 a
'5'
Q
S1 S2 d
Puc. 19¢5. [IpocToii ITy4oK. Puc. 1906. ABTOIIOIAPHBIN A XY Z.

[TPUMEP 19.2 (MHBOJIIOLIUA JIE3APTA)

Byzewm HaswBaTh npamyio £ C P, = P(V) o6uwseil 0 OTHOLIEHUIO K HEBBIPOXXJEHHOMY ITy4Ky KOHHUK
L CP(S 2y*), ecnu oHa He MIPOXOAUT Yepe3 6a3ucHbIE TOUKY ITy4yKa. Ka)kIbIil HEBBIPOXKAEHHBIH TyI0K
KOHUK L 3azaéT Ha m0060# 0011ef 10 OTHOIIEHMIO K HeMy npsAMoi £ unsontoyuto Jesapea oy, @ £ = £,
TepeCcTaBJISAIONIYIO TOUKY S, t € £ eCJIU U TOJIBKO eCJTU B ITy4Ke L uMeeTcs Takas KoHuKa C, 9to CNL =
{s,t}. B camom zene, A1 1t000# TOUKU t € £ B IIy4Ke L MMeeTCsT pOBHO OHAa KOHUKA C, MPOXoAAmas
yepes t, npuuéM Ko3dUIMEHTHI €€ ypaBHEHUS PAllIOHAIBHO 3aBUCAT OT KOOPAUHAT TOYKU t, U OHa
repecekaeT MpAMYIO £ 10 OZHOM MJIU ABYM TOYKaM. TaKUM 06pa3oM, TOYKa S OIIpeAesIsieTCs TOUKOM t
OJTHO3HAYHO, a €€ KOOPAWHATHI pallOHATBHO 3aBUCAT OT KOOPAWHAT TOUKH t, 1 Hao6opoT. Touka p €
£ HEMOABM)XHA OTHOCUTEIHLHO MHBOJIOIMY Jle3apra eciu ¥ TOJBKO €CJIU B ITy4YKe L nMeeTcs KOHUKA,
Kacaromiasics npsiMoit £ B Touke p. CiiefloBaTebHO, Ha/l anrebpanvecku 3aMKHYTHIM TI0JIEM B JIIO60M
MyYKe KOHUK MMeeTCs POBHO /IBe KOHUKH, Kacaloluecs 3aZlaHHOMN 001Ieli TI0 OTHOIIEHUIO K 9TOMY
ITyYKY MPSIMOM.

Ecnu L — mpocToii my4ok ¢ 6a3uCHBIMU TOYKaMH a, b, ¢, d, kak Ha puc. 1946, To 6epsi B KauecTBe
psAMoi £ CTOPOHY yZ acCOIMMPOBAHHOTO C YeTHIPEXBEPUIMHHUKOM abcd TPeyroabHUKA XYZ, MBI
ToJTy4aeM Ha IPAMO¥ £ HHBOJIONUIO C HEMOABM)XHBIMU TOUKAMU Y U Z, KOTOPbIE ABJISIOTCA TOYKAMU
kacauus £ ¢ ocoosiMu koHukamu (ad) U (cb) u (ac) U (bd) cOOTBETCTBEHHO. DTa UHBOJIIOIUA ITepe-
CTaBJIsIET MEXAY CO60I0 TOUKHU ITepecedeHus IpsaMoti £ co croporamu (ad) v (bc) 4eThIpEXBEPITUHHH-
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ka abcd. Ml IoyyuIn aapTepHaTUBHOE J0Ka3aTeNbCTBO TOTO, YTO B ITy4YKe NMPSAMBIX, TPOXOAAIINUX
Yepes X CTOPOHBI TPEYTONbHIKA FAPMOHUYHbI CTOPOHAM YeThIPEXBEPIIMHHHKA .

[TPUMEP 19.3 (KOHMKA IIOJIFOCOB 1 KOHMKA OZIUHHAZILIATH TOYEK)

Kaxzas Touka a € P, = P(V), koTtopasd He sABIAeTcA 0cO00H HU /1A KaKOH KOHUKU U3 HEBBIPOX-
JeHHoro mydka L C ]P’(SZV*), 3a71aéT JUHEHHOoe BIOXKeHHe a . L & IP’>2< = P(V*), nepeBogsiiee
koHUKY Q = V(q) € L B momsipy q(a) TOYKM @ OTHOCHUTEIBHO 3TON KOHUKU. Ha si3biKe JIMHEHHOMH
aIre6phI 3TO BIOXKEHMeE AB/IAETCA POEKTUBU3aIMell MHbeKTUBHOTO IMHEHHOro 0To6paXkeHUA, Te-
PEBOAAIIEro KBAZAPAaTHUHYI0 GOPMY ¢ U3 ABYMEPHOTO IIPOCTPAHCTBA, [IPOEKTHUBU3ANNel KOTOPOTro
SABJIsIETCS My4oK L, B muHeliHyto dopmy g(a): V — k, v — §(v,a), rae a € V — npousBosbHO
3adUKCUPOBAHHBIN HEHY/IEBOH BEKTOP, IPEACTABIIOMNEA ToUuky a € P(V). AHHy/IATOpOM ABYyMEp-
HOro 06pasa TaKoro oTo6paxeHu: ABIAETCA OZHOMEPHOE IIOATIPOCTPAHCTBO a; C V — LIEeHTp IMy4YKa
MIPSAMBIX, TIOJSPHBIX TOUKE @ OTHOCUTEIBHO BCEBO3MOXKHBIX KOHUK M3 L. Ha reomeTprieckoMm s3bIKe
Touka a; € P(V)—>sTo eAUHCTBEHHAA TOUKA IVIOCKOCTH, CONPKEHHAsA TOUKe a Cpa3y OTHOCUTEIbHO
BCEX KOHUK 13 L. OTo6paxenue a : L = af 3a7aér romorpaduio Mex/y Iy9KOM KOHUK L U Ily4KoM
npsimeix a; Ha P, = P(V). Ilycts npsimas £ = (st) C P, He IPOXOAUT Yepe3 0COObIE TOYKU KOHHK
nmyuka L. Torza mostoca 3Toi MpsAMoN OTHOCUTEIPHO KOHUK U3 L CyTh TOUKY IlepecedyeHUs Iap CoOT-
BETCTBEHHBIX PAMBIX U3 My9KOB S} U t} TP roMorpaduu ts *
nosunueii romorpadun t : L = t}* uromorpaduu, o6paTHO K s : L = s)°. ComtacHo npea. 17.2 Ha
cTp. 228 'MT nepecedeHUs TAKUX COOTBETCTBEHHBIX MPSMBIX SBJISIETCS KOHUKOM, IIPOXOASAIIEH Yepes
TOYKH S; U t;. MBI OyZieM Ha3bIBaTb €€ KOHUKOLL NoN0Cco8 MPAMON £ OTHOCUTENIBHO Iy4YKa KOHUK L U
obosnauatb C(¢, L).

i S; = tf, KOTOpas ABISIETCS KOM-

YOPAXKHEHUE 19.3. YOeIUTECh, YTO eC/IU IIpsiMasi £ He TIPOXOJUT yepe3 0coOble TOUYKM KOHUK Iy4Ka L,
TO KOHHUKA 1motocoB C (£, L) ABaseTcs IIagKou.

s mpocToro mydka L ¢ 6a3uCHBIMU TOYKAMH @, b, ¢, d ¥ IpsAMO#i £, KoTopasi He IIPOXOAUT depe3 ba-
3UCHBIe TOYKU U BEPIINHbI AaCCOLIMMPOBAHHOI'O C HUMU TPeyToNbHUKA XY Z, KOHMKa 11o1tocoB C (£, L) —
3TO eAMHCTBEeHHAA IVIaZKasA KOHMKA, OIIMCAHHAsA BOKPYT A XYZ U IIPOXOAAIIAA Yepe3 JBe HellOABIIK-
HBIe TOYKM MHBOJIIONMH Jle3apra’ oy . ¥ = {,3azaBaemoii myukoM L Ha nnpsAmMoli £. KpoMme sTux matu
TOYeK, KOHMKa IT0JII0COB IIPOXOJUT Yepe3 TaKylo TOUKy p,p € (ab), uto [p,p.€ N (ab),a,b] = —1 Ha
npsMotli (ab), Tak kak aTa Touka 1o mpezis. 18.1 Ha cTp. 238 conpsixeHa Ha ripsAMol (ab) Touke £N(ab)
OTHOCUTEJIBHO JII000H IIaZIKOM KOHUKY, IPOXOJAIIel yepe3 a U b, 1 IOTOMY UMEHHO OHA fBJIAETCS
BTOPOM, OTVIMYHOM OT X TOYKOU mepecedeHUs npaMoi (ab) ¢ KoHuKoM nostocoB npsamoit €. Ilo Toi
e npuuunHe C (£, L) IpoxoAuT elé yepes NATh aHAJIOTUYHBIX P, TOYEK Py, € (UW), OTBEYAIOLUINX
BCEBO3MOKHBIM JIByX3JIeMeHTHBIM IIoZAMHOXXecTBaM {u,w} C {a, b, c,d}. [ToaToOMy Takyio KOHUKY
TTOJTFOCOB Ha3BIBAIOT eINé W KOHUKOI 00UuHHAdyamu mouek IpsaMoi € 1 YeThIpEXBEPIIMHHNKA abcd.

19.3. KacaTesibHOE IPOCTPAHCTBO K MIPOEKTHUBHON r'UIIepIOBEPXHOCTU. PaccMOTpPUM ITPOEKTHB-
Hylo runepnosepxHocTs V(f) C P, 3afaHHYI0 OAHOPOAHBIM MHOTOUWIEHOM f CTelleHU d, U He Jexa-
IIyto Ha Hell npsaMyo (ab) C P,,, mpoxogamyto yepes Touky a € V(f). OrpaHndeHre MHOrowIeHa f
Ha npAMyIo (ab) ABdeTca HeHy/leBbIM OAHOPOAHBIM MHOTOWIEHOM CTelleHu d

fap( W) € f(Aa + ub)

1Cp.cn°17.3.2 Ha cTp. 231.
2Cp. € J0Ka3aTeJbCTBOM JieM. 19.2 Ha cTp. 253.
3Cm. mpum. 19.2 Ha cTp. 255.
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OT OJHOPOAHOM KoopAUHATH (A : ) Ha npamoit (ab), u Touka a = (1 : 0) ABageTcA ero Kop-
HeM. KpaTHOCTB 3TOT0 KOPHs HA3bIBAETCA KPAMHOCMbIO NepecedeHUs TIpssMol (ab) ¢ rumeproBepx-
HocThio V(f) B Touke a. Hax anrebpamyiecku 3aMKHYTHIM mosieM K Kakzasd He Jie)xanias Ha TUIIEp-
noBepxHocTu V(f) npsAMas nepecekaeT 3Ty TUIEPIIOBEPXHOCTb POBHO 110 d TOYKaM, YYUTHIBAEMBIM C
KPaTHOCTSIMU, PABHBIMY KPaTHOCTSM IlepeceYeHuUs IPIMON Y TUIIEPIIOBEPXHOCTH B 3TUX TOYKAX.

[Tpsimas (ab) Ha3bIBaeTcsa kacamenwbHoll K rurieprnioBepxHoctu V(f) B Touke a € V(f), eciiu oHa
JIEXKUT Ha 3TOU TUIEPIIOBEPXHOCTH WM TTepeceKaeT e€ B TOUKE a C KPaTHOCThIO > 2. O6beinHeHNE
BCeX IPAMBIX, Kacawluxcsa rumneprnoBepxHocT V(f) B Touke a € V(f), HaspIBaeTCsa kacamenbHblM
npocmpaHcmeoMm K THIIepIOBEPXHOCTH f B Touke a 1 obo3Havaerca T,V (f).

MuHUMaMbHAasI U3 KPaTHOCTEN TIepecedeHui runeproBepxHocTu V(f) co BceBO3MOXHBIMU ITPO-
XOAAIMMHY Yepe3 TOUKy a € V(f) mpsAMBIMU Ha3bIBAETCA KPAMHOCMbIO MOUKU a4 Ha TUIEPIIOBEPXHO-
ctu V(f). Eciu oHa paBHa e[UHUIIE, TOYKA a HA3bIBAETCS 2/1A0KOLL, €CIM 6OJIbIIIE €AUHUIBI — 0c0001l.
Taxum o6pasoM, ocobocTs Touku a € V(f) paBHocwIbHA ToMy, uTo T,V (f) = P,,.

JIEMMA 19.3

Touka a € V(f) ocoba ecyiv ¥ TOIBKO eCJIM BCe YaCTHBIE TPOM3BOAHBIE OT MHOTOWIEHA f 3aHYJ/IAIOTCA
B Touke a. Eciu Touka a He ocoba, To KacarenbHoe npocTpaHcTBo T,V (f) ABIAeTCA NPOEKTUBHBIM
MIOJTIPOCTPAHCTBOM KOpasMepHOCTH 1 U 33/1aéTcsA OZHOPOSHEIM IMHEHHBIM YpaBHEHEM

n

0

Z a—f(a) -x;=0.
i=o 9%i

JOKA3ATE/BCTBO. ITo popmysne Teisopa orpaHrYeHe MHOTOWIEeHA f Ha npsAMyto (ab) umeer B ad-

bUHHON OKPECTHOCTH TOUKY @ BUJ

i

n

fa+th)=f(a)+¢t- E g—f(a) - b; + useHsl, AenAmuecs Ha t2.
4 X
1=0

Touke a oTBedaeT KopeHb t = 0. OH KpaTHBIN TOTZA U TOJIBKO TOIAA, KOTAA Y, %(a) -b; =0. O
i

YIPAXKHEHUE 19.4. YOeuTech, 9TO 1A KBaIpUK KPUTeprii IMIaZIKOCTH U ONMCAaHNe KacaTeIbHOTOo
MPOCTPaHCTBA U3 JieM. 19.3 coracyroTces ¢ onpefeeHrueM IaAKocTy u3 n° 16.3 Ha cTp. 211 u
OTHMCaHWEeM KacaTeJbHOTO IpocTpaHcTBa 3 n’ 16.3.1.

19.4. I'unepHoOBePXHOCTb OCOOBIX KBaZPUK. MHOXecTBO Bcex 0cobbIx kBagpuk Ha P, = P(V) 06-
pasyeT B IpocTpaHCTBe KBaZipuk P(S2V*) anre6pandeckyro rumeproBepxHOCTH cTeneHy (n + 1)

X =V(det) = {q € S*V*| det(q) = 0}. (19-5)

[TPEAJIOKEHME I9.1

Ocobas kBajipuka S € X ABJIAETCA IIaJKOW TOYKOMN TUIIEPIIOBEPXHOCTH X €CIU U TOJBbKO €C/IH Ca-
Ma kBazipuka S C P(V) uMmeer eAMHCTBEHHYIO 0COOYIO TOUKY S € S, M B 3TOM CJIydae KacaTeJbHoe
npocTtpaHcTBo TgX C P(S 2)*) cocTouT U3 Beex kBaApuk Q C P(V), IpoXoAAIIMX Yepes TOUKY S.

JloKA3ATE/BLCTBO. ITycth S = V(). [lns o060t kBagpuku Q = V(q) C P(V) orpaHuveHre MHOTOYIE-
Ha det Ha npsaMyIo (SQ) C P(S?V*) umeeT B abdUHHOI OKPECTHOCTH TOYKH S BHA|

0 =det(f +tq) =det(f) + t - Z qijfl-\]{ + WieHEl, AenAmyecs Ha t
ij

1Cm. mpum. 8.10 Ha cTp. 116.



258 §19 [Ty4uKu KBaZpUK

rae flj o3HavaeT ajireGpanyecKoe ZoMoaHeHue K (i)-ToMy /ieMeHTy MaTpuIlbl [pamMa KBaZipaTUIHOMH
¢dopwmel f. KBagpuka S oTBeyaeT kopHIo t = 0. OH KpaTHBIH TOTZ]a U TOJIBKO TOTZAA, KOTZAA

Y aifiy =0. (19-6)
i

JTo JMHeNHOoe ypaBHEeHVe Ha q HeTPUBUAIBHO €CJIU Y TOJIBKO ecyii B MaTpulle I'pama F = ( fi j) ume-
€TCsI XOTh OJVH HEHY/IeBOH MUHOD TIOpsAKaA N, T. e. koraa dim ker F = 1. Kaxxaplii cronber u kaxgasn
CTPOKA TIPUCOEAMHERHOH MaTPHIIB! F* = (f;{) 1eXUT B AApe MaTpuIp! F, nockonbky F FY = FYF =
= det(F) E = 0. Takum o6pasom, rk F¥ = 1, ¥ Bce CTPOKH 1 BCe CTONOIIB CUMMETPUYHOM MaTpUIhl F
IPOMOPIMOHAIBHEI OHOPOAHBIM KOOPAWHATAM 0CO00H TOYKU

S=(Sg 181t o is) =0 fir b :fi)’l)=(fovj:f1"j:... :anj)

KBaZIpUKH S. DTO 03HAYAET, YTO C TOYHOCTHIO 10 YMHOXKEHUS Ha HE3aBUCATIIYIO OT [, j KOHCTAHTY fiy =
= 5;5}, 1 ycnoBre kacanus (19-6) npespainaercs B paBeHCTBO >i j 4iSiSj = q(s) = 0, T.e. BycjoBUe
TIPOXOXKAEHUS KBaZPUKH () Uepe3 TOUKY S. O

C/EACTBYE 19.1
Ipsamas (PQ) C P(S?V*) xacaeTca rUMmeprHoBepXHOCTH 0COBBIX KBAaZpUK X B Touke Q € X ecu u
TosibKO ecyii P N Sing Q # @. Eciu ke Sing P N Sing Q # &, To npsaMas (P Q) nexur Ha L.

JlOKA3ATE/NBLCTBO. Eciiu Q ABsgeTCA MIaJKoM TOYKOM TUIIepIIOBEpPXHOCTH X, TO [lepBoe yTBepKAeHNe
ABseTcs nepebopMyaupoBKoii npezat. 19.1. Eciu Touka Q € X ocoba, To dim Sing Q > 1, u mobas
nexarnas B Sing Q mpsMas mepecekaeT Jo6yio KBaApuKy P, a irobas npsamast (PQ) kacaeTcs runep-
IIOBEPXHOCTH X B TOuKe @, T.e. IIepBoe yTBep:KJAeHHe ABJIAeTcA B 9TOM clydae TaBTojoruei. Eciu
Sing P N Sing Q # @, To Bce kBaApuKU Imy4yka (P Q) ocoObl B Toukax nepecedenus Sing P N Sing Q, mo-
CKOJIbKY HeHyJIeBOM BeKTOp, JieXKallluii B Aipe KOppesALnii, OTBeJalolnux KBaJpukam P u Q, TexXuT B
s7ipe U JTF0601 TUHEHNHON KOMOWHAIIUY 3TUX KOPPEJIAIUMA. [l

YIPAXXHEHUE 19.5. [IpuBesnTe mpuMep Imy4yka L 0coObIX KOHUK, B KoTopoM Sing P NSing Q = @ aia
Bcex P,Q € L.

[IPUMEP 19.4 (EIIE PA3 KJIACCU®UKAILIMSA HEBBIPOXKJEHHBIX IYYKOB KOHUK)
Tlpun = 2 ocobbie koHUKH Ha P, = P(V) 06pasytoT Ky6udeckyio ruepIoBepxHocTh B Py = P(S?V*)

2 ={q ePg| detq=0}.

[aKMMU TOUKaMU TUIIEPIIOBEPXHOCTH X ABIAIOTCS paclaBUIecs KOHUKY, 8 0COOBIMU TOYKAMU T'H-
IIepIIOBePXHOCTHU X ABJIAIOTCA ABOMHbIe NpsAMble. [IpsAMasd obimero mosnoxeHus L C [P TpaHcBepcaib-
HO IlepeceKaeT TUIIEPIIOBEPXHOCTE X B TPEX e€ IIaJKUX TOUKAX U IIPE/CTaBIISIET COOO0I0 TPOCTOM MyUOK
KOHUK, KaK Ha puc. 1905 Ha cTp. 255. Eciu npsamas L xacaeTcd X B ITaAkol Touke S = £, U £,, TO
OHa JIn60 6oIblile HUTZE He TepecekaeT X, ¥ B 9TOM CJIydae KpaTHOCTh IepecedeHus X ¢ L B Touke S
paBHa 3, 1160 mepecekaeT X ¢ KpaTHOCThIO 1 eIllé pOBHO B OZHOM, aBTOMATHUYECKU IVIaZIKON TOYKe.
OTHU CJIy4au peanusyroTcs IydKaMU KOHUK, IIpe/CTaBIeHHBIMU Ha pyc. 1942 Ha cTp. 252 u puc. 1904
Ha cTp. 254, npuuyéM TouKe KacaHud L ¢ X Bcerza oTBevyaeT pacliaBIIascs KOHUKA ¢ 0COOEHHOCTHIO B
6a3uCHOM TouKe ITyuKa. Ecyin ipsaMast L IpoxoAuT depes3 0cobyro TOUKy S = 24 runeprnoBepxXHOCTH X,
BO3HUKAET Ta Ke aJbTePHATUBA: eIV KpaTHOCTh IlepecedeHus X U L B Touke S paBHa 3, To L 6obie
HUTI/le He TlepeceKaeT 2 Y BBHIVIAAUT Kak Ha puc. 19¢1 Ha cTp. 252, eciu e 3Ta KpaTHOCTb 2, TO L
IlepecekaeT X ellé pOBHO B OZHOM IMIaZIKOM TOUKe € KpaTHOCThIO 1, kak Ha puc. 1903 Ha cTp. 253.
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19.5. PerynspHble Iy4KHd KBagpuK. HeBEIpoXkAeHHBIHM Iyuok kBaApuk (Q,Q,) Ha PP, HasbIBaeTcA
De2yNsPHbIM, €CTTH KPATHOCTh KXKZOHM TOYKY ero ClieKTpa POBHO HA eAVHUILY 60Iblle pa3MepHOCTH
IIPOCTPAHCTBA OCOOBIX TOUEK OTBEYAIOLIe 3TOH TouKe 0c060i KBaIpUKHY, T. €. KOTa

dimSingQ; = multQ, — 1 anaBcex A= (4, : 4,) € P;.

OTo 03HAuaeT, YTO KOpaHT MaTpullel 'pama ¢opMsl 4,q, + 4,q, Ipu kaxaoMm A € P, paBeH kpaT-
HOCTU KOpHA t = A XapaKTepUCTHYECKOT'O MHOTOYIeHA qu,fh(to’ t,) = det(tyqq + t;q,)- 13 Bcex
paccMOTpeHHBIX B n° 19.2 HEBBIPOXK/EHHBIX ITYYKOB KOHUK PETYIAPHBIMHU SIBJISIOTCA TOJIBKO MYYKH,
Ipe/icTaBJeHHble Ha pUC. 1905 u puc. 19¢3.

TEOPEMA 19.1

Haz anrebpandecku 3aMKHYTBIM mosieM KK 717151 11060T0 peryaspHoro mydyka kBagpuk B P(V) natizércs
Takol 6a3uc mpocTpaHcTBa V/, B KOTOpOM MaTpuIlsl [(paMa BceX KBaJIpUK U3 MyYKa OHOBPEMEHHO
JAvaroHaJabHBL.

JIOKA3ATE/ILCTBO. [TycTh y4oK opokgaercs kBagpukamu V(g) u V(f), rae popma g Heocoba. Crnezmys
penenty u3 n° 13.2.4 Ha ctp. 177, conoctaBum dopme f CaMOCOHpHH(éHHbIﬁl OTHOCUTEJIBHO CKaJIAD-
HOTO NPOM3Be/IeHNA § Ha V JTUHeHMHHIi omnepaTop ¢ = g * f : V. — V, ogHO3Ha4YHO 3ajaromuiics
TeM, 4to §(u, pw) = f(u,w) 1A Becex u,w € V. [TockobKy MaTpuia & omepaTopa ¢ BHIPAKAETCA
gepes MaTpuIb ['pama G, F kBazipaTH4HLIX GopM g, f 1o popmyne @ = G~ F, XapaKTepuCTUYECKHI
MHOTOWIEH )((p(t) = det(tE — ®) = det(tE — G 'F) = det G ' det(tG — F) omepaTopa ¢ cBf3aH ¢
XapaKTePUCTHYECKUM MHOTOWIEHOM X 4 f) (Lo, 1) = det(t,G + t, F) my4uka KBaZpuK 110 popmyie

X(p(t) = dEtG_l : X(fg)(_tO/tlv 1) .

[Moaromy kBazpaTuiHas popma F — AG BBIPOXK/EHA €CJIA U TONBKO ecu ynucio A € k aBnseTcs cob-
CTBEHHBIM 3HAaYEHUEM oltepaTopa ¢. Tak KaK paHT MaTpuIllbl AG — F paBeH paHry MaTpuIlbl AE — @ =
= G"'(AG — F), pasamMepHOCTb COGCTBEHHOTO MoAITpocTpancTBa Vy = ker(AE — @) omepaTopa ¢ coB-
MaZiaeT ¢ pa3MEPHOCTBIO AApa KBaApaTuyHoi GpopMel F — AG, KOTOpas M0 YCJIOBUIO TEOPEMEI B TOY-
HOCTH paBHa KpaTHOCTU KOpHA (t, : t;) = (=4 : 1) MHorouneHa Xg f)(to, t,). Takum obpasom,
CcyMMa pa3MepHOCTel cOOCTBEHHBIX IOAIPOCTPaHCTB V) oneparopa ¢ pasHa dim V. TIockonbKy 1o
ymp. 14.8 Ha cTp. 196 Bce cOGCTBEHHBIE MOATPOCTPAHCTBA CAMOCOTIPSIKEHHOTO OIlepaTopa OpTOro-
HaJIbHBI IPYT APYTY OTHOCUTEIBLHO CKAIAPHOIO IMPOU3BEAEHMs §, IPOCTPAHCTBO V ABsgeTcs g-op-
TOTOHAJIBHOH IIPAMOM CyMMO¥ cOOCTBEHHBIX IIOATIPOCTPAHCTB V/; onepaTopa ¢. Beibrpas B KaXaoM
MOAIIPOCTpaHCTBe V; opToroHanbHEIN 6a3uc KBagpaTUYHOM GopMel g, MEI TosydaeM B IV 6asuc, rae
06e GopMEI g U f UMEIOT JuaroHaabHble MAaTpULBI ['paMa, TpuyéM Ha AMaroHaIu MaTpULs F 6yayT
CTOSITH COOCTBEHHBIE 3HAYEHUS ONlepaTopa f WIH, YTO TO XKe CaMOe, B3IThle C OOpaTHBIM 3HAKOM Xa-
paKTepUCTHYeCKHe YK t, /t; myuka (GF). Bce popMbl Ag + pf Takke O6yAyT JUMarOHATIbHBI B 3TOM
6aswice. [

CJIEACTBUE 19.2 (M3 IOKA3ATEJIBCTBA TEOP. 19.1)

Ecnu xBagpaTuuHas ¢popma f Ha BEKTOPHOM IIpOCTpaHCTBe V' Haj mpou3BOIbHBIM TosieM Kk xapak-
Tepuctuku chark # 2 uMeeT guaroHasbHyI0 MaTpuly ['paMa B OPTOHOpPMaabHOM 6asuice HEBBI-
POX/JEHHON KBa/IpaTUYHOHN GOPMBI g, TO JUArOHATbHBIE JIEMEHTHI 3TOM MaTPUIILI CYTh COOCTBEH-
Hble YMc/Ia TMHERHOro omepaTopa @ = g -+ f : V > V, KoTophsIil OZHO3HAYHO 33JaETCA TEM, UTO

1Cm. n° 14.6 Ha cTp. 195.
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fu,w) = §(u, pw) ana Bcex u,w € V. [Ipu 5ToM caM 6a3KC COCTOUT U3 COBCTBEHHBIX BEKTOPOB OIle-
paTtopa ¢, ¥ KOJIUYECTBO MOSBIEHUH KaXX0r0 COOCTBEHHOTO YMCJIa Ha IUaroHaaId MaTpuUIel ['pama
PaBHO Pa3MePHOCTU COOTBETCTBYIOIIEr0 COOCTBEHHOTO MOAIPOCTPAHCTBA. B yacTHOCTH, AUaroHab-
Has MaTpuia 'pama GpopMEI f ¢ TOYHOCTBIO IO IEPECTAHOBKY AMarOHATBHBIX 3JIEMEHTOB He 3aBUCUT
oT BeIOOpa 6asunca, OfHOBPEMEHHO OPTOHOPMATBHOTO 11 § ¥ OPTOTOHAIBHOTO A f .

TEOPEMA 19.2

JlBa pery/IapHBIX ITy4ka KBaZpuK B IP,, Hag anre6pandecky 3aMKHYTHIM 1ToieM k riepeBogATCsA OAUH B
Zpyroil TMHEeWHBIM IIPOeKTUBHBIM aBTOMopcl)I/IsMOM1 IP,, eI ¥ TOJIBKO €CJIN UX CIIEKTPHI, IIOHUMae-
MBIe KaK HeyIopsgodeHHble MHOXKECTBA U3 N He 00sA3aTeIbHO PasINIHbIX Touek Ha [P, , nepeBogaTca
ZPYT B ApyTra APOOHO IMHEHHBIM aBTOMOpdu3MOM P, .

JIOKA3ATE/ILCTBO. BriGepeM B lepBoM TyuKe Iazikyto kBaapuky V(g') u paccmorpum B V 6asuc e’ , B
KOTOPOM BCe KBa/IpUKH [IEPBOTO ITyYKa UMEIOT IUaroHa IbHble MaTPHUIBI 'paMa, Ipru4éM HOpMUPYEM
ero Tak, uTo6s1 MaTpuIiia I'pama popmel g’ cTana eAuHUYHOMN. PaccMOTpUM JTH06YI0 OTINYHYIO OT g’
dopmy f’ us nepsoro myuka 1 o6osHaduM yepes F’ eé MaTpuiry 'pama B 6asuce e’ . B 1okazaTesbeTBe
Teop. 19.1 Mbl BUZEH, 9TO JMaTrOHATbHBIE 3/IEMEHTH MaTpUIThl F/ ABIAIOTCA KOPHAMU MHOTOYIEHA
det(tE — F'), T. e. cOCTaBIAIOT B TOYHOCTH CIIEKTP MEPBOTO My4dKa. [T0CKOIbKY OH COBIAZIaeT CO CIIEK-
TPOM BTOPOTO ITy4Ka, BO BTOPOM ITyYKe KBaJpaTHIHBIX GopM uMeeTcs 6asuc us takux dopm g”, f”,
YTO KOPHU MHOTOWIEHA X g fn (t, 1) coBnazaroT ¢ kopHsamu MHorowteHa det(tE — F). 13 aToro BEITe-
kaeT, uTo popma g” HeBHIpOXK/E€Ha, ¥ B TpocTpaHcTBe V cymecTByeT 6asuc e” , B KoTopoM MaTpuIia
I'pama dopmel g” eaunuuHas, a popma f” umeer AuaronanbHyro marpuiy F” ¢ auaroHaabHBIMM
a7leMeHTaMMU, paBHLIMU KOpHAM MHorouneHa det(tE — F'). Takum o6pasom, marpuna F” B 6asuce e”
coBmazaer ¢ matpuneii F' B Gasuce e’. TlpoekTuBHbI n3omopdusm P, = P, , nepesoasmuii 6a-
suc e’ B 6asuc e”, mpeobpasyet 6asucHble KBagpaTUIHble GopMbl g', ' mepBoro my4ka B 6asucHbIe
kBagpaTuunsle popmel g” , f” Broporo. CiezoBaTenbHo, OH mpeobpasyet kaxayio opmy 1g” + uf’
nepsoro myuka B popmy 1g” + uf” Broporo. O

[TPUIMEP 19.5 (IIPOCTBIE ITYYKHU)

ITy4yok kBazpuk Ha [P, Ha3bIBaeTCsA NPocmsbiM, €CJIU €T0 CIIEKTP COCTOUT U3 (n + 1) pasaUIHBIX TOYeK
Ha P, . Takum o6pa3oM, Kakaas ocobass KBapuKa IPOCTOro ITy9Ka UMeEeT POBHO OJHY OCOOYIO TOUKY
Y eINHUYHYIO KPATHOCTb B CIIEKTpe. B YacTHOCTHU, KaXKABIH IIPOCTOM ITy4YOK pery/asipeH, U Bce KBaJpu-
KU B HEM OZJHOBPEMEHHO AMATOHAIU3YIOTCS B HEKOTOPOM 6asuce. /IBa MPOCTHIX MyYKa IEPEeBOAATCS
OZIH B IpyTOH IIPOEKTUBHEIM ITpeobpa3oBaHUEM TOIZA ¥ TOIBKO TOIAA, Korza n+1 rouek Ha P, oTBe-
JaroUMX 0COOBIM KBAZIpUKaM IIepBOTO IIyYKa, IIepeBOAATCA Apo6HO TMHEHHBIM aBToMOpdu3MoM P
B 1 + 1 Touek, OTBeYaIomuX 0COOEIM KBaZPpUKaM BTOPOTO.

TEOPEMA 19.3
I[My4vok kBapuk (P Q) Haj anreb6pandecKy 3aMKHYTBIM ITOJIEM ITPOCT €CJIU U TOJIBKO €CJI eTo 6a3ucHbIe
KBaJPUKU IlepeceKaloTcs TPAHCBepCaIbHO, T. e. codim T,P N T,Q = 2 B Kaxxao# Touke a € P N Q.

JIOKABATE/NBLCTBO. PaccMOTpUM B IpOCTpaHCcTBe kBaApuk Py = P(S 2y*)Ha P,, = P(V) runepnosepx-
HOCTb 0COBBIX KBaZpuK> X = V(det) C Py IIpamas (PQ) C Py mepecekaeT I'UIIeplIOBEPXHOCTD 2
MeHbIIIe, YeM IT0 1 + 1 ToUKaMm, ecjiu ¥ TOJIBKO eCIh OHa KacaeTcs X' B ofiHOM u3 Touek S € (PQ) N 2.

T.e. cymecTByeT Takoii JMHEHHBIN IPOEKTUBHBIH aBTOMOpdU3M IP,,, KOTOPBI GUEKTUBHO OTOGPaKAeT
KBaZIPUKU OJHOTO IIyYKa Ha KBaJpUKU BTOPOTO.
2Cm. popmymy (19-5) Ha cTp. 257.
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HeTpancBepcanbHOCTb NepeceueHus kBagpuk P = V(f) u Q = V(q) B Touke a € P N Q o3Havaer,
YTO KOBEKTOPHI f (a) 1 §(a) TPOTIOPIMOHANBLHEI . B 5TOM Clydae Bce KOBEKTOPHI h(a)ch = AP + ug
IIPOIIOPLIMOHAIBHEL IPYT APYTY, T. €. TI06BIe [Be KBaJPUKU U3 Iyuka (P Q) mepecekaroTcs B TOUKE a
He TPaHCBepPCAJbHO, U MTyYOK COAEPKUT KBaZpuky S = V(h) c h(a) = Af(a) + ug(a) = 0, Te. c
a € SingS. Torma P N SingS # @ u npamad (PQ) KacaeTca rUNEepIoOBEPXHOCTH 2 B TOUke S 110
ct1. 19.1. 3HayuT, my4ok He mpocT. Hao6opoT, ecau npsamas (PQ) xacaeTcs FUIEPIOBEPXHOCTH X B
Touke S, To P N Sing S # @ u nepecedeHue P N S He TpaHCBepcalbHO BO BcexX Toukax u3 P N Sing S.
Ho Torza u nepeceuenue P N Q Toxe He TpaHCBEPCAJIbHO B 3THX XK€ TOUKaX B CWIy C/IeJITaHHOTO BhIIIIE
3aMevyaHusl. O

11'Ip1/1 3TOM OAVH M3 HUX (HO HE 063) MOXKET 06paTI/ITCH B HYJIb — 3TO O3HA4aeT, 4YTO OJHa 13 KBaJIpUK ocoba
B TOUKE Q.



OTBeThI U YKa3aHudA K HEKOTOPBIM yIIpaXKHEHHUAM

yrp. 19.1. B gokazaTenbcTBe eM. 19.2 Ha cTp. 253 MBI BUZAENN, YTO KOHUKY, KacarIlluecs mpsaMoint ¢
B TOuKe p € ¥, 00pa3yioT B IPOCTPAHCTBE KOHUK P¢ IOATIpOCTpaHCTBO KopasMepHocTH 2. OHO Iie-
pecekaeTcs ¢ IByMs TUIIEPIUIOCKOCTAMU KOHUK, MPOXOASAIINX Yepe3 TOYKHU C, d 10 KpaliHel Mepe T10
npsaMoii. Ecii 61 TepeceyeHre NMeJIO pa3MePHOCTb XOTA OBI 1Ba, TO Yepes JIF00ObIe ZIBe TOUKY Ha PP,
npoxozusa Obl KOHUKA, OHOBPEMEHHO coZieprKalliasi TOUYKH C, d U Kacalolasacs IpsaMoii £ B TOUKe p,
YTO He TaK: BO3bMEM OJIHY U3 TOoUYeK Ha mpsamoii (cd), a apyryio — BHe (cd) U £. OmucaHue oco6bIxX
KOHUK B 3TOM ITyYKE OUEBUHO.

Yop. 19.2. YcI0BUe MPOXOXKAEHUS Yepe3 TOUKY 33IaéT B MPOCTPAHCTBE KOHUK TUIEPIUIOCKOCTh. Eciu
HUKaKHe TPU U3 YeTHIPEX TOUEK He KOJUTMHEeAPHBI, TU TUIIEPIUIOCKOCTH JIMHEMHO HE3aBUCUMEI, T. K.
yepe3 J00ble TPU U3 TOYEK MOKHO TIPOBECTH PACIaBINyIOCS KOHUKY, HE TIPOXOJAIIYIO Yepe3 YeTBED-
TyI0 TOuKy. CjreZloBaTeIbHO, KOHUKU IPOXOZAAIINE Yepe3 TOUKU a, b, ¢, d, HUKaKre TPU U3 KOTOPBIX
He KOJUIMHeapHbI, 06pa3yroT My4oK. DTOT MMyYOK COZEPKUT TPH paCIaBIIMXCsA KOHUKH, 0O0pa3oBaHHbIE
rapaMu MPOTHUBOIOJNIOXKHBIX CTOPOH YeTHIPEXBEPITMHHNKA abcd.

Yop. 19.3. Ilo mpeas. 17.2 Ha cTp. 228 koHuka C (£, L) pacriajaercsa B o6beJUHEHNE IPAMOU £ ' = (sptr)
U elé ofHOM MpAMOI eci M TOMbKO ecid romorpadus ts™* : S = t] mepeBOAUT MPSIMYIO ¢ B
cebs. TlocmeaHee 03HAvYaeT, YTO B IIyuKe L MMeeTca KOHUKA C, OTHOCUTEIbHO KOTOpOi mpaMas £’
OHOBPEeMEHHO ABJIAeTCs MOJAPOH U TOYKH S U TOUKH t. Ho Takoe BO3MOKHO TobKo ecm C = £ UL’
a B 3TOM cy4ae £ IPOXOAUT depes 0cobyto Touky £ N £’ xoHuku C.

Vmip. 19.5. IIy4oK pacmaBIIMXCS KOHUK, SIBIAIOMIMXCSI 0O0beANHEHUEM NPSAMOU, poberaromeil mydok
MIPSIMBIX, IIPOXOJAIINX Yepe3 HEKOTOPYIO TOUKY P, U elllé OZHOH MPSIMO¥, He MPOXOJSAIIEel Yepes p.

305



	Пучки квадрик
	Базисное множество и спектр
	Невырожденные пучки коник
	Касательное пространство к проективной гиперповерхности
	Гиперповерхность особых квадрик
	Регулярные пучки квадрик

	Ответы и указания к некоторым упражнениям

