§15. CuMMeTpHUUYHbBIe OWIMHEHHbIE ¥ KBaJ[paTUYHbIe GOPMBI

B aTOM maparpade MBI [10 yMOTYaHUIO CYUTaeM, uTo ocHoBHOE moste k umeer char(k) # 2.

15.1. IIpocTpaHCcTBa CO CKALAPHBIM IpoU3BeJeHueM. ByieM Ha3bIBaTh npOCMpaHcmeoMm co CKaisip-
HbM npousgedeHileM KOHEYHOMEPHOe BeKTOPHOe IIpoCcTpaHCTBO V HaZl mpou3BobHEIM noseM Kk xa-
paxrepuctuku char k # 2 ¢ 3adUKCHPOBaHHOM Ha HEM HEBBIPOXK/EHHOM CHMMeTpPUYHOM GUIMHeH-
Holi popmoii f: V XV — k. B aTom u ciexyronieM paszenax 6yksa V 1mo ymosrdaHuio ob603HavaeT
VIMEHHO TaKoe IIPOCTPaHCTBO.

15.1.1. OpToroHaabHbIe IpsAMble CyMMBI. V13 ByX nipocTpaHcTB V;, V, co cKalApHBIMU NIPOU3-
BeZIeHUSIMH f3;, B, MOXKHO M3TOTOBUTD IPOCTPAHCTBO V; @ V, co cKanapHbIM TpousBeseHueM B, + f,,
OTHOCHUTEJIbHO KOTOPOT'O cIaraeMble OPTOIOHAIbHEI APYT APYTY U KOTOPOe orpaHnuuBaeTcaHa lVy u'l,
B f, u 5,. DTO cKajApHOe pousBeseHNe 3agaéTcsa GopMynoit

[.81 + ﬁz] ((u17u2)7 (wy, Wz)) E Bi(ug, uy) + By(wy,wy).

Ero maTpuna I'pama B iro60M Gasuce, mepshie dim V, BeKTOpoB KoToporo o6pasyoT 6asuc B V, ¢ maT-
1 1
puteii 'pama B, , a mocieauue dim V, BekTopoB — 6asuc B V, ¢ maTputieii 'pama B, , uMeeT GI0UHbII

BUJ,
B, 0
0 B,/

IIpoctpancTBo V; @ V, co ckanapHbIM npousBeseHueM B, + f, obosnavaerca V; + V, u Ha3bBaeTcs
0pMO2OHANBHOIL Npsimotl cymmoti mpocTpaHcTs V; u V.

VIPAXHEHUE T5.1. O603HaunM depes H,,, Tunep6oIuIeckoe MpoCTpaHCTBO? pazmepHocTH 2n. ITo-
CTpoiiTe u3oMeTpudeckuit usomopdusm® H,,, + H,j, = Hymk)-

15.1.2. M30TponiHbBIe M aHU30TPOIIHbIE MOAIIPOCTPAHCTBA. BekTop v € V HasmiBaeTca uso-
mponHbim, eciu (v, v) = 0. [loanpoctpancTBo U C V, 1[eIMKOM cOCTOsIlee U3 U30TPOIHBIX BEK-
TOPOB, U30TPONHO B cMbIcie n° 14.2.2 Ha cTp. 174, T.e. B(u,w) = 0 ansa Bcex u, w € U, IOCKONBbKY

2(u,w)=Bu+w,u+w)—Lu,u)—Lw,w)=0.

[MoanpoctpadcTBo U C V Ha3bIBaeTCS AHU30MPONHLIM, €CIM B HEM HET HEHYJIEBBIX M30TPOITHBIX
BeKTOPOB. EC/iM aHU30TPOITHO BCE MPOCTPAHCTBO V, TO TOBOPAT, YTO CKaJIApHOe ITpou3BeZeHre Ha V
aHuzomponHo. Harpumep, eBKJINJI0BO CKATISIPHOE MPOM3BEZIeHIUE HA BEIIECTBEHHOM BEKTOPHOM ITPO-
CTpaHCTBe aHU3OTPOITHO. Tak Kak aHM30TpomHasA popma obsazaeT cBoiictBamu (5,6) us mpez. 14.1
Ha cTp. 172, Kakaas aHU30TpomHasA dopMa HeBBIpOXKAeHA. [103TOMY /it TF060TO aHU3OTPOITHOTO
nozmnpocTtpadHcTBa U C V umeeT MecTo opToroHanbHoe pasnoxenue V = U @ Ut uz npezn. 14.4
Ha cTp. 178.

[TPEA/IOXKEHUE 15.1

Kaxxzoe nsorpomnHoe nognpocTpancTBo U B mpocTpaHcTBe V co ckalApHBIM Ipou3BeZieHreM [ coiep-
JKUTCSA B HEKOTOPOM rutiepbonudeckom moanpocrpauctee W C V pasmeprocty dim W = 2dim U.
[Tpu aTOM yr060i1 6a3uc nogIpocTpancTBa U JONONTHAETCA A0 rUuepbomdeckoro 6asuca mpocTpaH-
ctBa W.

LCm. mpeg. 14.1 Ha cTp. 172.
2Cm. npum. 14.2 Ha ctp. 173.
3Cm. n° 14.1.4 Ha cTp. 172.
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15.1. [IpocTpaHCcTBa CO CKALIPHBIM IIPOU3BEZeHUEM 183

JJOKA3ATEJIBCTBO. PacCMOTpUM NPOU3BOJIBHBIH 6a3UC U, ... , U, B U, OTIOIHUM ero 1o 6asuca BV u
0603HAYNM Yepe3 Uy, ... , Uy, [IEPBbIE M BEKTOPOB OPTOrOHAIBHO ABOMCTBEHHOTO 6asuca. Toraa
v 1 opui=j
Blug uj) = L (15-1)
0 mpui#j,

1 3TU COOTHOIIEHMA OPTOTOHAJIbHOCTU HE HaPpYIIalOTCA IIPXU ,Z[O6aBJ'IeHI/II/I K J'IIO6OMy 13 BEKTOPOB u}-’

IIPOM3BOJIbHOM JIMHEeHHOI KOMOWHAIIUY BEKTOPOB U;. 3aMEeHHUM Ka)KJBIH 13 BEKTOPOB u}’ Ha BEKTOP

m
1
Y VoV
w; =u; — > Zﬁ(uj,uv)-uv.
v=1
BeKTOpBI Wy, W,, ..., Wy, TIO-TIPeXXHEMY YAOBIeTBOPAIOT cooTHOmeHUAM (15-1) 1 BAobaBok

Bwiwy) = Bt ) = 2 By, w) = 2 B w) =0,

T.€. 2m BeKTOpoB U;, Wi, 1 < i,j < m, obpa3syroT runepbonndeckuii 6a3uc B cBoel JINHeHHOH 060-
JIOUKe, KOTOPYIO MBI ¥ BO3bMEM B KauecTBe W. O

TEOPEMA 15.1

Kaxxzoe pocTpaHcTBO V cO ckamApHBIM NIPpOU3BeJEeHHUEM pacnaZaeTcs B IPAMYI OPTOTOHAJIBHYIO
cymmy Vo~ H,,p + A, mepBoe ciaraeMoe KOTOPOM TUIIEpOOINYIECKOe U MOXKET ObITh HyJI€BBHIM WU
COBIIaZIaThb CO BCeM IIpocTpaHcTBOM V, a BTopoe ciaraemoe A = Hé‘k AHU30TPOIIHO.

JTIOKABATEBLCTBO. VHAYKIws o dim V. Eciu V anusotpornHo (uro Tak mpu dim V = 1), 10kas3siBaTh
Heyero. Eciu cymecTByeT HeHy/IeBOM U30TPOIIHEIN BeKTOp e € V, To 1o ipeA. 15.1 OH IeXXUT B HEKO-
Topoii runepbomrueckoit miockoctu H, C V,uV = H, @ H2L cornacHo npez. 14.4. Ilo vHAYKINUY,
HZl =H,,®ArneA= Hzlm aHu3oTponHo. [lostomy V =H,,,, ., @ Auld = Hzlmﬂ. g

3AMEYAHUE 15.1. Hipxke, B Teop. 15.4 Ha cTp. 186, MbI yBUAUM, UTO pasjokeHUe us Teop. 15.1 equH-
CTBEHHO B cireayomieM cmbicie: ecnu V ~ H,, + U ~ H,,, + W, rae U u W aHU30TpPOIHEL, TO kK = m
U CyllecTBYeT u3oMeTpudeckuii usomopousm U = W.

CJ/IEACTBME 15.1
Crenytroiyie CBOMCTBA MPOCTPAHCTBA I/ CO CKaIAPHBIM NMPOU3BeIeHNEeM SKBUBAJIEHTHBI:

1) V usomeTpudecKy u30MOpGHO TUIepObOINIECKOMY IIPOCTPAHCTBY
2) V aBnseTcs npAMOY CyMMOH JBYX M30TPOIHBIX OJIIPOCTPAHCTB

3) dimV uértHa, u B V uMeeTcs H30TPOIHOE MOAIIPOCTPAHCTBO IIOJIOBUHHON Pa3MepPHOCTH.

JloKA3ATE/IBCTBO. IMImukauus (1)=(2) oueBuzHa. Ilyctsh BeinoaHeHo (2). [To npeg. 14.2 pa3mep-
HOCTb KaXKZIOTO M3 U3 /IByX M30TPOITHBIX MPSAMBIX CJlaraeMbIX He MPEBBINIAET IOJOBUHBI Pa3MepPHO-
¢ty V, 4TO BO3MOXKHO TOJIBKO €CJTU 00€e 3TH pa3MepPHOCTH PABHEI i dim V. Tem cameim, (2)=(3). ITo
npega. 15.1 Ha cTp. 182 kaxg0e U30TPOIHOE TOATIPOCTPAHCTBO Pa3MEPHOCTU % dim V cogepsxutcs
B rUepbOoIMYECKOM MOAIPOCTPAHCTBE pasMepHocTH dim V, KoTopoe TaKUM 06pasoM COBIIAZAET CO
BceM npocTpaHcTBoM V, uTo AaéTt nMmiuukanuio (3)=(1). O
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15.2. V3oMeTpuM U oTpaxkeHus. Bcakuii aHM30TPOIHBIN BeKTOp e € V 3a7aéT pasioxkeHue mpo-
cTpaHcTBa V B IpAMYIO OpToroHambHymo cymmy V = k - e @ el. Jluneiissrii oneparop o, V-V,
TOXZECTBEHHO JeMCTBYIOMNN Ha TUIIePIUIOCKOCTU et u IepeBOAAIININ BEKTOpP e B —e, Ha3blBaeTcsa
ompaxiceHuem B TUNEPIVIOCKOCTH el, cM. puc. 15¢1. [IpoU3BONBHBIA BEKTOP V = V, + V1 € V, zie
v, = e B(e,v)/PB(e, e) — IpOEKIVA BEKTOPA ¥ Ha OZIHOMEPHOE 1'10/:Lr[pochaHCTBo1 k - e Bmosb rumep-

TUTOCKOCTH e+, a U, = ¥ — U, € e, Iepexo/uT Iy 3TOM B BEKTOP

pew)
Ble.e)

0e(V) = Vo + Vo1 =V — 2V, =V — 2 (15-2)

YIPAXHEHUE 15.2. YOeauTech, 4T0 0, € Opg(V) u o2 = Idy, u nokaxuTe A MOGBIX U3OMETPUM
f € O(V) u aHu30TPONHOTO BEKTOpa e € V paBeHCTBO f o g, o f 1 = Of(e)-

u+v
OV v

u 1\v

—e e []
v, = Blew , 0
. € Blee)
€ -V
Puc. 1501. OTpaxkeHue g,. Puc. 1502. OTpaxkeHus B poMbe.
JIEMMA 15.1

B mo60oM mpocTpaHcTBe V €O CKalAPHBIM IPOU3BeAeHUEM [5 U1 KKAOM Haphl pa3IMYHBIX aHU30-
TPOITHBIX BEKTOPOB U, UV C PaBHBIMU CKaJApHBIMU KBaZpatamu f(u,u) = f(v,v) # 0 cymecTByeT
oTpakeHue, IepeBosiiee U 1160 B v, 1160 B —.

JIOKABATE/ILCTBO. EC/IM U ¥ ¥ KOJUIMHEApHBI, TO KCKOMBIM OTpaXeHUeM sBJIfgeTca 0, = o,. Ecim u
U V He KOJUIMHEeapHEI, TO XOTs OBl OZHA U3 IBYX AUaroHasel u + v, U — v HaTAHYTOro Ha HUX poMmba
(cM. puc. 15¢2) aHM30TPOIHA, ITIOCKOJIBKY 3TU AUarOHaIN OPTOTOHAIbHBI:

Bu+v,u—v)=pFw,u)—-Bw,v)=0,

U UX JIMHelHasa 060/I049Ka COAep:KUT aHU30TPOIIHBIE BEKTOPHI U, V. TeM caMbIM, XOTs 6Bl OAHO U3 OT-
paxeHuu o,,_,, 0,,,,, onpeaenexo. [Ipu atom o,,_,,(u) = v, a g, ,,(u) = —v. ]

YIIPAXKHEHUE 15.3. [IpoBepbTe, IocIefHNe ABa paBEHCTBA.
TEOPEMA 15.2

Bcsikas U30MeTpHs N-MePHOT'0 IPOCTPAHCTBA CO CKAJIIPHBIM IIPOU3BEAEHUEM SABJISAETCS KOMIIO3UIH-
eli He 6ojiee YeM 2N OTpaKeHUH.

M1 mose3yemcs Tem, uto ¥ = e/ B(e, e) ABAeTcA ABOMCTBEHHEIM K € OTHOCHTEILHO GopMEl B 6aswc-
HBIM BEKTOPOM ofHOMepHOro npoctpaHcTBa k e u no ¢popm. (14-18) Ha cTp. 178 opTOroHasbHasA IPOEKIUA
[POU3BOJILHOTO BEKTOPA ¥ Ha 3TO IOATIPOCTPAHCTBO paBHa v, = (e, v)e".
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JOKA3ATE/IBCTBO. VIHAYKIMA 110 n. OpTOroHasbHasA IPyIna OZHOMEPHOI'O IPOCTPAHCTBA COCTOUT U3
TOXZecTBeHHOro oneparopa E u orpaxkenusa —E. [lyctbn > 1u f: V — V — usomerpus. Bribe-
peM B V xakoi-HUOyZb aHW30TPOIIHBIM BeKTOp ¥ U 0003HAYMM Yepe3 o OTpakeHHe, IlepeBojdllee
f(v) B v wiu B —v. Kommosunus o f mepeBOAUT U B +V, a 3HAYUT, TepeBOAUT B cebs (n — 1)-mep-
HYIO THIIePILIOCKOCTD U™ 1o MHAYKIMY, AeficTBUe 0 f Ha U AB/IAeTCA KOMIIO3UIIEH He Gosee 2n — 2
OTpa)KeHUil B THIIEPIUIOCKOCTAX BHYTPH v . TIPOZOIKMM HX ZI0 OTPaXKeHMit BCero mpocTpaHcTsa V,
Z06aBUB B 3€PKaJIO KAXK/OT'0 OTPaKeHUs BEKTOP V. KOMIIO3UIA IOTy4eHHBIX OTPayKeHUH COBIIAaeT
¢ of Ha THIIepIUIOCKOCTH v, a eé feficTBHe Ha v TG0 TaKoe xe, Kak y of (pu of (v) = v), 6o oT-
JryaeTcs oT Hero 3HakoM (ripu o f (v) = —v). [loaTomy of, kak onepaTop Ha BCEM IIpocTpaHCTBe V,
€CTh KOMITO3UIUA IIOCTPOEHHBIX 21 — 2 OTpakeHUH 1, BO3MOXKHO, elllé OJHOT'O OTPaKeHUA B TUIIEp-
IUIOCKOCTH V™. CrnemoBaTenbHO, f = 00 f 3TO KOMITO3UIUA He 6ojiee 2N OTPAKEHUH. O

YIOPAXHEHHME 15.4. [lokakuTe, 94TO B AHU30TPOITHOM IIPOCTPAHCTBE Vs YCIIOBHAX JIEM. 15.1 Bcerza
HaﬁﬂéTCH OTpaK€Hue, nepepogAiiee U B TOYHOCTHU B V, U BBIBEIUTE OTCIOZAA, YTO Jr06as U30MeT-
PHUA N-MEPHOI'0O aHN3O0TPOITHOT'O ITPOCTPAHCTBA ABJIAECTCA KOMHO3I/IHI/Ieﬁ He Gosree n OTpa)KeHI/Iﬁ.

TEOPEMA 15.3 (JIEMMA BUTTA)

ITycTe weTwpe npocTtpanctea U, , W;, U,, W, co ckalApHBIMYU IPOU3BEAEHUAME TAKOBBI, YTO HEKOTO-
pble fBa U3 Tpéx mpocrpancts U, , U, + W,, W, nzomerpudecku n30MOpGHEL COOTBETCTBYIOLIEH
mape IpoCTpaHcTB u3 Tpoiiku U, , U, + W, , W,. Toraa ocraBuirecss TpeThby 3J€MEHTHI TPOEK TOXKE
U30METPUIECKU U30MOPHBI.

JJOKA3ATENBCTBO. Eci ecTh n3oMeTpudeckue usomoppusmsel f @ U; = U, ug: W, = W,, To ux
npamagcymma f @ g: U, + W, - U, + W, (u,w) = (f(u), gw)), aBnseTcs TpebyeMbIM U30METPH-
yeKuM nu3omopdusmom. OcTaBIIMECS ABa CIydas CAMMETPUYHBI, M MbI pa36epéM oZIuH U3 HUX. [IycTh
UMEIOTCS U30MeTpUudecKrie n30MOpHU3MbI

f:U >U, u h:U +W, > U,+W,.

W3omerpuyeckuii usomopdusm g : W, = W, crpourca nugykuueii mo dim U; = dim U,. Eciu npo-
cTpaHcTBO U; 04HOMEPHO ¢ 6a31COM U, TO BEKTOP U aHU30TpoIeH. [ToaToMy BeKTopH f(u) u h(u, 0)
TOXKEe aHM3OTPOITHE U UMEIOT OZNHAKOBEIE CKAIAPHEIE KBaZpaThl. OO03HAYUM Uepe3 0 OTpaKeHUe
npocrpatnctsa U, + W,, nepeBogsiee h(u, 0) B (i f(u), O). Kommosuriusa

oh: U +W, » U, + W,
M30METPUYHO OTOOpaKaeT 0fHOMEpPHOE ITOAIIPOCTPAHCTBO U, MepBOM CyMMBI Ha OZHOMEPHOE IIO7I-
mpocTpaHcTBO U, BTOPOH, a 3HAYUT, N30METPUYIHO OTOOpakaeT OPTOrOHAIBHOE AOIONHeHE K U, B
IIepBOii CyMMe Ha OPTOrOHaJIbHOE JJoNoNHeHue K U, Bo BTOPOH, YTO U JaéT Tpe6yeMblii n3oMopdpu3M

ohly @ W; = W,.Ilycrs Teneps dimU; > 1. BeiGepeM B U, H060# aHU30TPOIHBIA BEKTOP U U
PacCMOTPUM OPTOTOHAJIBHBIE Pa3/IOKEHUA

Uyt W =k-utut+W, n U+ W =k-f)+f@* +w;,

B KOTOPBIX U™ C vuuf W' c U, o3Ha4aoT OpTOrOHAJIbHEIE JOIIOJHEHNA K aHU30TPOIIHBIM BEKTO-
pamu u f(u) BHyTpu U,; u U, cooTBeTcTBeHHO. Tak Kak nmpoctpaHcTBa k- u n k- f(u) usomerpudecku
n30MOP(HEI, 110 yKe J0Ka3aHHOMY CYIIEeCTBYIOT U30METPUU

floutsf@t w b rutdw s ft g,

K KOTOPBIM IIPUMEHVMO MHAYKTUBHOE IIPEAIIONOXKEHUE. O
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TEOPEMA 15.4

[TocTpoeHHoe B Teop. 15.1 pasnokeHue nMpocTpaHcTBa V' co CKalApHBIM NPOM3BEAEHUEM B MPSIMYIO
OpPTOTOHANBHYIO0 CYMMY TUIIEPOOTUYECKOTO ¥ aHU30TPOITHOTO MOAIIPOCTPAHCTB €TUHCTBEHHO B TOM
CMBICJIe, YTO I JIIOOBIX IBYX TaKUX pasioxenuit V = H,;, + U = H,,,, + W 1MeeT MeCcTO paBeHCTBO
k = m u cymecTByeT nusomeTpudeckuit nsomopousm U ~ W.

JIOKABATE/LCTBO. [ycTh m > k, Tak uto H,,, = H,j + Hygp_g)- TOXECTBEHHOE OTOGpaxeHue
Id: V — V sanaér usomerpudeckutt usomopduam Hyy + U = Hyp + Hy i) + W. Tlo 1emMme BurTa
CylecTByeT H3oMeTpuieckuii usoMopdusm U = Hy + W . Tax kak U aHH30TDOIIHO, Hym-ry =0
(unaue B U OyZeT HEHy/IEBON U30TPOIHEBIN BEKTOP), OTKyZa k = mu U ~ W. (I

TEOPEMA 15.5

Ecnu ckandgpHoOe NpousBeZieHre Ha IIpocTpaHCcTBe V' HeBHIPOXK/EHHO OrpaHMYMBAaETCA Ha MOAIPO-
crparctBa U, W C V u cymecTByeT nusoMmeTpudeckuii nsomopdusm ¢ : U = W, To oH npogorKaeTcs
(HeooHO3HAYHO) A0 TAKOT'O U30MeTpHuieckoro aBromopdusma f : V = V, uro f|,; = ¢.

JIOKABATE/BCTBO. EC/IM eCcTh XOTh KaKo#-HIOYb 30MeTprdeckuii nsomopdusm i : UL = W 1o
msomerpua f = ¢ @ Y: UDUT > W W, (wu') » (o), p')) aerserca TpeGyembm
aBTOMOPOU3MOM IpocTpaHcTBa /. B criTy ceTaHHbIX MPEAIIONOKeHUH NMEIOTCS N30MEeTPUYECKUe
momopuamer ;. U + Ut = V, wu') » u+u',ul: U+ Wh =V, ww) » o) +w'.
Kommosumusa {'n: U + Ut = U + Wt Toxe H“30MeTprUYecKuil n3oMopduam. Tak 4TO IO JleMMe
Burra' oproroxans Ut u W' usomeTprdecku n3oMopQHSL. [l

CIEOCTBYE 15.2

[l kak1oro HaTypanbHoro uncia k B auanasone 1 < k < dim V /2 rpynmna uzomerpuit O(V) Tpan-
3UTHUBHO JIEHCTBYET Ha k-MEPHBIX U30TPOMHBIX U 2k-MepHBIX THIIEPOOIHMYECKUX TOATPOCTPAHCTBAX
BV.

JIOKABATEJILCTBO. YTBEPXK/IEHHE MTPO rUMEePOOIMIeCKUEe TIOATIPOCTPAHCTBA BEITEKAET HETIOCPEICTBEH-
HO U3 Teop. 15.5, a mpo U30TPOITHBIE — MOIY4YaeTCA U3 HEero NpuMeHeHueM npezi. 15.1. [l

15.3. KBagparuunbie popmsel. DyHkuus q : V — k Ha n-MepHOM BEKTOPHOM IpoCTpaHCTBe V Haz
nosieM [k HazbIBaeTcs keadpamuuHoil popmotl, ecay OHa ABIAETCS OFHOPOSHBIM MHOTOWIEHOM CTeTle-
HU 2 OT KOOPAMHAT, T. €. CYLIIeCTBYIOT Takue 6asuce = (e, ..., e,) BV 1 04HOPOAHBII MHOTOWIEH BTO-
poii crenenu q, € k[x,, ..., x,],9T0 q(A e+ +Aney) = q(A4, ..., Ap) AmsiBeex (A4, ..., A,) € K™
Ecmu char(k) # 2, To MHOTOWIEH g, MOXXHO 3aIIKCaTh B BHJE

n
Qe(Xqs oo s Xn) = Z qijXiX; (15-3)

ij=1

r/le CyMMUPOBaHHeE IPOMCXOAUT 110 BCEM TlapaM MHAeKcoB 1 < i, j < n, a KoadppuuMeHnTs! q;; cum-
METPUYHBI 110 { U j, T. €. IPH [ # j 9UCIO qj; = ¢;; PABHO nosnosune hpakTUIECKOro Ko3pGUIMeHTa
TIPU X;X; B MHOTOWIEHE ¢, TIOy4aI0IErocs oce NPUBe/eHNs MOA0OHbIX craraemMbix B (15-3). Ec-
1Y OPraHM30BaTh YUCIA (;; B CHMMETPUYHYIO MaTpully Q, = (CIi ]-), KOTOPYIO MbI GyZieM Ha3bIBaTh

'Cm. Teop. 15.3 Ha cTp. 185.
206paruTe BHMMAaHMe, YTO HaJ| IOJEM XapaKTePHCTUKY 2 MHOTOWIEH X, X, He 3anuceBaeTca B Buze (15-3).
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mampuyetl [pama MHOTOWIEHA (,, U 0003HAYUTD Yepe3 X U xt = (%4, ..., X,) cTONOEI] U CTPOKY, CO-
CTaBJIeHHbIE U3 ITepeMeHHBIX, TO (15-3) MOXXHO IepenucaTh B BUJE

n
q(xqy, ..., x,) = E XiqijXj = xtQpx. (15-4)

ij=1

CpaBuuBas 310 ¢ popm. (14-3) Ha cTp. 170, Mbl 3akiatodaeM, 4to q(v) = G(v,v),tae § : VXV - k—
CUMMeTpUYHasd 6uinHeltHaa popma ¢ MaTpuneii ['pama Q, B 6asuce e. [IoCKOIbKY

qu+w) —qw) —qw) =qu+w,u+w)—q@u,u) - qgw,w) =24u,w),

cuMMeTpuiHas 6winHelHas popma § co cBoiicTBoM §(V, V) = q(V) OAHO3HAYHO OTIPEAESIETC KBa/l-
patuuHoii popmoii q, eciu chark # 2. CummeTpuuHas 6winHeliHas ¢popMa § Ha3bIBAETCS 10/~
pusayuetl KBagpaTUIHOHN popMHI q. O6paTUTe BHUMAHNE, YTO B3ANMHO OZIHO3HAYHOE COOTBETCTBUE
MeX/Y KBaZ[paTUIHBIMHU U CUMMETPUYHBIMY OWIMHEMHBIMU pOpMaMU

Gu,w) = q(v) = g(v,v)
1 (15-5)
q) = Gu,w) = E(Q(u +w) —q(u) — q(w))

He 3aBUCAT OT 6aswuca e B V. B yacTHoCTH, A1 mo6oro 6asuca f = e Cop B V 3Ha4eHue q(V) ABIA€TCA
OAHOPOHBIM MHOTOWIEHOM BTOPOIi CTEIIEHH ¢y OT KOOPAWHAT BeKTopa v B 6asuce f, mpuaém mar-
punia ['pamMa 3TOro MHOTOWIEHa, paBHas MaTpuile ['pama 6unnHeiHOW GopMEl § B 6asuce f, Oyzer
paBHa' Qf = Cethe Cep-

[MockosbKy TIpU Tepexojie oT 6a3uca K 6a3ucy ompezenuTesnb ['pama yMHOXKaeTcs Ha KBaZpat
ollpe/ieIUTeNA MAaTPUIIBI Ilepexoza, kiace yncia det Q, € k mo Mozynio yMHOXeHMsI Ha HEHyJIeBble
KBazpaTh! 13 oy k He 3aBKCKT OT BEIGOpa 6asuca e. Ml 6yzeM 0603HauaTh sToT K1ace det g € ky/l*?
Y Ha3bIBaTh €T0 onpedeaumenem [pama KBagpaTuaHoH GopMsl q. KBagpaTuunas ¢popMa q Ha3bIBaeT-
cs1 ebiposcdentoll, ecmu det ¢ = 0. @opmsl ¢ det ¢ # 0 Ha3BIBAIOTCA HeBbLPOHCOEHHBLMU. TaKUM 00pa-
30M, HEBBIPOXKAEHHOCTh KBAZIPATUYHOU GOPMEI ¢ 0O3HAYAET B TOYHOCTH TO K€, YTO HEBBIPOXK/IEHHOCTD
eé monapusanuu’ §. Ilog panzom KBaZpaTUIHOM GOPMEI ¢ MBI IOHMMAaeM PaHT eé MOJIAPU3AIIH §,
paBHBIl paHry MaTpunsl ['pama @, B oboM 6asuce e. Takxe, Kak U A CHMMETPUYIHBIX OMINHEH-
HBIX GOpM, MbI 6yZIeM Ha3bIBaTh HEHYJIEBOUM BEKTOP U € V uzomponHsim i KBaZApaTUIHOM GOPMEI g,
ecmm q(v) = 0. KBagpaTtuuyHasa ¢opMa HasbIBaeTcs aHuzomponHoil, ecau q(v) # 0 mpu v # 0.

VI3 moKa3aHHBIX BEHIIIE PE3Y/ILTATOB PO CUMMETPUYHbIE OMINHEHBIe GOPMBI HEMEJIEHHO TI0-
JIy4aloTCsI aHAJIOTUYHbIE PE3Y/IbTaTHI PO KBA[paTUYHbIE GOPMBL.

CJIEACTBMYE 15.3 (113 TEOP. I5.I HA CTP. 183)

Besikast kBagpaTuuHast opMa g HaJl IpOU3BOIbHEIM 1ToieM K xapakTepucTuku char k # 2 B moaxo-
JAIMX KOOPAMHATAX 3alACBHIBAETCA B BUAE X1 X, + XpX; 0 + =0 + X;Xp; + A(Xpiiqs Xgjys - s Xp),
rae r = rk(q) v a(x) # 0 ipu x # 0. Il

CJEACTBUE 15.4 (13 TEOP. 14.2 HA CTP. 180)
Besikas kBagpaTtraHast GopMa Hajl IPOU3BOJIBHEIM MojieM Kk xapaktepucTriku char k # 2 siuHedHoM
06paTUMOii 3aMeHOM TepeMeHHbIX IPUBOAUTCA K BULY Y. @;X7. U

1Cm. popmyny (14-2) Ha cTp. 170.
2Cm. npegt. 14.1 va cTp. 172.
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CJIEZICTBME 15.5 (13 CJI. 14.1 HA CTP. 181)

JlBa OJHOPOAHBIX MHOT'OWIEeHa BTopoii crenenu f, g € k[x,, ..., x,,] Hax anre6pandecKy 3aMKHYTHIM
nosem k xapakrepuctuky char(kk) # 2 Torza v TONMbKO TOTZa MEPEBOAATCS APYT B ApyTa IMHEAHBIMU
06paTUMbIMU 3aMEHaMH TIEPEMEHHBIX, KOT/Ia 3aaBaeMble UM KBagpaTudnbie popmei f, g : k™ — k
MMEIOT OMHAKOBBIH PaHT. [l

[TPUMEP 15.1 (KBAZIPATUYHBIE ®OPMBI OT IBYX [IEPEMEHHBIX)
CormacHo ci1. 15.4, HeHyeBas KBaZpaTudHas GopMa OT JBYX TepeMeHHBIX

qx) =ax?+2bx,x, +cxZ = (x;,x,) <a b) <x1> (15-6)
b c) \x,

TTOAXO/SAIIEH TMHEWHO 3aMeHOH KOOPAUHAT MPUBOASATCS JIUOO0 K BUAY at’ca # 0, 1160 K BULY
at? +Bt:, tme aBf #0.

Yenosumes mucathb & ~ 1 ais gucen §,1 € k, e & = A%y ana xakoro-uubyb HeHysneporo A € k.
Toraa B nepsoM ciydae ac — b®> ~ detq ~ a - 0 = 0, T.e. dopMa q BHIPOK/Z€HA, @ BO BTOPOM CJIy-
vae ac — b% ~ det g ~ aff # 0 u dopMa q HeBBIpOXKeHa. TeM CaMbIM, BHIPOXKIEHHOCTb HEHY/IEeBOMH
KBagpaTU4IHOU popmbl (15-6) 03HAYAET, YTO C TOUHOCTHIO /10 MIOCTOSTHHOTO MHOXKUTEJIS OHA SIBJISIET-
csI TIOJTHBIM KBaZIpaToM JIMHEHHOM dopmbl t € V*. Takast dopma q 3aHy/IsieTCst BAOIb OAHOMEPHOTO
nognpocrpadcTBa Ann(t) C V U OTIMYHA OT HyJIS HAa BCEX OCTAIbHBIX BEKTOPAX.

Ecim popma (15-6) HEBBIPOXKZAEHA, U Y He€ eCTh HEHY/IEBOM M30TPOIHBIHN BeKTOp v = (Y,,U,), TO
3 paBeHcTBa @7 + fI9Z = 0 BbITeKaet, 4to 9, # 0 —det q ~ —af ~ —f/a = (9, /9,)* ABnsercs
kBazparoM B nosie k. B aToM ciydae MHOrowieH

) )
at? +Bti=a <t1 + —1t2> <t1 - —1t2>
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packiaZbIBaeTcsa HaJ MojieM K B Tpou3BeeHHE ABYX HEMPOMOPIMOHANbHBIX JUHEHHBIX dopM. To-
3TOMy KBaZpaTryHas GpopMa ¢, y KoTopoii — det g ABIsieTcss HeHy/IeBHIM KBa[paTOM, TOXK/ECTBEHHO
3aHYJIFI€TCA Ha ABYyX OAHOMEPDHBIX IMOAIIPOCTPAHCTBAaX U OT/JIMYHA OT HYJIA Ha BCEX ITPOYUX BEKTOpaXx.
Me! 6yzeM Has3eBaTh Takue GpopMsl eunepbonuueckumu’. Ecmu sxe — det g He kBazgpar, To dpopmMa q
anmsoTpomnHa. Yucno — det(q) = b? — ac wacto o6osHavaroT yepes D /4 u HasbIBaAOT D duckpumu-
HaHmom KBagpaTudHou popmer (15-6).

15.4. KBagparudnblie $pOpMbI Ha/J, KOHEUHBIMH ITOJIAMH. VI3 Kypca anre6phl H3BeCTHO?, 4TO A
Kaxkgoro npocroro p € N ymo6oro m € N cymiecTByeT eAMHCTBEHHOE C TOYHOCTBIO 10 U30Mopdusma
none F, uz q = p™ 27IEMEHTOB, ¥ KaX/j0e KOHEYHOE II0JIe N30MOPGHO OZHOMY U TOJBKO OAHOMY U3
noneit F,. Crenyst IpUHATOMY B Havasle STOU JIEKIIUH COIVIALIEHHUIO, BCIOAY Aajiee Mbl CIUTAEM, YTO
p = char F, > 2. 3apuxcupyem kaxkoi-HUOyAb aneMeHT € € [, He SABIAIOWMICA KBAAPATOM.

YIIPAXXHEHMUE 15.5. YOeAUTEeCh, UYTO HEHY/IEBble KBaZIpaThl 06pasyloT B MyJIBTUIUIMKATUBHOM IpyTI-
e ]Ft*l nond [F, moarpynmy nxzekca 2. B yacTHocTy, HY>KHBII HaM 3JIEMEHT € CYIIeCTBYeT, 1 JTF000H
HEeHy/IeBOM a/ieMeHT 1o/ F; yMHOXKeHIeM Ha IIOAXOAAIMI HEHY/IEBOM KBa/IpaT MOXKHO C/eIaTh
paBHbIM J1ubo 1, 1nbo &.

1H0c1<0111>}<y MOJISIPU3AIINA TaKOUM GOPMEI SIBJISIETCS TUTIEPOOTHUECKUM CKAISPHBIM IIPOU3BEJEHUEM.
2Cm. paszen 3.5 Ha cTp. 45 ekuuu http://gorod.bogomolov-lab.ru/ps/stud/algebra-1/1314/lec-03.pdf.
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JIEMMA 15.2
[pumobeixa,,a, € IF:; KBaZpatuyHas Gpopma ale +a, x§ Ha IByME€PHOM KOOPAXHATHOM IIPOCTPaH-
CTBe [Fé NpUHUMAaET Bce 3HAYEHUA U3 T10JI IF'q.

JOKA3ATE/BCTBO. B crty ymp. 15.5 npu 066X GUKCUPOBAHHBIX A4, A, € IFZ ub € F, uncen Bu-
2 2
/ia a, X7 ¥ 9uces BuAa b — a,x;, TAe X4, X, HE3aBUCUMO Npoberatot [, MMeeTcs pOBHO 1o

q—1 q+1

1+
2 2

wTyK. Cej0BaTENbHO 9TH ABA MHOXKECTBA YUCEN UMEIOT OOWMii a1eMeHT a,x2 = b — a,x5. Tem
cambIM, f(x,,x,) = b. 0

[IPEAJIOXKEHME 15.2
Kazas kBazpaTiaHas ¢opma ¢ paHra r Haj mojieM [, B II0AXOAAIMX KOOPAMHATAX 3alHCHIBACTCA
KaK X2+ +x2_ | +x2 uu KaK X2 +---+x2_, +&x?Z, u3TH iBe GOPMBI U30METPUIECKU He U30MOPHHL.

JTOKA3ATE/NBCTBO. [To Teop. 14.2 dopMa q B ToAXOAAIUX KOOPAUHATAX 3aMKCHIBAETCA B BUZIE
2 2
a,;x; + - +a.x,, raescea; # 0.

CoryacHo ymp. 15.5, yMmHO>Kast 6a3uCHbIe BEKTOPHI Ha MOAXOAAIE HEeHy/IeBble KOHCTaHThI, MBI MO-
JKEM CYMTaTh, YTO K&XKAOe @; PaBHO 1160 1, mbo €. Ecmv a; = a; = & IpU Kakux-1o i # j, TO
B JIMHENHHON 060s10uKe U GasHCHEIX BEKTOPOB e;, € 10 JieM. 15.2 Haiaéres Bektop v; ¢ q(vy) = 1.
OpToroHajJpHOE ZIOTIOMHEHNE K V; B INIOCKOCTU U offHOMepHO, ¥ GopMa g orpaHUYMBaeTcsa Ha HEro
HEeBBIPOX/IEHHO. [109TOMY TaM HaiAETCA BEKTOP V; € q(V,), paBHEIM 1 WK €. 3aMeHsA e;, e Ha v, Vj,
MBI COXpaHsAeM BUZ GOPMBI, HO OJIy4aeM a; = 1, CTPOro yMeHbIIIas TeEM CAMBIM YUCIIO0 KodpduIeH-
TOB, PaBHBIX €. DTy MPOLEAYPY MOXKHO TIOBTOPATH, IOKa TaKuX K03$UINEeHTOB ocTaHeTcs He 6osee
ozuoro. Popmbl g = x5 + - +x7_ +xf nq’ = xf+ - +x7_, +ex? nsomeTprudecku He n30MOPQHHL,
IIOCKOJIbKY MH/y[IMPOBAHHBIE MU HEBBIPOXKAEHHBIE KBaZAPATHYHBIE QOPMBI (o U qq HA GaKTOpax
V /ker g uV /ker §' ucxoguoro npocrpancTsa V, e 6bUIM 3a4aHbI GOPMBL, 110 AApaM 3THX Gopm’,

MMeIOT pasHble onpegenu Ipama: det q,.q = 1 ABnseTcs kBagparoM, a det g/, = € — Her. U

[IPEZ/IOKEHUE 15.3
Beskas kBazipaTuyHas popMa Ha MMPOCTPAHCTBE Pa3MePHOCTH > 3 Haj IOJeM IFq “MeeT HEHY/IeBOU
U30TPOIHEIN BEKTOP.

JIOKA3ATE/IBLCTBO. ITo Teop. 14.2 dopma 3anuchiBaeTcs B IOAXOAsAIEM Oasuce KaK
2 2 2
a;xi + a,x; +azx; + - .

Ecmma, = 0 wm a, = 0, To Bektop (1,0, 0, ...) wm Bextop (0, 1,0, ...) usorponeHn. Ecim a,a, # 0,
To 10 J1em. 15.2 Haiinyres takue A, 4 € F, uto a,;2* + a,u* = —a,. Toraa BexTop (4,4, 1,0, ...)
HM30TPOIIEH. [

[TPEAJIOKEHME 15.4 (IIEPEYMCJIEHUE AHU30TPOITHBIX ®OPM)

AHusoTrpomnHble GOpMBI HaJ, IOJIEM Fy,taeq = p™ U p > 2, UMEIOTCA TONBKO B pasMepHOCTAX 1 u 2.
B pasmMepHOCTHU 2 KBaApaTU4Has popMa x> + X2 aHM30TPOIHA €CJIM U TOJbKO ecii ¢ = —1 (mod 4),
a popma xZ + £x2 aHU30TPOIHA €C/IH U TOJBKO ecu ¢ = 1 (mod 4).

1Cm. mpeayt. 14.6 Ha cTp. 180.
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JloKA3ATEbCTBO. M3 mpuM. 15.1 Ha cTp. 188 BrITeKaeT, uTto popma xf + xzz “MeeT U30TPOIHBIMN BEK-
TOP eCIIH M TONBKO ecyu eé D/4 = —1 sBnAercs kaaparom B F . BaTom cirydae Bropas popma x5 +£x5
umeet D /4 = —¢, He ABIAIOIIEecs KBAZpaToOM, U TEM caMbIM aHu3o0TponHa. Hao6opor, eciu —1 He
KBaZpar, TO —& KBaApar, U popma xf + exzz HMMeeT U30TPOIHBIN BekTop. OcTaéres yoeauTses, yto —1
ABJIAETCA KBaApaToM B F, eciu v Tonbko ecm g = 1 (mod 4) . list 3TOr0 paccMoTpuM romoMopduM

a-1
MYJIBTHIUIMKATUBHBIX Ipynn y & Fy — Fy, x > x 2 . [TockombKy nopaaok |Fy| = q — 1, Ana kaxkzoro

x € [Fg BBIONHAETCA PAaBEHCTBO x771 = 1, U3 KOTOPOro BHITEKAET, YTO BCe HeHy/IeBble KBaZpaThl
. . a-1
nexar B kery, a Bce x € imy umeror x* = 1, oTkyza imy C {+1}. Tak Kak y ypaBHeHUA X 2 = 1

He 6osee (¢ — 1) / 2 KopHeli B mone Fg, obpa3 y umeer mopsoK 2, a kery C IF:; “MeeT UHJEKC 2

Y COBIIaJaeT C IpyNIoii KBaApaToB, T.e. X € ]FZ ABJIAETCA KBaZpaTOM TOIZA U TOJBKO TOTAA, KOrAa
g1 ..
x 2z = 1.BuactHocTH, —1 KBaZpaT eCiu U ToJIbKO ecu (q — 1) /2 uéTHo. [l

15.5. BeijecTBeHHBbIe KBaipaTu4dHble ¢popMbl. 13 ci1. 15.4 BhITEKaeT, uTo Jrobas KBagpaTUIHasd
¢dbopma Ha BellleCTBEHHOM BEKTOPOM MPOCTPAHCTBE V' B oAxozsIeM 6a3uce 3aMCHIBAETCS B BUJE

q) = X5+ x5+ X5 x5 — X

: 2=~ Xpem - (15-7)

Jls aTOTO HaZIO TIEpeiTH K 6asucy ¢ AuaroHaJbHON MaTpullel I'paMa U MOAeTUTh KaKabli H6asuc-
HBIN BeKTOp e; ¢ q(e;) # 0 Ha v/|q(e;)|. Yucna p u m B npezcrasneHuu (15-7) Ha3BIBAIOTCA 10J10-
HCUMENbHBIM U OMPULAMeNbHbIM UHOeKCAMU UHepyUuU, YIIOpsAodeHHas mapa (p, m) — cueHamypotii, a
Pa3HOCTh P — M — MPOCTO UHAEKCOM BellleCTBEHHON KBa[paTUYHOM GOPMEI q.

TEOPEMA 15.6
Yucsa p um B ipezAcTaBiennu (15-7) He 3aBucAT oT BbIOOpa 6a3uca, B KOTOPOM KBaZipaTuiHasi opma
umeet Buz (15-7).

JIOKA3BATE/ILCTBO. ByZieM cuuTaTh, 4TO p > m, IOCKOJBKY IIPOTUBOIIONIOKHBIM Cilydail cBoguTCA K
3TOMy 3aMeHo# q Ha —q. Cymma p + m = rk q paBHa paHry 6winHeiHo GOpMEI § U He 3aBUCHUT OT
BEIOOpa bOazuca. JIuHeiHaA 060/109Ka 6A3MCHBIX BEKTOPOB €), C HOMepaMu k > p + m ABjAeTcd AA-
poM bunuHeiHOM dopMmsl §. Kitacchl [e;] ocTanbHbIX 6a31CHBIX BEKTOPOB IT0 MOAYIIO ker § 06pasyroT
6asuc dpaxrop npocrparcrsa W =V /ker §. ITo mpegt. 14.6 ua ctp. 180 popma § KOPPEKTHO 3a4aéT
Ha W HeBHIPOXX/JEHHYIO CHMMETPUYHYI0 OWIrHeiHyo dopMy §,.q4([u], [W]) = §(u, w), koTopas B 6a-
3uce U3 ki1accoB [e;] ¢ 1 < i < p + m 3anucEBaeTcs Tol ke camoit popmyrnoit (15-7). Kaxzaaa napa
6asuCHBIX BEKTOPOB [¢;], [e,,,;] TOpoKAaeT runepOoanIecKyo IWIOCKOCTD C ruNepbonrriecKknm 6asu-

COM U3 BEKTOPOB ([el-] * eyl )/\/E .IToaTomy dopma G, ABIAETCA IPAMOU OPTOTOHAIBHOM CyMMOH
TAIepOOIMYECKOT0 IPOCTPAHCTBA H.,,,, HATAHYTOT'O Ha KJIAcCHI [¢;], [ep +il¢1 < i < m,nanusorporn-
HOT'O IIPOCTPaHCTBa pa3MepHOCTH p — M, HaTAHYTOr'o Ha OCTaBlIvecs KIaccH [e j] cm < j<p.Ilo
Teop. 15.4 Ha cTp. 186 pazMepHOCTU rUIIePOOINIECKOTO M aHU30TPOITHOTO CJIaraeMbIX He 3aBHUCAT OT
BBIOOPA pa3JIoKEHUA [IPOCTPAHCTBA CO CKAIAPHBIM IIPOM3BeJeHEM B OPTOTOHAIBHYIO CyMMY THIIEpP-
60JIM9eCKOro ¥ aHU30TPOITHOTO. [I03TOMY MHZEKC p — M U OTPHULATENTbHBIN NHAEKC MHEPIIH M He
3aBUCAT OT BbIbOpa 6a3uca, B koTopoM dopma q umeeT Buz (15-7). [l

CJIEACTBYE 15.6 (13 JOKA3ATE/JIBCTBA TEOP. 15.6)
Jlna kaxxoro n Ha npocTpaHcTBe R™ ¢ TOYHOCTBIO 10 M30METPUYECKOT0 M30MOP(H3Ma MUMEIOTCSA POB-
HO /IBa aHU30TPOITHBIX CKAJISIPHBIX MPOU3BEAEHUA — €BKJINUJOBO U AHMUEBKIUO080, TIOTyYarOIIeecs
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U3 eBKJIN/IOBA CMEHOU 3HaKa. BelllecTBeHHbIE KBaZIpaTHUYHbIE GOPMBI TIOJIOKUTETHHOTO MH/IEKCA Me-
IOT HEHYJIEBOE €BKJIMOBO aHM30TPOITHOE cIaraeMoe, a GOpMBI OTPULATENBHOTO MHAEKCA — HEHY-
JIeBOe aHTUEBKJIN/JIOBO AaHU30TPOITHOE CJIaraeMoe, Pa3MepPHOCTH KOTOPBIX PaBHBI aOCOIOTHON BeJH-
yuHe uHAeKca. [UnepOOoJTNIHOCTh HEBBIPOXKEHHOM BeleCTBEHHONW KBaZAPAaTUIHON (GOPMBI PAaBHO-
CHJIbHA TOMY, UTO e€ UH/eKC paBeH HYyJIO. O

CIEACTBUE 15.7

JIBa OZIHOPOZHBIX MHOTO4YIeHa BTOpOH cTeneHu f,g € R[x,,...,x,] Torsa u ToIbKO TOrAa nepe-
BOZATCA ZPYT B Apyra JUHEHHBIMU 0OpaTUMBIMU 3aMeHaMU MEpeEMEHHBIX, KOT/la 3a/laBaeMble UMU
kBazpatuuHbie Gopmsl f, g : R™ — R UMEIOT 0/INHAKOBbIM PaHT U UHEKC. O

15.5.1. KBagpaTuunbie ¢opMbI Ha eBKJIUJOBOM MPOCTpaHCTBe. ECiii Ha BellleCTBEHHOM BeEK-
TOPHOM IIPOCTPAHCTBE V MMeeTcs eBKINAOBA CTPYKTYPA, TO MOJIAPU3ALUIO § JTI000H KBaApaTUIHOM
dbopmebl g Ha V MOXKXHO eIMHCTBEHHBIM 06pa3oM TIpeACTaBUTh B Buze G(u, w) = (u, Fyw), tne CKOOKM
B IPABOY YaCTH O3HAYAIOT EBKJIMOBO CKAIIAPHOE Ipou3BeZieHre Ha V, a yepes Fp: V-V 0603Ha-
YeH JIMHEWHBIN OllepaTop, OTBEYAIONIUI CUMMETPUYHOM OWINHENHHON dopMe § TIpu u3oMopousMe
Mex1y GOpMaMH U OIlepaTOpaMHK’, KOTOPBIH 3aaéTcs eBKIHAOBBIM CKaIAPHEIM IPOU3Be/ieHHeM. B
JI060M €BKJIMOBO OPTOHOPMAaJILHOM 6a3suce TpocTpaHcTBa V MaTpuila onepaTopa F, coBmazaer ¢
matpureii 'pama Gopmel § B 9TOM 6asuce. B 4aCTHOCTH, OHA CUMMETPUYHA, & 3HAYUT, OIepaTop Fy
eBKJINI0BO camMocoIpspkéH. ComtacHo Teop. 12.3 Ha cTp. 149 B mpocTpaHcTBe V HatZETCA e BKIUAOBO
OPTOHOPMAJIbHBIN 6a3Kc, B KOTOPOM MaTpHlia oneparopa Fy, AuaroHalbHa U MMeeT Ha AUaroHasu B
TOYHOCTHU BCe COOCTBEHHEBIE YHCJIa OllepaTopa F; yaérom ux kpatHoCTedd. MBI OJIy4aeM ClieAyiomye
TI0JIe3HbIe Pe3Y/IbTaTHI.

TEOPEMA 15.7 (TEOPEMA O HOPMAJIbHOM BA3VICE)

s moboit kBagpaTUIHOM GOPMEI ¢ Ha €BKJINAOBOM IIPOCTPAHCTBE I/ CyIIleCcTBYeT eBKIN0BO OPTO-
HOpMAaJbHBIM 6a3uc, B KOTOpOM MaTpuiia I'pama GpopMbl q AuaroHanibHa. JluaroHaabHbIe 3JIEMEHTHI
TaKOI MaTpHIBI C TOYHOCTHIO /IO IEPECTAHOBKY He 3aBUCAT OT BRIOOpPA YKa3aHHOTO 6a3uca U paBHEI
COOGCTBEHHBIM YHCJIaM TOT'O €JMHCTBEHHOTO JIMHEWHOTO onieparopa f | V — V, mia koToporo

qv) = (v,fv) mnpuscexv € V.

Eciu Bce dim V co6CTBEHHBIX YKCENT pA3IMYHBL, TO OPTOHOPMAJIbHEIM 6a3uc, B KOTOpOoM MaTpuiia ['pa-
Ma GOpMBI q AUATOHAIBHA, €TUHCTBEHEH C TOYHOCTHIO /[0 TIEPECTAHOBKY Oa3MCHBIX BEKTOPOB U 3a-
MeHBI X HallpaBJIe€HUH Ha TPOTUBOIIOJIOKHEIE. (|

CJ/ECTBME 15.8

JlBa 0OZIHOPOZHBIX MHOTOWIEeHa BTOPOI cTenenu f,g € R[x,, ..., x,] Torja u TolbKO TOrza nepeBo-
JAATCA APYT B Apyra OpTOI‘OHa]'II:HbIMI/IZ 3aMeHaMu IlepeMeHHBIX, KOTJla UX MaTpulbl 'paMa B opTo-
HOPMAaJLHOM 0a3uce UMEIOT PaBHbIE XapAKTEPUCTUYECKE MHOTOWIEHHI. |

15.5.2. BeIYMC/IeHHe CUTHATYPbI KBagpaTUIHON GopMbl Ha R™ MOXHO OCYIIECTBUTD HECKOJIb-
KUMH cIiocobaMu.

1Cm. n° 14.2.4 Ha cTp. 176.
2T. e. COXpaHAIOMMMH CTAHAAPTHOE eBKINIOBO CKalIApPHOE IpoM3BeeHIe Ha R™
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[TPUMEP 15.2 (MCIIOJIb30BAHUE EBKJIU/IOBOM CTPYKTYPHI)

CoracHo Teop. 15.7 u IpeBapAIOIIeMy eé pacCy>X/eHUI0, TIOJIOXKUTENbHBIN U OTPUIATeTbHBIN UH-
JIeKCHI MHEPIUY KBaZpaTUIHOM popMel Ha R™ paBHBI KOIUYECTBAM IIOJIOKUTENIbHEIX U OTPULIATEb-
HBIX COOCTBEHHBIX urces (C yuéToM KpaTHOCTeH) MaTpulibl ['pamMa 3Toi GopMbI B JIFOOGOM OPTOHOP-
MaJIbHOM JIJIf CTaHAAPTHOM EeBKINA0BOM CTPYKTYpH 6asuce mpocTpaHcTBa R™.

[TpuMEP 15.3 (METOA AKOBU — CUJILBECTPA)
O6osHaunm yepes Vj, C R™ nuHeiiHy0 060J04Ky IEPBBIX k Ga3UCHBIX BEKTPOB €, ... , €y, a 9epe3 4
UX olpefenuTenb ['paMa, T. e. paccMaTpUBaeMbIN ¢ TOUHOCTBIO /10 YMHOXKeHUA Ha HeHyJeBble T0JI0-
JKUTeJbHBIE YMCIa IIaBHBIH YIoBoi k X k MuHOp MaTpuisl [pama GpOpMbI, COCPeOTOUCHHbIH B
nepBHIX k cTpokax u cronbuax. Eciu orpanudenye GopMel Ha IOANIPOCTPaHCTBO Vj, Heocobo, TO 3HAK
sgn 4, = (=1)™, rae mokasaresnb m;, paBeH OTPULIATEILHOMY HH/EKCY HHEPLY orpaHndeHus Gop-
MEI Ha V. Takum ob6pasoM, korga Bece 4; # 0, coceHre MUHODHL 4, A, ; Pa3IM4aioTcsA 3HAKOM eCly
Y TOJIbKO €C/IM OTPULIATENbHBIA MHAEKC HHEPIMU My, = My, + 1. [I03TOMy NOJIHEIA OTpULIATENb-
HBIY UH/JEKC MHEPLIUU M = M, B 3TOM CJIy4ae paBeH YMCIIy IIepeMeH 3HaKa B I10C/Ie0BaTeIbHOCTH
1, 4,,4,,...,4,.

Ecnu Hekoropeit 4, = 0, HO Ipu 3ToM 4_; u Ay, 00a HeHyJeBble, TO OTPAHUYEHNA POPMEI
Ha moAnpocTpaHcTBa Vi, u V,_;, a Takke Ha AByMepPHOE OPTOTOHaIbHOE JOmojHeHne W K moa-
pocTpaHcTBy Vj._, BHYTpU Vj,, HEBBIPOXK/EHDI, U B W MMeeTcA M30TPOIHBIM BEKTOD, OPOXKAI0-
U AP0 orpaHuyeHys GOPMBI Ha ITOATIPOCTPAHCTBO V,, Iie oHa BeIpOXkAeHa. Tem cambiM, W ~ H,
SBJIAETCA TUTIEPOOIMYECKOM TIOCKOCTBIO ¢ CUTHATYpo¥ (1, 1), ¥ U3 OPTOTOHATBHOTO Pa3/IOXKEHUA
Vies1 = Vg_q + W BBITeKaeT paBeHCTBO (Pj 1, Myyq) = (Pi_1 + 1,my_, + 1). O6Gpatute BHUMaHMUE,
4TO B 3TOM ciydae Ay, u Ay, UMEIOT IIPOTUBOIIOIOXKHbIE 3HAKH, T.e. Ipu 4, = 0 HepaBeHCTBO
Ayp_14x,1 > 0 HEBO3MOXKHO.

Ecmu Ay = 4y,, = 0, Ho mpu atoM Ay,_, 4y, # 0,10 Vi = Vj_; + W, tne W — TpéxmepHoe
opToroHajbHOe JononHeHue k V,_; BHyTpu V,, ,. Kak 1 Belllle, orpaHudeHne GopMbl Ha W HeBBIPOXK-
ZleHo, 1 B W ecTb M30TpOIHEIHN BeKTOp. [Toatomy W umeer cur"arypy (2, 1) wiu (1, 2) u

(Prszs Mi2) = Pp—q +2,my_y + 1), ecmm Ay 4y, , <0,

(Pra2s Mit2) = P + Ly +2), ecmm Ay Ay, > 0.

WTax, xorza B nociaegoBaTeqbHocT 1, 4., 4,, ..., A, He BcTpedaeTca 6oJiee ABYX HyJ/IeH OAPAL, TIPO-
YTeHHe e€ cJIeBa HallpaBo MI03BOJIAET IPOC/IeJUTD 38 H3MEHEHUEM CUTHATYPHI (p;, M;) OrpaHUYEHUA
dopMeI Ha TpocTpaHcTBa V; ¢ HeHy/neBBIMU A; ¥ HAUTU MH/EKC.

Craxem, myctb 4, <0, 4, =0, 4; >0, A, =0, A; =0, 45 <0.Torza

(pp m1) = (0» 1) s (p3’ m3) = (2, 1) P (Ps» ms) = (3s 3) .

[Tpumepom Takoii GopMsI ABAeTCA dopMa ¢ MaTpulleil 'pama

O O O O O
S © O »r O O
S O O O - O
m O O O O O
O =B O O O O
S O Rk O O O

lT. €. Ha HEHYJIEBBIE KBa/IpAThI I10JIA R.
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ITPUMEP 15.4 (METOZ ['AYCCA)

Hag mo6siM noneM k mepeiiTu oT pousBoIbHOIO 6asuca ey, ... , e, K OpTOrOHaJIbHOMY 6asucy 3a-
JAHHON CUMMETPUYHOM OINHEHHOM GOPMBI § MOXKHO IIPU IIOMOIIY FayCCOBEIX 2IEMEHTAPHEIX IIpe-
06pasoBaHuii 6a3UCHBIX BEKTOPOB' : IepeCcTaHOBOK KaKUX-HUOY/b ZIByX BEKTOPOB e;, e j MecTaMu U
3aMeH OIHOTO U3 6a3UCHBIX BEKTOPOB e; Ha BEKTOp ] = e; + le j»TAe j # i, a A € Kk 1pousBoIBHO,
WK Ha BEKTOD e = Ae;, riie A € k* ommuHo ot Hyss1. [IpU epecTaHOBKe MECTaMK BEKTOPOB €;, € ;B
Marputie I'pama popMEI § 0OZHOBPEMEHHO IIepecTaBIAI0TCA APYT € APYIOM -5 U j-f CTPOKH, a TaKKe
{-#1 ¥ j-#1 cronbupl. OGparuTe BHUMaHME, YTO AUarOHAJIbHEIE 2JIEMEHTHI §(e;, €;) U (€, €;) Ipr 9TOM
IIepeCTaBATCS APYT C APYTOM, a dIEMEHTHI §(e;, e;) = (e}, €;) OCTaHyTCs 6e3 usMmeHeHusA. Hanmpumep,

IepecTaHOBKa IEPBOTO U TPEThETro 6a3UCHOr0 BEKTOPA JEHCTBYET HA CHMMETPUYHYIO 3 X 3 MaTpPHULL

TaK:
a b c f e ¢
b d el |e d b
c e f c b a

ITpu 3aMeHe BeKTOpa e; BEKTOPOM Ae; i-A CTPOKa U i-I cTosnber MaTpuIisl 'pamMa 0/HOBpeMeHHO YMHO-
’xkatoTcs Ha A. O6paTuTe BHUMAaHUe, YTO [UarOHaIbHEIN 27IeMeHT §(e;, e;) IPXU 3TOM yMHOXHTCA Ha A2,
Hanpuwmep, 3ameHa e, Ha 2e, NOAeUCTBYeT Ha IpeAbLAYIIYI0 MaTPUIly TaK:

a b c a 2b c
b d e| = |2b 4d 2e
c e f c 2 f

HaxkoHel, 3ameHa e; Ha e] = e;+ e ; IpeoGpasyeT CTosALKE B i~} CTPOKE U i-M CTOJIOLe HeAUAroHaIb-
HBIE 37IEMEHTHI §;;, = G(€;, €),) U qx; = (e, €;) Ck # [ BoNeMeHThI q), = Gy, +Aqx M qp = Qi +Aqy
COOTBETCTBEHHO, a IMaroHaJbHBIN a/IeMeHT q;; = §(e;, e;) — B

fi = qu + Aqi; + Aq; + A2qj; .

VHpIMU c/TOBaMU, B MaTpulle [')pama K i-if CTpOKe MpUOaBUTCA j-1, YMHOXKEHHAsA Ha A, U OJHOBpe-
MEHHO K i-y CTOJIOIy MpUOaBUTCA j-i, YMHOKEHHBIHN Ha A, TIOC/Ie Yero K JUaroHaJbHOMY 3JIEMEHTY B
MO3ULIAN> (i, i) mobaBUTCA ellé AUArOHANBbHBIN 2JIEMEHT U3 TIO3ULIUH (], j), YMHOKEHHBIN Ha A?. Ha-
IIpUMep, 3aMeHa e; Ha e; + 3e, NojielicTByeT Ha IpeAbIAYITy0 MaTPUITy TaK:

a b c a b c+3b
b d e|r b d e+ 3d
c e f c+3b e+3d f+6e+9d

Mertog l'aycca 3aKiI09aeTcs B TOM, YTOOBI IIPY [TOMOINY ONMCAHHBEIX TPEX TUIIOB Ipeobpa3oBaHUM
Matpullel ['paMa npeBpaTUTh 3aJaHHYI0 CUMMETPUYHYIO MaTPUILY B AUAroOHaNbHYO. [/ BelleCTBEH-
HOM GOPMBI KOTMYECTBA TOJIOKUTETBHBIX ¥ OTPULIATETbHBIX YHCE Ha AMAroHaJId UTOTOBOM MaTpH-
I[bl — 3TO B TOYHOCTH ITOJIOKUTENBHBIN U OTPUIIATENIbHBIM NHAEKCH MHEPIVH.

LISl WUTIOCTpaIvii BEIYHMCIIMM METOZOM 'aycca CUTHATY Py BeLleCTBEHHOM KBaAPaTHYHOU GOPMBI
¢ matpurieii 'pama

1Cm. n° 6.1 Ha cTp. 72.
206paTuTe BHUMaHUe, 9TO B TEKYIIHI MOMEHT TOT 3lIeMEHT yKe YBeIUIUICS Ha Aq; j +Aq;; = 24q;;.
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CHauasa o6HymuM 1-10 cTpoKy U 1-i cTosnbel] BHe AUaroHasy, 06asiIad K BEKTOpaM e,, €, COOTBeT-
CTBEHHO BEKTODHI 2e, U —3e,:

-1 0 0 O
0 6 -1 -6
0o -1 0 -2
0 -6 -2 9

Tenepb 0OHyIMM BHe AUATOHANU 2-10 CTPOKY U 2-# cTonbel, 106aBiAd K TEKYIIUM BeKTOPaM €5, e,
COOTBETCTBEHHO TEKYII[ME BEKTOPhI e, /6 M ey

-1 0 0 0

0 6 0 0

o 0o -1 -3
6

0 0 -3 3

HaxkoHer1, o6HyIMM BHe AuaroHanu 3-10 CTPOKY U 3-# crosnbel, 706aBiad K TEKyLIeMy BEKTODY €,
TeKyIul BeKTop —18e;:

-1 0 0 O
0 6 0 0
o o -1I

6
0 0 0 57

Takum ob6pasom, popma rmeeT curHaTypy (2, 2).

15.6. CamocomnpskéHHbIe omepaTopsl. [IycTh Ha BEKTOPHOM IIPOCTPAHCTBE V HaZ IPOU3BOJIBHBIM
nosieM k 3azaHa HeBBIPOXKJeHHAS CHMMeTpUYHas OnnHeitHasA popma

(%,%): VXV >k, uwe (u,w). (15-8)

Kak ¥ B eBK/IHJOBOM IIPOCTpaHCTBe', GyzeM HasblBaTh JUHEHHEIH omepatop f: V — V camoco-
NPANCEHHBIM OTHOCUTENBHO CKaIApHOTO mpousBefenus (15-8), ecmu (fu,w) = (u, fw) mpu Bcex
u,w € V. CaMoconpsmKEHHOCTD ollepaTopa f paBHOCHIbHA TOMY, YTO IIPY OUEKIINH MeX Ay bopMaMu
¥ OIlepaTopaMH, KOTOPas 3a[aéTcA CKalTAPHEIM TIpousBezieHneM” (15-8), OTBeyaromas oneparopy f
OwinHeiiHas dopma Br(u, w) = (u, fw) AB/sAETCS CAMMETPHYHOM.

VIIPAYKHEHUE I5.6. Y6eUTeCh B 9TOM.

Ha MaTpr4HOM f3bIKe CaMOCOIIPSDKEHHOCTD Olleparopa f 03Havaer, 4To ero Marpuia F B mo6oM 6a-
3uce mpocTpaHcTBa V cBa3aHa ¢ MaTpuleii I'pama G ckassspHoro npousBezeHus (15-8) B ToM ke 6a-
auce cooTHomeHeM F'G = GF. JIOCIOBHO TeMH e pacCy’AeHUAMH, YTO U JJIA eBKIHOBBIX IIPO-
CcTpaHCTB® yCTaHABIMBAIOTCA [IBA KIIOUEBHIX CBOMCTBA CAMOCOTIPAKEHHBIX ONIePaTOPOB:

YOPAXKHEHUE 15.7. ITycTb JIMHENHBIHN onepaTop f : V — V camoconpspkéH. [TokakuTe, 4To
A) U151 TI06OTO f-MHBAPHAHTHOTO MoATIpocTpaHcTa U C V oproronan Ut Toxe f-uHBapuaHTeH
B) COOCTBEHHBIE BEKTOPHI OIlepaTopa f ¢ pa3HbIMU COOCTBEHHBIMY 3HAYEHUSAMU OPTOTOHABHBI.

1Cp. cn°12.2 Ha cTp. 147.
2Cm. n° 14.2.4 Ha ctp. 176.
3Cm. rem. 12.2 u tem. 12.3 Ha cTp. 149.
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[IPEAJIOXKEHME 15.5

Ecnu xapakTepucTUYeCKU MHOTOWIEH CaMOCOIIPsDKEHHOTO JIMHeHoro onepartopa f : V — V mosn-
HOCTBIO packiapiBaeTcs B mmosie K Ha TuHelHbIe MHOKUTENN U BCE HEHY/IEBbIe COOCTBEHHBIE BEKTOPHI
omeparopa f aHU30TPOIIHEI, TO B IPOCTPAHCTBe V MMeeTCss OPTOTOHANBHBIN 6a3uc U3 COOGCTBEHHBIX
BEKTOPOB onepaTopa f .

JOKA3ATENBCTBO. UHaAyKIus o dim V. Eciu onepatop f sIBIsieTcsl yMHOXKEHUEM Ha CKassAp (4TO UMe-
er mecto nipu dim V = 1), To mogoiaéT 1060# opTOroHaIbHbIN 6a3uc mpocTpancTsa V. JIomycTuM,
yro dim V > 1 u onmeparop f He ckaisapeH. [I0CKOIbKY XapakTepucTudeckuii MHOrowieH det(tE — F)
nMeet KopHU B moJie k, y omepaTopa F ecTh HeHyJIeBoe COOCTBEHHOE ITOAIIPOCTPAHCTBO

Vi={veV|fv=w}CV.

ITo ycioBHIO IeMMBI, OHO aHM30TPOIIHO, U 3HAYUT, CKaIApHOEe IIpOM3BeJeHue OrpaHUyYrBaeTca Ha
HETO HeBBIPOXKZEHO. [ToatoMy V = V; @ Vi, 1 orpaHHYeHIe CKaIAPHOTO IPOU3BeieHuA Ha Vi Toxe
HeBBIpOXJeHo. [To yrip. 15.7 onepatop f nepeBogUT NOAIIPOCTPAHCTBO Vf B ce6s. TeM caMbIM, Xapak-
TepUCTUYECKUI MHOTOWIEH oIlepaTopa f ABJAeTcA IPOU3BeJeHIeM XapaKTepUCTUYECKUX MHOTOWIe-
HOB Or'paHUYeHUH f |V/1 uf |Vﬁ' B cuity efyHCTBEHHOCTU PasjioXKeHUs Ha MHOKUTeN! B Kosblie k[t] u
IIpeJII0IOXKEeHUA IEMMBI, KXKABIHM 13 9TUX JBYX XapaKTepPUCTUYECKHUX MHOTOWIEHOB IT0OJIHOCTBIO pac-
KJIaZIbIBAIOTCA Ha JIMHelHble MHOKUTen! B rtose K. ITo MHAYKTUBHOMY IIpEAIONIOKEeHHIO, B TOAIPO-
cTpaHcTBe V- ecTh OPTOrOHAMbHBIM 6a3KC U3 COBCTBEHHBIX BEKTOPOB OMepaTopa f . 06aBias K HeMy
n0601 opTOroHaNBHEIN 6a3Kc cOOCTBEHHOTO IPOCTpaHCTBa V;, MomydaeM Hy>KHEIH 6azuc B V. O



OTBeThI U YKa3aHUA K HEKOTOPBIM yIIPpaXXHEHUAM

Ymp. 15.5. HeHyneBble KBaZipaThl COCTABIISAIOT 00pa3 roMoMOpdpH3Ma MyIbTHUILTUKATUBHBIX IPYIIIT

2

F* > F X x°.

q = Fq-
Tak Kak ypaBHeHHe x° = 1 UMeeT B HoJe F, poBHO zBa KOpHA X = *1, AP0 9TOr0 roMoMopdusMa
COCTOUT U3 JBYX 3JIEMEHTOB, a 3HAUUT, 006pa3 sAB/IIETCA TIOATPYIITOH nopsaka (q — 1) /2.

Ymp. 15.6. Ecu omepaTop f caMOCOTIPSKEH, TO Br(u,w) = u, fw) = (fu,w) = (w, fu) = Br(w, u).
Ecnu 6unuHeliHas ¢popma ,Bf cuMMeTpu4Ha, To (fu,w) = (w, fu) = ,Bf(w,u) = ,Bf(u, w) = (u, fw)
yrip. 15.7. [lycTb W € UL, T.e. (u,w) = 0 gia Bcex u € U. Torma (u, fw) = (fu,w) = 0 gnaBcexu € U,
160 fu € U. Tem campim, fw € UL, Ecmm fu = Auu fw = uw, To u3 paBeHcTsa (fu, w) = (u, fw)

BBITEKaeT paBeHCTBO (A — u) - (u,w) = 0.
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