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Bciozy B aToM maparpade pedb WAET PO KOHEYHOMEPHbIE eBKJIN/IOBBI BEKTOPHBIE IPOCTPAHCTBA Ha
! BekTOpOB U U W 0603HAYAeTCA
yepes (U, W) Wwiu yepe3 u - w. HalloMHIO, YTO OHO OMJIMHEWHO, CHMMETPUYHO U MTOJIOKUTENBHO B TOM
cMmbIce, 9To (v, v) > 0 ama Bcex v > 0.

noneM R, cMm. 83 Ha cTp. 33. EBKINZOBO CKaylApHOE IIPOM3BeJeHNe

10.1. OproHOpManbHbIe 6a3uckl. Habop HeHy/IeBEIX BEKTOPOB VU, ... , U, B €BKJINZOBOM IIPOCTPAH-
CTBE Ha3bIBAETCA OPMO2OHAIbHBIM, €C/IH BCe €0 BEKTOPHI IIONapHO MIepIeHAUKY/IAPHLL APYT APYLY,
T.€. (V;,vj) = 0 mpu i # j. OpTOroHa/JbHEIM HAOOP aBTOMATHYECKV JIMHENHO HE3aBUCHUM, TaK Kak
CKaJIApDHO YMHOas Ha BEKTOP V; PaBEHCTBO
—(uz.eq1)-eq

A0y + AUy + o+ A =0, A
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nony4daeM A;(v;, v;) = 0, oTkyza Bce 4; = 0. \
o |

OproroHanpHbIH HaOOp BEKTOPOB €y, ... , €, Ha- 0 — |
3BIBAETCS OPMOHOPMANbHBIM, €CIIU BCE €T'0 BEKTODEL Iwa| & |
MMeIoT AIuHYy 1, T. e. (e;, €;) = 1 npu Beex i. Takoi \
o |

Habop aBTOMaTH4YecKky obpasyeT 6asuc B CBOeH JU- ‘
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HEeIHOI 060/I0UKe, U Pa3ioXKeHHe UV = Y, X;€; [Po- e1=
M3BOJIBHOT'O BeKTOpa v € span(ey, ..., ey) IO 3To- !
My 6asucy uMeeT KodpOUIMEHTH x; = (e;, V), a
CKaJsIpHOE [IPOU3BeZEHNE BEKTOPOB U = Y X;€; U |(uz.e1)l

W = Y y;e; PaBHO (U, W) = X1 + *** + X V- \

YIIPAXXHEHUE 10.1. [IpoBepbTe 062 3T dakTa.

Puc. 1001. BTopo#i mar opToroHaIM3alyH.

[IPEZIJIOKEHUE 10.1

ITycTb He Bce BEKTOPHL Uy, ... , Uy, HeHyNeBble. Tora B ux InHeltHOH 060JI04Ke CyIecTBYeT TaKkol op-
TOHOPMAJIBHBIN 6asuc ey, ... , €y, YTO TP KKAOM k JIMHeHHaA 060JI09Ka BEKTOPOB Uy, ... , Uj, JIEXKUT
B JIMHeHOI1 060I10UKe BEKTOPOB €y, ... , €.

JIOKABATE/ILCTBO. BeiOpackiBas U3 Habopa Hy/eBble BEKTODH, OyZieM cuuTaTh, 4To Bee u; #= 0. B ka-

YecTBe [IepBOro BEKTOpa MCKOMOro 6asuca Bo3bMEM e; = U, /|u,|. [To mocTpoenuio |e;| = 1 nu,
JIEXUT B OHOMEPHOM IIPOCTPAHCTBE, HATAHYTOM Ha e . JIOIMyCTHM II0 MHAYKIUHY, YTO A1 BEeKTOPOB
Uy, ... , Uy YKe TIOCTPOEHHI TAKHE OPTOHOPMAaJIbHbIE BEKTODHL €4, ..., €;, 9T0 i < k1

span(e,, ..., €;) = span(uq, ..., Uy) . (10-1)

i
TTONOKUAM Wy, g = Upyq — D, (Upqs €y) - €, CM. pHC. 1001, [l K&KAOTO U3 YIKE IOCTPOEHHBIX BEKTO-
v=1

POB e BBIIIOTHAETCS PABEHCTBO Wiy1 e]-) = (Upyq ej)—(uk+1, ej)(e]-, ej) = 0, T. e. BEKTOp W;, ; OPTO-

rosasieH nognpocrpasctsy (10-1). Ecin w; , = 0, TO BEKTOP Uy, ; JIEXKUT B HognpocTpancTse (10-1)

Y MHZYKTUBHOE IIPE/III0/I0KEHNe BBITIONHATCSA 71 HA6OPOB Uy, ..., Uy, q U €4, ..., €;. Ecmmw;  # 0,
mojaraeM e;,; = Wi,/ |W;,,| 4 3aKIo4aem, 9TO MHAYKTUBHOE IIPE/IIONOXEHUE BBIIOTHATCA IS
HaOOPOB Uy, ..., Uy q M€y, ..., 0. ]

'Cm. omp. 3.1 Ha cTp. 33.
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10.1. OpToHOpMaJIbHEIE GA3UCHI 131

C/AEZCTBME I0.1
B KaKZIoM KOHEYHOMEPHOM EBKJIM/IOBOM MIPOCTPAHCTBE UMEETCS OPTOHOPMAaTbHBIHM 6asucC. |

OHPE[[E]IEHI/IE I0.I
OmnucaHHBIH B floKa3aTeabCTBe mpei. 10.1 crocob mocTpoeHus OpPTOHOPMAIbHOTO H6a3uca B IUHEH-
HOI 000JI0YKe 3aZlaHHbIX BEKTOPOB Ha3bIBAETCsA opmozoHanusayueil [pama—Ilmudoma.

ITPUMEP 10.I (YPABHEHUE I'MITEPIIJIOCKOCTH)

JluHeltHoe HEOAHOPOAHOE YpaBHEHUE a, X, + A, X, + -+ + a4, X, = d Ha KOOpAUHATHI X, ... , X, OTHO-
CUTEeIBHO OPTOHOPMAaJIBHOTO 6a3rica n-MepHOro eBKJIN0BA IPOCTPAHCTBA V' MOXXHO ITepenucarhb Kak
ypaBHEHHe Ha HEU3BECTHHIN BeKTOp X € V a
A
(a,x)=d, (10-2)
Xa
B KOTOpPOM BeKTOp a € V nuucio d € R 3a- 9/“_4
JaHbl. Ha reoMeTpriecKoM SI3bIKE 3TO ypaB- L
HEHUE IVIACUT, YTO OPTOTOHAIbHAS TPOEKITHU
1
BEKTOpA X Ha BEKTOP 4 PaBHA Ix] - cos @ = mT’T) _ l%l
g @0 _  d _d a 0
¢ (a,a) lal> la| lal
KOHIIBI BEKTOPOB X C TaKUM CBOMCTBOM 3a- v
MetaroT B adpodunHOM mnpocrpaHcTBe A(V) 0

TUIIEPIUIOCKOCTb, EPIEHAUKYIAPHYIO BEKTO-
Py a ¥ yoal€HHyIO OT Hy/IA Ha pPacCTOsSHUE
|d|/|a| Bzomb BekTOpa @, eciui d > 0, U B IPOTUBOMOIOKHYIO CTOPOHY, eciii d < 0 (cM. puc. 1002).

Puc. 10062.TMT x : (a,x) =d.

[TPUMEP 10.2 (CPEAVHHBIN NIEPTIEHAVKYJIAP)

I[TokaskeM, 4To B eBKINA0BOM adpdunHOM mpoctpaHcTBe A" 'MT x, paBHOYZaIEHHBIX OT ABYX 3a/laH-
HBIX TOY€EK P, # P, IPEACTABISIET COOOIO TUIEPIUIOCKOCTS, IIEPIIEHAUKY/ISIPHYIO BEKTOPY Py P4 H IIPO-
XOZAIILYIO Yepe3 cepenHy (P, + P4 )/2 oTpesKa [py, p, ]. OTa I'MNepIIOCKOCTh Ha3bIBAETCH CPeOUHHBLM
nepneHOUKYNAPOM K OTPe3KY [p,, p,]. PaBeHCTBO ANMMH |x, py| = | X, p,| PaBHOCUIBHO paBeHCTBY CKa-
JIAPHBIX IIPOU3BeZeHu (XPy, XPo) = (XD, XD, ), T. €. PABEHCTBY

(Po = X, 0o — %) = (P, — X, Py — X),

rie OYyKBHI Py, P1, X 0003HAYAIOT paJiyc-BeKTOPHI COOTBETCTBYIOIINX TOYEK, BEIIYIIIEHHBIE 13 IIPOU3-
BOJILHO BEIOPaHHOM HavaabHOM Touku O € A™. TTocsie pacKpHITHA CKOGOK 1 COKPALIeHU, IToIydaeM
(Po>Po) — 2 Py, x) = (p1,P1) — 2 (p;, X) WNINU, ITO TO Xe caMoe,

2(py — Pg> %) = (P1,P1) — (P> Do) - (10-3)

9T0 ypaBHeHHE 3a/Ja€T TMIEPILIOCKOCTD, IePIEHAUKYIAPHYIO BEKTOPY PP, = Py —Po Y IPOXOAAIITYIO
4epe3 TOUKY (p, + p;)/ 2, 160 nocne HAA, O4€BUAHO, DAaBHOYAAIEHA OT Py U P;.

YIPAKHEHUE 10.2. Y6eauTech PAMBIM BBIYHCIEHHEM, YTO X = (P, + p,;)/ 2 yAOBIETBOPSAET ypaB-
HeHwuto (10-3).

lcm. npezi. 3.1 u omnp. 3.2 Ha cTp. 34.
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10.2. MaTpuusi I'pama. C m06b1MH BYyMsT Ha60paM¥ BEKTOPOB €BKJIW/IOBA ITpOCTpaHcTBa V
U=Uy, ..., Uy) T W=Wg,..., W) (10-4)
MOXXKHO CBSI3aTh TaOJIHITY UX TIOMAPHBIX CKAIAPHBIX IPOU3BEJEHUN — MaTpUILY
Guw £ (. w))) € Mat i (R), (10-5)

B [-I CTPOKe U j-M CTOJIOIe KOTOPOH HaXOAWTCA CKaFIPHOE IIpou3BezieHue (U;, wj). Marpuma (10-5)
HasbIBaeTcs mampuueil [pama HabopoB BekTopoB (10-4). Eciiv BoCIpUHUMATh 3TH HaOOPHI BEKTOPOB
KaK MaTPHIIHI C 3JleMeHTaMU U3 V| a oz Mpon3BeieHueM BEKTOPOB a, b € V moHUMAaTh UX CKaJIsIpHOE
npoussezienue ab £ (a, b) € R, To marpuia I'pama 6yeT OMUCHBATLCA PABEHCTBOM

— ot
Gy =UuUWwW,

rie w = (W,, ... , W},) 3TO CTPOKA U3 BEKTOPOB, a u* — cTos6el, TPaHCTIOHUPOBAHHbIH K CTPOKe U =

= (uq, ..., U,,). Eclu HA6OPBI BEKTOPOB U U W IMHEHHO BBIPAXKAIOTCA Yepe3 KaKue-TO Apyrue HabopEl

BEKTOPOB € = (ey,...,e,) u f = (fi,....f;) no opmynamu = e - C,,, uw = f - Cp,, 18 Gy, €

€ Mat, ., (R) 1 Cy,, € Matg, (R) Hexre MaTpuupl, To Marpuna I'pama G,,, IepecynThIBAETCA Yepes
marpuiy ['pama G, ¢ 110 dopmyre!
G

uw

t
=u'w=(eCpy) fCry=Cen€'f Cryy = CorGesCpyy - (10-6)

IIpu W = u MBI ITOJTy4aeM TabIuIly YMHOXKEHUA BEKTOPOB U3 OZHOT0 Habopa Uy, ... , U,,. B aTOM ciy-
yae o6o3HaveHue G, cokpamaerca 7o G, £ ((ui,u j)) € Mat,,,m(R), a mpaBwIo nmpeobpasoBa-
Hus (10-7) npuobpeTaeT BUJ

G, = C.,G,C, (10-7)

eu-e*eu
Omnpegenurens [,  det G, HasbIBaeTcs onpedenumenem Ipama Habopa BeKTOpoB U. OPpTOHOPMAb-
HOCTb Ha60opa BEeKTOPOB € = (e,, ..., €; ) O3HaYaeT, 4To ero Marpuna I'pama G, = E, 11 B 3TOM ciIydae
onpenenutens I'pama [, = det E = 1.

[IPEZI/IOKEHME 10.2

Jna moboro Habopa BeKTOPoB U = (U, ..., U,,) BBINOJHAETCA HepaBeHCTBO [;, > 0, koTopoe 06-
palaeTcs B paBeHCTBO eCJIM U TOJIBKO eCJIU 3TOT Habop JIMHeHHO 3aBucUM. Eciy Habop u JIMHEHHO
He3aBUCHM, a Habop BEeKTOPOB e = (e, ..., €,,) COCTaBIAeT OPTOHOPMaJIbHBIHM 6a3uc B IMHEHHON
obomouke span(uy, ..., Uy,), To [, = det? C,y> TAe Matpuna C,,, cocTaB/leHa U3 CTONOII0B KOOPAUHAT

BEKTOPOB uj B OPTOHOPMAaJIbHOM Gasuce e.

JoxkasaTENbCTBO. Ecmi A, uy + - + A u,, = 0 211 HEKOTOPOTro HeHy/IeBoro Habopa KOHCTAHT A;, TO
CKaJIIPHO YMHOXas 5TO paBEHCTBO HA BEKTOD U,,, MBI ITOJly4aeM IIPU Ka’KAOM V paBEHCTBO

Ay, ug) + A,y uy) 4+ o 4+ A (U, uy,) =0,

O3HayYarolee, 9YTO CTONOIBI MaTpuIlsl 'pama G,, = ((ui, u ]-)) JIMHeHHO 3aBUCUMEI ¢ K03 uIleHTaMU
Adseoes Ay, oTkyma I, = det G, = 0. Eciu ke BEKTOPHI U, ..., Uy, JTUHEHHO HE3aBUCUMBI, TO UX
JuHeHHas 060I04Ka m-MepHa, u 1o mpes. 10.1 Ha cTp. 130 B Heli UMeeTCs OPTOHOPMAaJTbHBIHM H6a3HC
e =(e,...,ey). Torna G, = C.,G,C,, = CL,C,, cornacuo popmyne (10-7), u I, = det® C,, > 0,
T. K. MaTpuIa nepexoza C,,, 06paTHMa® U eé ompe/ie/TUTeTb HeHYTeBOH® . ]

LCm. ymp. 5.3 Ha cTp. 61 U IIpejIIecTByOIee eMy 06CYXKIeHHeE.
2Cm. mpean. 5.2 Ha cTp. 64.
3Cwm. cn. 8.4 Ha ctp. 99.
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10.2.1. EBkn0oB 00b€M U oOpueHTanus. 3aQUKCUPYEM B EBKJIUIOBOM ITPOCTPaHCTBE I/ KaKoH-
HUOYZb OPTOHOPMaJIbHBIH 6asuc e = (e, ..., e,) U pacCMOTPUM popMy 06bEMA w,,, TPUHUMAIOLIYIO
Ha 5ToM Oa3uce 3HaueHHe 1. Torza kBazipat o6béMa moboro apyroro 6asucau = eC,,, mo npezr. 10.2
paBeH omnpezenuTenio I'pamMa 3Toro 6asuca:

wZ(u) =det’C,, =T,. (10-8)

B yacTHOCTH, KBaZpaT 06bEéMa J060r0 OPTOHOPMAIbHOTO 6a3uica U paBeH 1. MBI 3aK/II0uaeM, YTO
MaTtpuna nepexozga C,,, MeXAy JI0OBIMU ByMsI OPTOHOpPMaTIbHEIMU 6a3rcaMy e U U eBKJINZI0BA IIPOo-
crpaHcTBa V umeet onpegenutens det C,,, = +1. OpToHOpManbHble 6a3UCH € U U Ha3bIBAIOTCS 00U-
HAK0B80 opueHmMuposaHusiMu, eciu det C,,, = +1, ¥ NPOMUBONOIONCHO OPUEHMUPOBAHHBIMIL, ECTTH
det C,, = —1. Obparure BHUMaHUe, YTO 00T HeUETHAA IIepeCTaHOBKA OA3UCHBIX BEKTOPOB Me-
HfAET opueHTaIuio 6a3uca, a 1obas yéTHas — He MEHSET.

V3 cKa3aHHOTO BBITEKAET, UTO BCE OPTOHOPMaJbHbIE 6a3UChl €BKINAOBA MPOCTpaHCTBa V nMe-
10T OJHAKOBBIH 1O abCOMIOTHOM BeMYrHe 06BEM MpH JI060M BbIbOpe popMbl 06BEMaA Ha V, 1 uTO
Ha IIPOCTpaHCTBe V UMeloTcst pOBHO iBe GOPMEBI 00BEMA, TPUHUMAIOIIHNE HAa BCEX OPTOHOPMATBHBIX
6a3ucax 3HayeHus +1. ITu ABe GOpMBI 06BEMA OTIMYAIOTCA APYT OT Apyra 3HAaKOM, U BEIOOD OfHOH
13 HUX B KaYeCTBe CTaHAapTHOU GpopMbl 06béMa Ha V Ha3BIBaETCA 8bL00pOM OpUeHMALUU €BKIUAOBA
mpocTparcTBa V. OpueHTalis KOOpAXHATHOTO MpocTpaHcTBa R™, MIpyHUMAlomas Ha CTaHAapTHOM
6asuice 3HaueHue +1, Ha3pIBaeTCsA CMaHOaApmMHoLi.

AbcomoTHad BenurHa 06bEMa Mapasulesienniiesia, HATAHYTOr'O Ha IIPOU3BOJIBHO 33/laHHbIE BeK-
TOPHL Vg, ... , Uy, BBIUMC/IEHHAA OTHOCUTEIbHO OJHOM U3 IBYX OPUEHTUPYIOIUX GOPM, He 3aBUCUT OT
BBIOOpA OPUEHTAIIMU U HAa3bIBAETCS e8KAUO08bIM 005EMOM HEOPUEHTUPOBAHHOTO MapaJuIejienuIe/a.
CornacHo popmyste (10-8), kBagpaT eBKINI0Ba 00bEMA paBeH omnpeZenuTeio 'pama. Mbl 6yzem 060-
3HavYaTh €BKJIN/IOB 00bEM Uepes

Vol(vy, ..., v) = /T, 5y = 1/det (v, ;) . (10-9)

10.3. EBkinzaoBa ABOMcTBEHHOCTD. C KaXXABIM BEeKTOPOM v €BKJINZ0BA IPOCTPaHCTBA I/ cBA3aH JIn-
HelHbIl PyHKIMOHAN g, : V — R, u — (u, v), CKalIApHOrO YMHOXKEHHSA Ha 3TOT BeKTop. ComocTas-
JIeHre BeKTopy v € V yimHelHoro QyHKI[MOHAIA g, 33JaéT JINHelHOe oToOpaXkeHre

Gy: V-V, v g, (10-10)

KOTOPOe Ha3bIBaeTCs e8KU00801l Koppessyuetl.
YIPA’KHEHME 10.3. YOeuTech B IMHEHHOCTH QyHKI[MOHAIA g,, U 0ToOpakeHuA Gy, .

Tak kak G, (v) = (v, v) # 0 g4 moboro v # 0, KoBeKTOp g,, # 0 mpu v # 0. [ToaToMy oTo6pakeHHe
(10-10) MHBEKTHUBHO, a 3HAYUT, ABJITETCA U30MOPPU3MOM BEKTOPHBIX MPOCTPAHCTB. TaKUM 06pa3om,
0601 TMHENHBIN QYHKITMOHAT Ha €BKJIHA0BOM BEKTOPHOM ITPOCTPAHCTBE OHO3HAYHO IIPE/ICTABIIS-
eTcs B BUZIE CKaJISIPHOT'O ITPOM3BEIEHUS C HEKOTOPHIM BEKTOPOM.

YIPA’KHEHUE 10.4. Y6euTech, 4TO MaTpUIia 0To6pakeHu: Gy, B IPOU3BOJIILHOM 6asuce v IpOCTpaH-
crBa V u gBOMcTBeHHOM eMy 6asuce v* mpocTpaHcTBa V* coBmagaer ¢ maTpuueii ['pama G,, 6a-
3uca v.
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10.3.1. EBKJINAOBO ABOiicTBeHHBII 6a3uc. /Jya moboro 6asuca u = (U, ... , U, ) B €BKINJOBOM
npocrpadcTBe V, mpoobpassl uy, ..., uyx € V KoopauHATHBIX GYHKIMOHAJIOB U;, ..., U € V' npu
nzomopduame (10-10) o6pasyioT B mpocTpaHcTBe V 6asuc, UMeHyeMbIH e8KaUA080 080TICMBEHHbIM K
Gasucy u u o6o3HavaeMblii u* = (uj, ..., uy). [To onpezeneHIo, BEKTOPHI 9TOTO Gasnca OfHO3HAYHO
XapaKTePU3YIOTCS COOTHOIIEHUAMU

0 L
(g uj) = ol # (10-11)

1 mpui=j.
Ha MaTpUYHOM SI3BIKE 3TH COOTHOILIEHWS O3HAYaloT, 4To MaTpuia I'pama’ Guux = utu* = E. Co-
wiacHo ¢popm. (10-7) Ha ctp. 132 MaTpuna C,,,«, THHEHHO BhIpakatomas 6asuc u* yepes 6asuc u 1o
dopmyne u* = uC,,x, yaosierBopsieT paBeHCTBY E = G,x = G,Cppx, T. €. OBpaTHA K MaTpHUIlE
I'pama 6asuca u. TeM caMbIM,

X X -1
Ui, ... up) =Wy, ..., Uy) - Gy~ (10-12)
OpToHOpPMaIbHOCTh Oa3uica paBHOCHIbHA TOMY, YTO OH COBITIAZIa€T CO CBOUM €BKJIHZIOBO IBOMCTBEH-
HBIM.

VIIPAYKHEHUE 10.5. YOEAUTECH, 9TO U™ = u;.

T1o OIpe/ie/IeHHIO IBOMCTBEHHOTO 6a3icaZ, Kax/blil BEKTOp v € V pacKIazbiBaeTcs 110 mo6oMy 6a-

3UCY Uy, ..., U, C KOIQUIMIEHTAMH, PABHBIMU CKAJIADHBIM IIPOU3BEAEHHUAM 3TOr0 BEKTOPA C COOT-
BETCTBYIOIINMH BEKTOPaMU IBOMCTBEHHOTO basuca:

v= Z e; - (v,e), (10-13)

i

B 4éM JIETKO YZIOCTOBEPUTHLCA U HEMOCPe/ICTBEHHO, CKAIAPHO YMHOXUB 06 JacTH 3TOTO paBeHCTBa
Ha U} 471 KQKAOTO .

10.3.2. Oproronaisl. [Ipoobpas anuyiaropa Ann(U) C V* gaunoro mognpocrparcrsa U C V
npu uzomopdusme (10-10) ob6o3HauaeTcs yepes

Ut={weV|Vuel@wuw) =0}
Y Ha3bIBAETCA OPMO20HANIOM WJIU OPMO2OHANbHbIM donosHeHuem K U. ITo ci. 7.1 Ha cTp. 86
dimU' = dim Ann U = dimV — dim U (10-14)
W3 cn. 7.2 Ha cTp. 87 u Teop. 7.1 Ha cTp. 87 BHITEKAET, YTO COOTBETCTBUE U < Ut zagaér obopauu-
BAIOIIYIO BKJIFOUEHHUA OUEKINI0 MeXY IOAIIPOCTPAHCTBAMU JIOIIOJTHUTENBbHBIX pa3sMepHocTel B V, u
3Ta OMEKINA [IePeBOAUT CYMMEI ITOAIIPOCTPAHCTB B IlepeceveHus, a llepeceyeHuss — B CyMME], T. €.

ZUts1 II0OBIX mognpocTpancTB U, W C V BEIIONMHSAIOTCA paBeHCTBA

vt =u, w+wt=uvtnwt, Unwt=Uut+wt. (10-15)

LCm. bopmyny (10-5) Ha cTp. 132.
2Cm. n° 7.1.1 Ha cTp. 84.
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10.4. OpToroHajabHOe IPOEKTUPOBAHUE, PACCTOSHUA U YIJIbIL. Tak Kak (U, u) = 0 TONbKO ANA U =
0, nepeceuyenue U N Ut =0.B cwty paBeHcTBa (10-14) noanpocTpaHcTBa U 1 Ut pomonHuTe BHBL
ApyT apyry: V = U @ U™ 1 KaapIii BeKTOp v € V [IONyCKAEeT eJUHCTBEHHOE Pas/IoKeH e

v=vy+vyL, TAe vy €U, vy € Ut. (10-16)

KommoneHTsl vy € U M vy. € U 3Toro pasnioxeHNs Ha3BIBAIOTCA, COOTBETCTBEHHO 0PIMO2OHAb-
Hotl npoexyueil BekTopa v Ha U U €ro HopmaibHoll cocmasasiowetl oTHocutensHo U. ComocraBieHue
KaXJOMY BEKTOPY v € V 0ro opToroHaabHO# Ipoekiuy Ha U 3aaéT MHeHHOe 0TO6pakeH e

Ty V=U®Ut »U, v=vy+vy — vy,
KOTOPOE Ha3bIBA€TCA OPIMO2OHAJIbHBIM NPOEKMUpPOB8AHUEM Vaal.

[IPEAJ/IOKEHME 10.3
OproroHanbHasd NpoeKuud v;; € U mpousBoJbHOrO BeKTopa v € V Ha moamnpoctpanctso U C V
OJHO3HAYHO XapaKTepU3YeTCs JIIOOBIM U3 CIEAYIOIUX SKBUBAJIEHTHBIX IPYT APYTY CBOHCTB:

1)1;—vueUl 2VuelU w,v)=wu,vy) AVuel u#vy = [v-u|l>lv-vy

U MOXKET HaliZieHa 1o popmyJie

vy = Z u; - (v, u), (10-17)

l

Tae Uy, ..., Uy UUS, ..., Uy, — IIPOUSBOJIbHBIE €BKIUAOBO ABOICTBeHHbIE 6a3uch B U.
JTIOKA3ATE/LCTBO. CBoticTBa (1) ¥ (2) o4eBUAHBIM 06pa30M PaBHOCUIbHBI M YTBEPXKAIOT, YTO BEKTO-
PHL Uy U UV — Uy ABJIAIOTCA KOMIIOHEHTAMU BEKTOpA ¥ B IPAMOM pasjioxeHun V = U @ U L ITockonbKy
21 moboro BekTopa u = vy +w € U, re w € U oTIMYeH OT Hy/IA, BEIIOJIHAECTCA CTPOroe Hepa-
BEHCTBO (V — U,V —u) = (Vyr — W, vy — w) = (VyL, vy1) + (W, w) > (vy1, VyL), OPTOrOHANbHAA
IIPOEKILUA Vy; BEKTOpa v Ha moApocTpaHcTBo U obazaeT cBOHCTBOM (3). A Tak KakK BeKTop, obazia-
IOILUI CBOMCTBOM (3), O4eBUAHBIM 06pa30M €JUHCTBEH, 3TO CBOMCTBO PAaBHOCWIBHO cBo¥cTBaMm (1)
u (2). Ocraérca IpoBepuTh, YTO BEKTOP Vyy, onpesenéHHbI o dopmyrte (10-17), obrasaer cBOH-
cTBOM (2). IToCcKOJIbKY CBOMCTBO (2) uHelHo o u € U, 10cTaTouHOo YOeAUTbCS, YTO OHO BBITIOJHS-
eTcs it GasMCHBIX BEKTOPOB U = UT, ... , Uy, YTO O9EBHAHO: (v, uy) = Y ;(u;, uy)- (v, uf) = (v, u})
JIIA KaKI0TO V. |

C/JEICTBME 10.2

B eBxuiinzioBom apdunHOoM npoctpancTse A(V) ayis moboro HemycToro ahpGuUHHOTO MOAIPOCTPAHCTBA
11 ¢ A(V) nmo6oii Touku a & [T cymecTByeT eANHCTBEHHAs TOUKA Ay € 1, yAOBIETBOPSIONIAs BYM
SKBUBAJIEHTHBIM JIPYT APYTY YCIOBUAM:

1) BeKTOp ad;; NePHEHAUKYISIPEH JH0O0MY BEKTOPY pq C P, q € I1

2) |aq| > |aap| ans mo60# Touky q € [1, OTIUYIHOM OT ajy.

JOKA3ATE/BCTBO. [ToMecTUM Havyalo OTCYéTa B KaKyl0-HUOYAb TOUKY 0 € [ ¥ OTOXJECTBUM TOYKU
a € A(V) c paguyc-BekTopamu od € V. Ipu atom apduHHOE TTOATPOCTPAHCTBO [1 TIPEBPATUTCA B
BEKTOpHOE moAnpocTpancTBo U C V, a Touke a € A comocTaButes eé paguyc BeKTop v = od € V.
OcTaéTcsa NpuMeHUTh K HUM npezi. 10.3. O
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10.4.1. PaccroaHue [0 nognpocTpadcTsa. Touka apg € I us ci1. 10.2 Ha3bIBAETCHA OPMO2OHAb-
Holl npoekyueil Touky a Ha adpuHHOe moanpocrpanctso [1 C A(V). nuHa |a — ap| Ha3bIBaeTcs pac-
cmosiHuem OT TOYKHU a Ao noAnpocTpancTsa I1. ITo cBoticTBy (1) u3 npegn. 10.3 3To paccTogHNe paBHO
JJVHe |ﬁui | OPTOTOHAJIbHOM TPOEKIUY BEKTOPA qP, TAe ¢ € [T — nt06as ToYKa, Ha OPTOrOHAIbHOE
moronHenye Ul K Hampas/sionieMy BeKTOPHOMY TIpocTpaHcTBy U C V abdHHHOrO MOAIpOCTpaH-
crBa ll.

[TPUMEP 10.3 (PACCTOAHME OT TOYKH /IO TUIIEPIIOCKOCTH)

Harnpap/IAioIyM BeKTOPHEIM IIPOCTPAHCTBOM THIIEPILIOCKOCTH [T ¢ ypaBHeHHeM' (a, x) = d ABseT-
cs opToroHan a'l K BeKTopy a. PaccTOAHME OT MPOM3BOIBHO 3a[aHHO TOYKHU P 10 TUIIEPILIOCKOCTH [T
PaBHO PaCCTOAHUIO MEXK/Y UX OPTOTOHAIBbHBIMU IIPOEKIIUAME Ha OJHOMEPHOeE ITOAIIPOCTPaHCTBO, I0-
POXKAEHHOE BEKTOPOM a. TouKa p poeKTUpyercs B BeKTop a - (a, p) /(a, a), runepriockocts I — B

BekTOp @ - (x,p)/(a,a) = a - d/(a,a). Pa3HOCTb MEXAY UMY UMEET AJUHY

I(a,p) —d] - lal/(a,a) = |(a,p) — d|/]a].

[TPUMEP 10.4 (EBKJIMIOB OBbiEM YEPE3 IIJIOIIA/Ib OCHOBAHUS U BBICOTY)

PaccMOTpUM B €BKJIMZOBOM IIPOCTPAHCTBE JIUMHEWHO He3aBUCUMBIN Habop w = (v, Uy, ..., U,) U3
n + 1 BeKTOpOB 1 0003HaYMM Yepe3 U JHHEHHYI0 060JI09Ky ero nmogHabopa u = (U4, ... , U, ), COCTO-
SIIIETO U3 TIOCJIETHUX N1 BEKTOPOB. BEKTOP ¥ € IMHCTBEHHBIM 00Pa30M IIPE/ICTABISETCS B BU/IE CYMMBI
vV = vy + vy, TAe vy € U, a BEKTOP V1 JIEKUT B OAHOMEPHOM OPTOTOHATbHOM JONOJTHEHUN Ut
K moznpocTpaHcTBy U B mHelHOI obonouke W Habopa BeKTOPOB W. BeKTOp ;1 Ha3bIBaeTcsd 8bl-
comoil mapannenenunesa (v, uq, ..., U,), ONyleHHON 13 BePUIMHLI V Ha OCHOBaHMe U. /IT1HA 3TOH
BBICOTHI PaBHA PACCTOSTHUIO OT BEPIIVHBI U ZI0 TIOATIPOCTPAHCTBA U WK, UTO TO XKe caMoe, JIJTIHE Op-
TOTOHAIbHOM IPOEKILIUHU Vy;1 BEKTOPA U Ha U. Tak kax BEKTOP Vy; AB/IAeTCA INHeHON KoMOUHaI el
BEKTOPOB U;, B KOOpAMHATaX OTHOCHUTEIBHO JII000T0 OpTOHOPMasbHOro 6asuca B W kBagpaT opHeH-
TUPOBAHHOTO 06'bEMa HATAHYTOTO Ha BEKTOPHI W Mapasuiesienuie/ia paBeH

det? (v, uy, ..., u,) = det?> (W — vy, uy, ..., u,) = det? Wy, uy, ..., uy) = o1ty -

EZMHCTBEHHBIM HEHYJIEBBIM 3JIEMEHTOM TMEPBOM CTPOKH M MEPBOro CTOJOIA onpeaenuTens I'pama
BEKTODOB Vyy1, Uy, .. , Uy ABJIAETCSA CTOANIMIA B JIEBOM BEPXHEM yIITy KBaApaT |vy. |%. TloaToMy

2 - — 2 _ 2 2
Vol*(v, uq, ..., up) = Loy gy = V01 T,y = 1002 -Vol“(uy, ..., uy,).

Wuaye roBops, (n + 1)-MepHBIN €eBKIUA0B 00HEM Mapasiesenunea W paBeH IPOU3BeIeHUIO N-Mep-
HOTO €BKJIN/IOBA 0OBEMA OCHOBAHUSA U HA JJIMHY OMYIIEeHHOU Ha HET'O BBICOTHI:

Vol (v, uq, ..., uy) = |vyi| - Vol (uq, ..., up,). (10-18)

[TPUMEP 10.5 (PACCTOSAAHUE MEX/Y AGO®UHHBIMU [IOATIPOCTPAHCTBAMU)

PaccmotpuM B adpduHHOM npoctpaHcTBe A(V), acCOIMMPOBAHHOM C €BKJIMJOBBIM BEKTOPHBIM IIPO-
cTpaHcTBoM V, adbdunnble noanpoctpanctBa K = p + U u L = q + W ¢ Hanpap/AOIUMEI BEKTOP-
HBIMU npocTpadcTBamu U, W C V. IIycTb 3TH IIPOCTpaHCTBA He TlepeceKaloTea’, T.e. pq & U + W.
Jlist MOGBIX IBYX BEKTOPOBX = p+u € Kuy = q + w € L paccrosiaue |y — x| = |[pg — (w — w)|
JOCTHUIaeT CBOEro MUHUMyMa 1o u € U, w € W Torzaa ¥ TOJIbKO TOIAa, KOTia BEKTOP W — U = DGy

'Cm. mpum. 10.1 Ha cTp. 131.
2Cm. mpezn. 4.3 Ha cTp. 53.



10.4. OpToroHaabHOe IPOEKTUPOBAHUE, PACCTOAHUA U YIJIbL 137

SIBJIAIETCA OPTOTOHAIBHOM MPOEKIMEN BEKTOPA P Ha MOANPOCTPaHcTBO U + W 1 3TOT MUHUMYM pa-
BEH PACCTOSTHUIO MEX/Y BEKTOPOM Pq ¥ mognpocTpanctsom U + W, T. e. fyiiHe OPTOrOHAIBHOM IIPO-
eKIUH Py, ). BEKTOPa pq Ha TogmpocTpaHcTso (U + W)t. 3To unciIo Ha3BIBAETCA pACCMOSHUEM
MexzAy abbuHHBIMU oApocTpaHcTBaMu K, L v 0603HaYaeTcs

|K.L| = |PGuywy | = mineeg yep [y — x| (10-19)

EcmKNL # @,T.e.pq € U+ W, me nonaraem |K, L| = 0, uTo cornacyercs ¢ paseHctsoM (10-19),

TaK KaK B 3TOM CJIy4ae ﬁjw +wyt = 0. Ecut BEKTOpEL vy, ..., Vg COCTABILIIOT 6a3uc MOATIPOCTPaH-
ctBa U + W, To BeKTOp ﬁ(u +w)L SIBJISIETCS ONYIIEHHOM U3 BEPLINHEIL ¢ BBICOTOM ITapajulesienumnesa,
HAaTSHYTOrO HA BEKTOPHL Pq, Vs, ... , Vg, U JVIMHY 3TOM BHICOTHI MOXKHO BBIYHC/IATD TP OMOIIY GpoMy-
b1 (10-18):

Vol,..(q,v,,...,v
IK,L| = k+1 (P9, Vg k) _
Vol (vy, ..., v)

(10-20)

rae Vol,, o3Ha4aeT m-MepHEBI eBKINAOB 0OBEM.

10.4.2. Yros MexAy BEKTOPOM U IIOAIIPOCTPAHCTBOM. PaccCMOTpPUM B €BKJINAOBOM BEKTOPHOM
npocTpaHcTBe V BekTopHOe nognpoctpancTtso U C V uBekTop v € V, He nexxamuii HU B U, HU B U+,
Torza abCOMIOTHAS Be/IMYMHA OPHEHTUPOBAHHOTO yrIal 0 < | A(v, u)| < /2 MeX Iy 3TUM BeKTOPOM
Y HEHYJIEeBBIMU BeKTopaMu U € U focTuraer cBoero MUHUMyMa Ha €JMUHCTBEHHOM C TOYHOCTBIO [0
YMHOX€EHHMA Ha MOJIOKUTENbHYIO KOHCTAHTY BEKTOPE U, PABHOM OPTOTOHA/IbHOM IPOEKIMH Vy; BEK-
Topa v Ha moAmpocTpaHcTBo U. B camoM feste, HauMeHblIleMy 3Ha4eHHIO YIIa OTBedaeT Haubosbliiee
3HaYeHME ero KoCuHyca

(V,u) — (UU’u’)
vl - lul  [v]-|ul

= (g /Igleu/ b - 22
vl
(BTOpOE paBEHCTBO BBIMIOIHAETCS B CUTY cBoMcTBa (2) m3 npegyt. 10.3 Ha crp. 135). [ocmeanuii co-
MHOXUTEJb B [IPAaBOH YacTU He 3aBUCUT OT U, a IEPBBIN — B CIUIy HepaBeHcTBa Koy — ByHAKOBCKO-
ro—IlIBapra® — He IPEBOCXOAUT IIPOU3BeACHHUA JTHH |vU / |vU|| . |u / |u|| = 1 ¥ B TOYHOCTU paBeH
3TOMY IIPOU3BEAEHUIO €CIM U TOJIBKO €CJIM BEKTOPHI Uy ¥ U COHAIpaBieHsl. Yron ¢ € [0,7 /2], ox-
HO3HAYHO OIpeZie/sIeMBIIl U3 paBeHCTBa COS ¢ = |vy|/|v|, HasbIBaeTca e8KAUO08BIM Y2l loM MEXIY
HEHYJIEBBIM BEKTOPOM v U noznpocrpancTsoM U. [Ipuv € Unuv € U ata dopmyna gaér ¢ = 0
M @ = m /2, TaK KaK B 9TUX CIy4asax vy = v U Uy = 0 cooTBeTcTBeHHO. O6paTHTe BHUMAHHE, YTO

cos(L(v,u)) =

BO3HUKAIOIINeE B IOCJIEIHUX ABYX KPaWHUX CIy4Yasax YIVIbl HO-IIPeXHEMY ABJIIOTCA MUHUMAaTIbHBIMU
CpeZiyl YITIOB MEXJY BEKTOPOM U Y HEHY/IeBBIMU BeKTopaMu U € U.

Tak kak |vy.| = |v| - sin ¢, eBKINAOB YOIl ¢ MexXAy BEKTOPOM V U MOAIpocTpaHCTBOM U Taxske
MOYXHO BBIYUC/IATE Ipu oMoy popm. (10-18) Ha cTp. 136:

. vyl Tou,,..,
sing = 2 @y ) (10-21)
|17| |v| I—Eu ’uk)
e Uy, ... , U, — IPOU3BOJIbHBIN 6asuc moanpocTpaHcTsa U.

1Cm. popmyy (3-9) Ha cTp. 38.
2Cm. dpopmymy (3-4) Ha cTp. 34.
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10.5. BekTOpHbIe mpou3BegeHUsa. 3aQUKCUPYEM B N-MEPHOM €BKJIMIOBOM BEKTOPHOM MPOCTPAH-
cTBe V KaKoi-HUOYAb OPTOHOPMANLHEIN 6asuc e = (e, ..., €,) ¥ yCJIOBUMCA 3alHCEIBATh BEKTOPE
v € V cTpokaMu X KOOpAWHAT B 3ToM 6asuice. COmocTaBUM KaxAoMy Habopy u3 h — 1 BEKTOpOB
Yy, ...,V € V MaTpuiy A pasmepa (n — 1) X n, 10 CTpOKaM KOTOPOU 3alMcaHbl KOOPAUHATEI 3THUX
BEKTOPOB B 6asuce e, 1 Ha30BEM 8eKMOPHLIM NPouU3sedeHUeM BEKTOPOB vy, ... , Uy_; BEKTOP

n
W1 Uy 1 2 Y Aser = (A4, ..., Ay), (10-22)
i=1

i-1 KOOpAYHATa A; KOTOPOI'O paBHA B3ATOMY CO 3HAKOM (—1)"_1 OTIpeZIeNTUTENIO TOTIOJHUTETHFHON K
i-Tomy ctosbuy (n — 1) X (n — 1)-mogMaTpunsl B A, TOYHO Tak JKe, KaK 3TO 6BUI0 BO BTOPOM IIPaBU-
se Kpamepa u3 n° 8.2.2 Ha crp. 103. BeKTOpHOE IIpoM3BeieHIE 3aMedyaTeNbHO TeM, 9TO 1A JTI060Tro
BEeKTOpa U € V BHINONMHAETCA PAaBEHCTBO

We(U, Vs .oy V1) = (WU, [Vy, ..., V1], (10-23)
Iie w, — eUHCTBeHHas popMa OpHeHTHUPOBaHHOI0 06BbEéMa Ha V, IpUHUMAoIas Ha OPTOHOPMAaJIb-
HOM 6asuce e 3Hayenue 1.

YIIPAXKHEHUE 10.6. JJoKkaxkuTe cooTHoIeHue (10-23).

Hayve roBops, BEKTOP [Vy, ..., V,,_, ] ABIAETCA IpO0Opa3oM JTUHEHHOTo GpyHKIMOHaIa
VoR, ur w,Mv,...,0_4),

npu usomopdusme V = V* us popm. (10-10) Ha cTp. 133, CONOCTABIAIOIEM BEKTOPY V € V KOBEKTOD
9y V = R,u (u,v). BuacTHOCTH, BeKTOpHOE IpOU3Be/ieHIe He MeHsAeTCs IPY 3aMeHe OPTOHOP-
MaJIbHOTO 6as¥ica e Ha 060t IPyToii OPTOHOPMATBHBII Ga3HC TOH XKe OPHEHTAIU | ¥ MeHsAeT 3HaK
IIpY BEIOOPE BMECTO e OPTOHOPMAIbHOIO 6a3mca MPOTUBOIOIOXKHON OpHUeHTaluu. [eoMeTpUYEeCKH,

BEKTOPHOE IMTPOU3BEAEHNE OJHO3HAYHO OIIpEAE/IACTCA CJIEAYIOIINMU CBOMMHN CBOMCTBaMHU.

[IPEAJIOXKEHME 10.4

Bekrop [v,, ..., V,_,] IepIeHAUKYIAPEH BEKTOPaM Vy, ... , V,_,, 1 €r0 AJ1Ha PaBHA €BKIU/OBY 00B-
€My (n — 1)-MepHoOro napasulejenuIesa, HaTAHyTOro Ha BEKTODHL VU, , ... , V),_4 . EC/IM oTa JyIMHA HEHY-
JieBas, TO HallpaB/leHue BeKTopa [V, ..., V,_, ] TAKOBO, YTO MaTpHUILia Ilepexoga oT 6asnca

7P 7S I AU

K 6aSI/ICY € 1MeeT ITOJIOKUTETbHBIN OIIpeAEe/INTED.

JOKA3ATENBCTBO. [TozcTapnsasa B popmyny (10-23) BeKTOp u = v;, HOIydaeM

W, Vg5 oo s Vg ) = 0, (V3 Vg, ..., V1) =0,
4TO [lOKasbIBaeT NlepBoe yTBepxkjenue. [logcrasmaa u = [v,, ..., V,_, ], HoIy4aeM
2
We([Vys oo sV 1, Vg5 e Upq) = |[v1, cees vn_1]| >0.
B cuty mepBoro yTBep:KAeHUA BEKTOP [V, ... , V,_4 | ABJIAETCA BRICOTOM ITapaulesienuiesa, 06bEM Ko-
TOPOTO CTOUT B JIEBOH YacTy nociesHei popmyssl. CornacHo npuM. 10.4 3ToT 065EM paBeH IIpou3Be-
ZEHUIO JJINHBI |[v1, ,vn_1]| Ha eBKJINZOB 00bEM (n — 1)-MepHOTo napasulesienuesa, HaTAHyTOro
Ha BEKTOPHL Uy, ... , U,_, . OTCIOZa BHITEKAIOT BTOPOE U TPEThe YTBEPKACHNUsA. U

'Cm. n° 10.2.1 Ha cTp. 133.
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C/JEJCTBME 10.3
n 2 —
BekTopH V4, ..., V,,_; € R" IMHEIHO 3aBUCUMBI €CJIA U TOJIBKO €CIH [V, ..., v, ;] = 0. |

TIPUMEP 10.6 (PACCTOSIHUE MEZIY TIOJIIPOCTPAHCTBAMM, ITPO/IOJIKEHUE [IPUM. 10.5)

®opmyny u3 mpuM. 10.5 411 MUHMMAILHOIO PACCTOSHMUA MEXY HellepeceKaromuMucs apGuHHEIMU
noanpocTpanctBamu p+U u g+W B eBxmuaoBoM abdunnoMm mpoctpancTse A(V) MOXKHO Nepenucarh
KaK

Voly,,(@P.ey.....e) _ |det(@P. ey, ....ep)]
Volk(el,...,ek) |[el"_.’ek]|

raee,, ..., e, — 1060k 6asuc npocrpanctsa U + W, a onpesieuTeNb B IPaBOi 4aCTH — 3TO ONpe/ie-
JIUTEJTb MAaTPHUIIbI KOOPAWHAT YKa3aHHBIX B HEM BEKTOPOB B KAKOM-HHOYIb OPTOHOPMaIbHOM 6Gasuce

npocrpaHcrsa V.

I[IPUMEP 10.7 (BEKTOPHOE ITPOU3BEZEHHE B R®)
BekTopHOe pousBeseHre B R3, 3aaHHOe ¢ IOMOIIBIO CTaHZAPTHOIO OPTOHOPMAJILHOTO 6a3uca e =
= (e,, e,, €3), IpeAicTaBsAEeT cob0t0 GuHapHyo oneparuio R x R® — R3, (u,w) — [u,w], u yacto
o6o3Hauaercal u X w. Popmyna (10-23) B 3TOM ciIydae yTBEePXKAeT, YTO OPUEHTUPOBAHHEINA 06BEM
napasuleenunesa, HaTAHYTOro Ha BEKTOPHI

a; by ¢

(a,b,c) =(eq.e.e3)-|a, by ¢,
as by ¢

paBeH CKaJIApHOMY NIpOU3BeJeHNIO BeKTopa a = (a,, a,, d3) C BeKTOpPOM

[b,c] € (bycs — bycy, — bycy + bscy, bycy, — bycy) =

(10-24)
=<det<b2 CZ),—det<b1 C1>,det<b1 C))
by ¢ by ¢ b, ¢,

B 4éM HECJIOXKHO YOEAUThCA, PACKIaZBIBAS IO TIEPBOMY CTOJIOLY OIpeETUTENb

a; by ¢
det|a, b, c,|=a,- (b2c3 - b3c2) +a,- (—b1c3 + b3cl) +as- (b1c2 - bzcl) = (a,[b,c]).
as by ¢

Taxk kak (b, [b, c]) = det(b,b,c) = 0 u (c, [b, c]) = det(c, b, c) = 0, BexTOp [b, ] MEPIEHAUKY/ISIPEH
BeKTOpaM b U ¢, a KBaZpar ero JJINHbI ([b, cl, b, c]) = Vol, ([b, cl, b, c) = |[b, c]| -Vol, (b, ¢), oTxyza
|[b, cl| = Vol,(b,c).

VIIPAXKHEHUE 10.7. Y6eauTech, 9To BeKTopHOe npousBegenue R® X R® — R® kococumMeTpHdHO,
T.e. v X v = 0 [/ BCeX v, ¥ He aCCOLMATUBHO, HO YAOBIETBOPAET npasuty Je6Huya>

UXWXW)=UX)Xw+vXUXWw).
YTIPAXKHEHUE 10.8. JIOKa)KUTe 7151 BEKTOPHBIX IIPOU3BE/IEHUH B R3 paBeHCTBa

A) [a, [b, c]] =b-(a,c)—c-(a,b) B) [[a, bl [a, c]] = a - det(a, b, c)

B (a,c) (a,d)
B) ([a,b], [c, d]) = det <(b,c) (b,d))

!B aHmIHIicKOIT TUTEpaType BeKTOPHOE TIPOM3BeIeHUE JaXe 1 Ha3kIBAeTCA cross-product.
2KOTopoe YacTo 3alKCHIBAIOT B Buje [u, [v, w]] + [v, [w, u]] + [w, [u, v]] = 0 u Ha3BIBaIOT Mox#c0ecmeom
Axobu.



OTBeThI U YKa3aHUA K HEKOTOPBIM yIIPpaXXHEHUAM

Vrp. 10.4. 3HayeHUe TUHEHHOU GOPMBI gy, HA 6a3sMCHOM BEKTOpE V; PaBHO (V;, V}), T. €. CTOIGeL KOOp-
[VHAT 3TO¥ pOPMEI B IBOACTBEHHOM 6a3uce V' COCTOUT U3 IPOU3BEAEHUIA (v;, v]-).

Yrip. 10.6. 3alMIINTe BCe BEKTOPHI CTPOKAMU UX KOOPAUHAT B 0a3KCe € U PasIoKUTe
det(u, vy, ..., vp_1) = U, Vy, ..., Vp_4)

IO IIepBOH CTPOKE U.

170



	Евклидова геометрия
	Ортонормальные базисы
	Матрицы Грама
	Евклидова двойственность
	Ортогональное проектирование, расстояния и углы
	Векторные произведения

	Ответы и указания к некоторым упражнениям

