§12. JIuHeliHble OTOOpaXKEeHU €BKINIOBBIX IIPOCTPAHCTB

Bctrozy B aTOM ITaparpade peds Ho-IpeXHeMY UAET PO KOHEYHOMEPHbIE EBKINIOBBI BEKTOPHBIE TIPO-
cTpaHcTBa Hagj noseM R.

12.1. OproroHasbHbIe onepaTopsl. JInHelHbIH onepatop F : V — V Ha eBKINZOBOM BEKTOPHOM
MpOCTPaHCTBe |/ HAa3BIBAETCS OPMOZOHAIbLHBLM WU U30Mempuell, e OH COXPAHSET JJIMHBI BEKTO-
poB, T.e. |Fv| = |v| ansa kaxxgoro v € V. [IoCKOMBKY CKalpHOE MMPOU3BEAEHNE OJHO3HAYHO BhIpa-
JKaeTcs 4epes JJIMHBEI BEKTOPOB 10 hopMysie

1 2 2 2
(ww) = 5 (I +wli” = [ul? = wl?),
KaXJbIii OPTOTOHA/IBHBIN oltepaTop F aBTOMaTHU4YeCKU COXpaHseT CKalspHble POU3BeeH s, T. €.
Yu,weV (Fu,Fw) = (u,w).

CoxpaHeHUe CKaIIPHBIX IPOU3BEAEHUH BJIEUET 32 COO00 COXpaHEHUE YIVIOB MEXKY BEKTOPAMH U JIIO-
OBIX IPYTUX BETUYNH, BRIPKAIOIINXCSA Yepe3 CKalApHbIe TIPou3BeeHuA. Hampumep, KaKAbli OpTo-
TOHAJIbHBIN OTePaTOp COXPAHSET EBKINI0B 00BEM Tapasuiesienurie/ia, PaBHBIN KOPHIO U3 ONpe/esTH-
Tensa 'pama’. [ToaTOMY OIpesie/IUTeNb MOGOro OPTOTOHATIBHOTO OIlepaTopa paBeH +1. B wacTHoCTH,
BCE OPTOTOHAJIBHBIE OMEPATOPHI OOPATUMbI U COCTABJISAIOT B ITOJHOM JMHENHOM TPYIIe MPOCTpaH-
ctBa V moarpymmy, kotopas obosHavdaetcss O(V) C GL(V) u Ha3bIBaeTCs 0pmoz2oHANbHOL 2pynnoti
eBKJIN/IOBa MpocTpaHcTBa V. CoxpaHsIolie OpUEHTAI[NI0 OPTOTOHAMbHBIE OTIEPATOPhI HA3bIBAIOTCS
cobcmeerHbmu. OHU 06PA3yIOT B OPTOTOHAJIBHOM TPYIIIE MOATPYIIILY, KOTOpas 0603HavYaeTcs

SO(V) € O(V)NSL(V) = {F € O(V) | det F =1}

Y Ha3bIBAETCS CNeyuUanbHOl WX c06cmB8eHHOll OPTOTOHAIBHOM IpynmoiOpTOroHaIbHEIE OIIEPATOPHI
omnpenenuTess — 1, MeHsOIIEe OPHUEHTAIUIO TPOCTPAHCTBA Ha IIPOTHUBOIIOIOKHYIO, HA3BIBAIOTCS HECoH-
CMBeHHbIMU.

[IPUMEP 12.1 (LIEHTPAJIbHASI CUMMETPU)
Omneparop —Id : v — —v ABIgETCA OPTOrOHAIBHEIM Ha JIOO0OM EBKJIMJOBOM BEKTOPHOM IIPOCTPaH-
ctBe V. OH cobeTBeHHBIH, ecau dim V 4éTHa, ¥ HecobCTBeHHBIH, eciu dim V HeuéTHa.

YIPAXXHEHUE 12.1. [IOKQXXUTE, YTO OPTOTOHAJIBHAS I'PYIIa OZHOMEPHOT'O IPOCTPAHCTBA UCYEPIIHI-
Baercs oneparopamiu +1d.

[TPUMEP 12.2 (CUMMETPUI)

Kaxk mbI Buzenu B n° 11.3.2 Ha cTp. 136, ¢ KaXAbIM BEKTOPHBIM IToAnpocTpaHcTBoM U C V cBa3zaHo
pasJioKeHNe B OPTOrOHANbHYIO NIpAMYIo cymMmy V = U @®U*. O603HaUNM gepe3 sy . V — ViuHeliHOe
oTobpakeHue, TOXKAECTBEHHO JIeHCTByIoIee Ha U 1 yMHOXKaloIllee Bce BEKTOPHI U3 Ut na -1, T.e.
nepeBoAsdlllee IPOU3BOIbHBIA BeKTOP V = vy + vy € U @ Ut=vs BEKTOp

sy(w) =vy —vyL =v —2vyL. (12-1)
Tak KaK |sy;(V)|? = |u, — up|? = |u,|? + |ug|? = |u, + u}|? = |v|?, omepatop s, opToronanen. On

Ha3bIBA€TCA cwvuvzempuezi OTHOCUTEJIBHO IIOAIIPOCTPAaHCTBA U. HpI/I U=0 IIoJIy9aeTCd HEHTPpaJbHAA

'Cm. n° 11.2.1 Ha cTp. 135.
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12.1. OpTOroHa/NbHEIE OTIEPATOPHI 143

CHUMMeTPHA U3 IpeAblayiero npuM. 12.1. B ob1eM ciiydae onepaTop S;; COGCTBEHHBIH €CIIH U TOJIBKO
€CJIM KOpa3MePHOCTh NoAnpocrpancTsa U B V uéTHa. Bee onepaTopel oy UHB0IIOMUBHBL, T. €.

o5 =1dy.

12.1.1. OTpaxkeHud B THIIEPILUIOCKOCTAX. BaXKHEUIIINM CIIeITHaTbHBIM CJTydaeM CUMMETPUU SIB-

1

JIIeTcs ompadxceHue 8 eunepniockocmu U = u~, IepneHAUKYIAPHON KaKOMy-T100 HeHyJIEBOMY BEK-

Topy u € V. OHO 0603HauaeTcs yepes o, ¥ ieHicTByeT 110 Gopmyrte

au(v)=v—2M-

12-2
O v (u,u) (12-2)

B KOTOPYIO IpeBpalaercsa npegsiaymas dopmyna (12-1)
npu UL = R - u. /Isa oTpaxkenus 0, ¥ 0,, COBIIaZaloT TO-

—u o\ [ | IZa ¥ TOIBKO TOIAA, KOIJa 3a/jafolliye MX HeHy/eBble BeK-
N o] »  TOPHI U ¥ W IIPOIOPUHUOHAIBHEL. OTpa)keHUs B TUIIEPILIOC-
(wo) o KOCTAX ABJIAIOTCA HeCOOCTBEHHEIMU H30MeTpUAMU. JIToOble

N () [iBa Pa3/INYHBIX HEHYJEeBBIX BEKTOpa @ # b OAMHAKOBOH

u JUHBL |a| = |b| mepeBoAATCA APYT B Apyra OTpaKeHUeM

1
0,_}, OTHOCUTEIHLHO CPEAUHHOTO MEPIEHANKY/IAPa K OT-
Puc. 1201. OTpakeHue B a-b pea PICHAMKYIIAP

TUTIePIUIOCKOCTH U™, pesky [a, b] B A(V).

VIIPAXKHEHUE 12.2. YO€JUTECh B 3TOM.

TEOPEMA 12.1
KaxzpIii HeTOXK/1eCTBEHHBIM OPTOTOHAJIBHBIN OIepaTop Ha N-MepPHOM €BKJIM0OBOM BEKTOPHOM IIPO-
cTpaHCTBe V ABJIsETCS KOMIIO3UIIMEH He 60jiee n OTPaXKEHUH B TUTIIEPILUIOCKOCTSX.

JOKA3ATENBCTBO. MHayKust o n = dim V. Ciyuait n = 1 mokpeiBaetcs ymp. 12.1. Ilyctb n > 1
u F(v) # v Iy HEKOTOPOTO HEHYJIEBOTO BeKTopa v. O603HaUMM 4Yepe3 ¢ OTpakeHue, IepeBo/s-
mee F(v) B v. OpToroHanbHBIN ortepatop G = o o F ocTapifeT BEKTOP V HA MECTE U, TEM CaMBIM,
IIepEeBOAUT B ce6s1 THIIEPILIOCKOCTh v . [10 MHAYKIWH, OrpaHudeHye G |pL = O o+ 00, ABIAETCA KOM-
nosunyei k < (n— 1) oTpaxkeHuii o; vt > vte(n-— 2)-MepHBIX TUTIEPILIOCKOCTSX, JIEXKAIIUX B vt
Kaxxzioe oTpakeHue 0; ABIAETCA OrPaHUYEHNEM Ha MOAIPOCTPAHCTBO v oTparkeHns o;:V->Vs
(n — 1)-¥ rUIepIUIOCKOCTH, TOPOXK/AEHHOH BEKTOPOM ¥ U (1 — 2)-MEPHBIM 3€PKaJIOM OTPaKEHUA 0.
Tak Kak BEKTOD V HEIOABIKEH IIPU BCEX OTPaKeHUAX 0;, ollepaTop G = g, o =00, : V — V aB-
JIieTCA KOMITO3ULIMel oTpaxkeHuH o;. CiefoBaTenbHO, F = 0 o G ABIAeTca KoMnosuuuei k +1 < n
OTpa)keHUH. O

CIEJCTBME 12.1
Bcsikuit cOGCTBEHHBIN OPTOTOHAIBHEIN OMEPATOP ABIAETCS KOMITO3UIMEN YETHOTO, a BCAKUI HeC006-
CTBEHHBIM — HEUYETHOTO YMCJIA OTPAKEHUHN B TUIEPIUIOCKOCTSAX. O

[TPUMEP 12.3 (COBCTBEHHBIE U30METPUM TPEXMEPHOT'O [TIPOCTPAHCTBA)
KaxkapIil HETOXKIeCTBEHHEIN COOCTBEHHEIN OPTOrOHAIbHBIN onepaTop F B TpPEXMepPHOM eBKJIUZOBOM
BEKTOPHOM IIPOCTPAHCTBE V AB/AETCA KOMIIOSULMEN F' = 0, o 0, OTPakeHHH B IBYX Pa3/IMIHBIX

lcm. npuM. 11.2 Ha cTp. 133.
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IIJIOCKOCTAX uj‘ u ui‘, TNEPIEHANKYIAPHBIX HEKMM HEIIPOIIOPIIMOHAJIPHBIM BEKTOpaAM U, U U, . O6o3Ha-

YUM IMTOPOXKAEHHYIO STUMH BEKTOPAMU IUTOCKOCTD Uepe3 U. OnepaTtop F TOXAECTBEHHO eHCTBYeT Ha
pAMON
1 _ .1 L_
U-=uynuy; =R-[ug,u,]

C BEKTOPOM CKOPOCTH ! [u,,u,]. OpToroHaabpHas 3TOH NIpAMON TrHNepIUIOCKOCTb U IepeBoguTCA olle-
paropoM F B cebs, u orpaHudenue F|;; ABseTca COOCTBEH- uk

HBIM OPTOTOHAJIBHBIM IPE06Pa30BaHUEM 3TOU IIOCKOCTH, uf_ /2
nockonbKy det F = det F|;. B cuny npezan. 3.5 Ha cTp. 43

KaXKZIoe COOCTBEHHOE OPTOTOHAIBHOE JIMHEIHOe Tpeobpa-
30BaHMeE IIOCKOCTH SIBJIIETCS IIOBOPOTOM.
YIPAYKHEHUE 12.3. Y6eJuTeCh, YTO 3TO IIOBOPOT Ha yIoJ

24(u,u,) IO YaCOBOW CTpeJIKe, eC/U INAAETH BJOJb
BeKTOpa [u,, u,].

M&I 3aKit04aeM, YTO COOCTBEHHAas OPTOTOHAMbHAS T'PYII-
1a TPEXMEPHOTO E€BKJIMIOBA ITPOCTPAHCTBA UCUYEPITHIBAET-
¢S TOBOPOTAMH BOKPYT MPSAMBIX. DTOT (aKT M3BeCTeH KaK
meopema Jiinepa. Puc. 12¢2. [ToBOpOT.

12.1.2. OpToroHajJbHbIE CyMMBI IOBOPOTOB. B 3TOM paszesie Mbl HOCTPOUM JJIs TEOOOTO OpPTO-
roHa/lbHOrO oneparopa F : V — V pasnoxeHue IpocTpaHcTsa V B IpAMYyIO CyMMy JByMEPHBIX U Of-
HOMepHBIX F-nHBapuaHTHBIX ognpocrpaHctBV = U, U, @ - @ U,,, BKOTOPOM Bce IIOATIPOCTPAH-
CTBa [IONIapPHO OPTOrOHAJIBHEL APYT APYrY U F eficTByeT Ha KaXXJ0M JBYMEPHOM OATIPOCTpaHCTBe U;
KaK IIOBOPOT Ha HEKOTOPGIi yron ¢; € (0,7), a Ha kKaxA0M ogHoMepHOM — Kak Id miu —Id. Otme-
THUM, YTO JTIOOBIE [Ba OZHOMEPHBIX COGCTBEHHBIX ITOANIPOCTPAHCTBA C COOCTBEHHBIM YUCJIOM 1 MOXKHO
00BbeIMHUTD B IBYMEPHYIO IUIOCKOCTb, Ha KOTOPOH F eHiCTBYyeT TOBOPOTOM Ha HYJIEBOU YTOJI, a JIIo-
6ble ZIBa OAHOMEDPHBIX COOCTBEHHBIX MOATIPOCTPAHCTBA C COGCTBEHHBIM YUCJIOM —1 — B IBYMEpPHYIO
IUIOCKOCTbh, Ha KOTOPOI F ZieicTByeT Kak ITOBOPOT Ha yToJ 7. [I03TOMy MOXXHO CUMTAaTh, YTO pasJio-
’KeHHe, 0 KOTOPOM UJET pedb, COCTOUT U3 IByMEPHBIX IIOAIPOCTPaHCTB U;, Ha KOTOpHIX F AeiicTByeT
IOBOPOTaMM Ha YTl ¢; € [0, ], 1 emé camoe Gosblllee AByX OAHOMEPHBIX cIaraeMbIX, IPUYEM KO-
IZla UX [Ba, TO Ha OJHOM M3 HUX F ZeHiCTByeT TOXXAECTBEHHO, a Ha APYTOM — YMHOXeHHeM Ha —1.
Omnepatop F coBCTBEHHBIH eCIU U TOJBKO €CJTU TAKUX OZHOMEPHEIX CJIaraeMbIX 1100 HeT BOBCe, TU60
OHO POBHO OZIHO, U F ieficTByeT Ha HEM TOXKJECTBEHHO.

JIEMMA 12.1
Kaxxaprit muHeHbIl oniepatop F : V — V Ha KOHEYHOMEPHOM BellleCTBEHHOM BEKTOPHOM IIPOCTPaH-
cTBe 00J1a/1aeT OZIHOMEPHBIM WU IByMEPHBIM UHBAaPUAHTHBIM TIOAIIPOCTPAHCTBOM.

JIOKABATE/ILCTBO. PaccMOTpUM MPOU3BOJILHBIN HEHY/IEBOU BeKTOp v € V u 06pasyem u3 Hero n + 1
BEKTOpOB v, Fv, F?v, ..., F*v,rmen = dimV u F¥v 06osnauaer pe3ynbTaT k-KpaTHOTO mociie-
JI0OBaTeJIbHOTO NIpUMeHeHUs onepaTopa F kK BeKTOpy v. [I0CKOIbKY 3TH BEKTOPHI JIMHENHHO 3aBUCU-
MBI, HafiZyTCs Takue a,,d,,...,4; € R, uto (F¥ + a,F¥™* + ... + aj_,F + ap)v = 0. 3axmo-
YEHHBIA B CKOOKU JIMHEWHBIM OIlepaTop ABJIAETCA Pe3yJIbTaTOM IIOJCTAHOBKU t = F B MHOTOWIEH
f() = tF +a, t** + .- + a,_,t +a;, € R[t]. Takoii MHOTOWIEH TIPEAICTABIIAET COGOIO TPOU3BEICHNUE
f@) = g,(@) - g,(t) - - - gp(t) TMHEUHBIX ABYWIEHOB BUJa t — @ U KBaJPaTHBIX TPEXWICHOB BUAA

'Cm. mpum. 11.7 Ha ctp. 141.
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t* — at — ¢ BemecTBeHHBIMU KO3 duireHTaMu. [10/ICTaB/IAA B 3TO pasyioxkeHue F 1 MpUMeHs Mo-
JIy4eHHBI} OIlepaTop K BEKTOPY ¥, MBI 3aKJIF0UaeM, 4To g, (F)e g,(F)e -+ o g (F) v = 0. PaccmoTpum
HauMeHblllee K, /I KOTOPOro BEKTOP W = gy, (F) ¢ -+ o g, (F) v BC€ emé oindeH oT Hy/d. Toraa
gr(F)w = 0. ina g, (F) = F — a 3T0 3Hauut, 4to F(W) = aw, T.e. OJHOMEPHOEe NOJIIPOCTPAHCTBO
R - w nepeBoguTcs onepatopom F B cebs. [ina g, (F) = F? — aF —  umeem F(F(w)) = aF(w) + fw,
T. e. IUHEeHHasA 060JI09Ka BEKTOPOB W U F(w) mepeBoauTcs onepatopoM F B cebsl. U

TEOPEMA 12.2

KaxxzpIii OpTOTOHAMBHBIN JIMHENHBIN onepaTop F Ha KOHEYHOMEPHOM €BKJIMIOBOM IIPOCTPAHCTBE
3aIMChIBAETCA B MOAXOAAIIEM OPTOHOPMAIbHOM Oasvce MaTpUIlel, Ha IJIaBHOM [UaroHaau KOTOPOM
crosar uncaa +1 u 2 X 2 6;10ku BUza

<cos @; —sing;

. ) , The O0<¢g;<m, (12-3)
Sin (pl‘ COS (pi

a BCe OCTaJbHbIEe 3JIEMEHTH! PaBHBI HYII0. C TOYHOCTBIO ZI0 IEPECTAHOBKY OJIOKOB M JUArOHAIBHBIX
3JIeMEHTOB 3Ta MaTpHIIa He 3aBUCUT OT BEIOOPA OPTOHOPMAJIBHOTO 6a3nca, B KOTOPOM OIlepaTop UMe-
€T MaTPHUILy TaKOTO BUJA.

JIOKA3ATE/ILCTBO TEOP. 12.2. Pasjo)xeHue npocTpaHCcTBa V B OPTOroHaNIbHYIO IPAMYIO CyMMY F-HH-
BapHaHTHBIX OZIHOMEPHBIX U IBYMEPHBIX IoATpocTpaHcTB U; crpoutesa uuAykiyei o dim V. Crydan
dim V = 1, 2 y»xe 6but1 pazobpansl B yrp. 12.1 Ha crp. 142 u nipeat. 3.5 Ha cTp. 43 COOTBETCTBEHHO.
Iycrs dim V > 3. Cormnacho jem. 12.1 oneparop F . V — V nepeBoauT B ce6s1 HEKOTOPOE OHOMEP-
HOe WM AByMepHoe nozAnpoctpadcTBo U C V. Ilockonbky F coxpaHsAeT cKaaApHOe IIpou3Be/ieHue,
oproronan U k moampocTpaHcTBy U Toxe epeBoanTCs omepatopoM F B ce6s. 110 MHAYKIMH, Orpa-
uirdenus F Ha U v Ha U 06/1aa10T HYXKHBIMY PasIoxKeHUAMY. CK/IabIBasg 3TH Pas/IoKeHNA BMECTe,
noygaeM Tpebyemoe pasnoxenve ana V = U@UL. Ecu BHIGpaTh B KaK/I0M HOAIPOCTpaHCTBe U ; Op-
TOHOPMAJIBHBII 6a3UC U COeAUHUTD 3TU 6a3KCHl B OZWH OPTOHOPMAaJIBHBII 6a3uc e mpocTpaHcTa V,
TO omeparop F 3anumiercs B 3ToM 6asuce MaTpulieii F,, cocTosllel U3 PacIIoNoKeHHbIX Ha [MIaBHON
AuaroHany 6;10koB Buza (12-3) 1, MOXKeT OBITS, elllé HeCKOIbKUX AUaroHa bHbIX 3IEMEHTOB Buza +1.
[ToaToMy XxapaKTepUCTUYeCKUI MHOTOWIEH ollepaTopa F packiaZblBaeTcs B IpOU3Be/ieHUe XapaKTe-
PUCTHUYECKUX MHOTOWIEHOB 3TUX GJIOKOB:

det <t —cosg;  sing;

: >=t2—2tcos<pi+1
— Sl @; t — cos (8

U, BO3MOJKHO, €eI1l€ HeCKOIbKUX TMHEMHBIX MHOXKUTe el Buza t + 1. Kaxkaomy 610Ky (12-3) Ipu aTOM
OTBeuaeT Iapa KOMILIEKCHO-CONIPKEHHBIX KOPHeH cos ¢; + isin ¢; MHorouneHa yp(t) B none C, a
JVarOHAJbHBIM djIeMeHTaM +1 — KopHU +1, mpuyéM TaKiM 06pa30oM MOTYIaIOTCsI BCe KOMIUIEKCHBIE
KODHHU MHOTOWIEHA Y (t) ¢ ydéToM ux kpaTHocTel. [TockonbKy XapakTepuCTUYecKHUil MHOTOUIeH He
3aBHCUT OT BbIOOpa 6a3mca, HabOp OTIMYHBIX OT HYJIS ¥ 7T YIVIOB TIOBOPOTOB U KOJTMYECTBA CTOSIIUX
Ha AuaroHanu yucen +1 1 —1 He 3aBUCAT OT criocoba pasioKeHUs. O

[TPUMEP 12.4 (HECOBCTBEHHBIE OPTOTOHAJIbHBIE OITEPATOPBI B TPEXMEPHOM ITPOCTPAHCTBE)
CoryacHo Teop. 12.2 KaXkbIii HeCOOCTBEHHBIM OPTOTOHAIbHBIN OllepaTop Ha TPEXMEPHOM €BKJIUO0-
BOM IIPOCTPAHCTBE 3aMUCHIBAETCA B MTOAXOAAIIEM OPTOHOPMaIbHOM 6a3uice MaTpUIIleH

-1 0 0
0 cosg; —sing;|, mme 0<¢;<m,
0 sing; cosg;
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U ABJIsIeTCA KOMITO3ULIMeH IT0BOPOTa BOKPYT NMPAMOM € HAIIPaBJIAIOIIUM BEKTOPOM e, U OTpaKeHUs B
TepIeH/IMKY/IAPHOM OCH TOBOPOTA TULIOCKOCTH €5 .

I[TPUMEP 12.5 (,Z[BI/I)KEHI/IH TPEXMEPHOT'O EBKJINJOBA A©QPHHHOT'O HPOCTPAHCTBA)

Hamomsio!

,aro saHzoMopdusMm F : A(V) — A(V) apdunnoro npocrpanctsa A(V), acconrmmpoBaHHO-
r'O C €BKJINZIOBBIM BEKTOPHBIM IIPOCTPAHCTBOM V, Ha3bIBaeTCs dsudceHuUeM, €CIU OH COXPaHseT pac-
CTOSTHUA MeXZy ToukaMu. Kaxzgoe ABIDKeHHE aBTOMaTH4eCKU OMEKTHBHO U NEPEBOAUT MpPsSMEIE B
TIpAMEIE, a 3HAYMT, ABNAeTCA abbUHHBIM TpeobpazoBaHueM?, T. e. KOMIo3ulueit F = T, o G, mapan-
JIETIBHOTO IIepeHoca T,, Ha HEKOTOPBIH BeKTOP v € V 1 IMHEHHOr0 OPTOrOHAJIIBHOT'O IPeo6pa3oBaHua
Gy : V — V, ocrassioliero Ha MecTe HEKOTOPY!o TouKy p € A(V). Ilycts Temnepsb dimV = 3.

Ecu aBuskeHMe F co6CTBEHHOE® , TO OPTOrOHAIBHEIH OTIepaTop G, TOKe COOCTBEHHBIH U ABIAET-
Cs1 TIOBOPOTOM @, ,, Ha yToJl ¢ (BO3MOXKHO, HyJIEBOI) BOKPYT' HEKOTOPOY IIPOXOAAILEN Yepe3 TOUKY p
npsAMoi £. Pa3ioxXuM BEKTOP CABUTA B CyMMY V = U + W BEeKTOpa U, MapaUIeJIbHOTO NpAMoU £, u
BEKTOPa W NEPIEeHANKYIIAPHOTO NPAMOH ¢. KOMIO3UIws T, © 0, ,, IEPEBOANT B Ce05 KAXKAYIO TIep-
MeHJVKYJIAPHYIO MPsAMOM ¢ IUIOCKOCTh [1 U IGKICTBYET B Hell Kak KOMITO3UIMA TOBOPOTA CO CABUIOM,
T. €. KaK IOBOPOT Ha TOT e YTOJ ¢, HO C APYTMM LEHTPOM*, 3aBHCALIMM TOJBKO OT BeKTOpa w. Takum
06pasoM, KOMIOBULIUS Ty, ©Qy (, = Q1 IBJIAETCA IOBOPOTOM IPOCTPAHCTBA HA TOT 3KE YTOJI ¢, HO OT-
HOCHUTeJIbHO TIpsAAMOii £, KoTopas mapauie/ibHa ocH £ TOBOPOTa G, Taxoii [IOBOPOT NepeCTaHOBOYEH

CO CABUI'OM T,, BAOJIb OCH ITIOBOPOTA XU KOMITO3UIIMIA

F=Tv°Gp =Tu°TwoOpp =Tu°Qpp=0p p°Ty

npezcTaBaieT cob00 8UHMO80e 08UICeHUe — KOMIIO3UIUIO IIePECTAHOBOYHBIX IPYT C APYTOM IIOBO-
poTa BOKPYT NPSAMOM U cZIBUTa BJOJb 3TOM NpAMON. OCb BUHTOBOTO ABW)KEHNA C HEHY/IEBBIM YIVIOM
3aKPYTKU OZHO3HAYHO XapaKTepu3syeTcsa KaK eIUHCTBEeHHas PpsAMas B IPOCTPAHCTBE, IEPEBOANMAs
3TUM JBIDKeHUEeM B cebs. VITak, Kazoe coOCTBEHHOE ABIDKEHIE IPOCTPAHCTBA €CTh BUHTOBOE JIBH-
JKe€HHe — BO3MOJKHO, C HyJIEBEIM BEKTOPOM C/IBUTA U /WK HYJIEBBIM YITIOM 3aKPYTKH.

Ecmu pwxkenye F HecoGCTBEHHOE®, TO OPTOTOHANBHEIN OIepaTop G, TOXe HeCOOCTBEHHBIN 1
ABJIAETCA MO0 OTpaXeHNUEeM o B IIPOXOAALIel yepes TOUKY p IIOCKoCTH [T, 6o KoMIo3uiuelt Ta-
KOTO OTP&KEHUs C IIOBOPOTOM Qy ,, BOKPYT IIPOXOAALIEN Yepes p NepIeHANKY/IIPHO IIOCKOCTH ]
npsAMoli €. PackyazbiBas, Kak U BBIIIE, CAIBUT T,, B KOMIIO3UIIUIO CABUT'OB Ha NepIeHAUKYIAPHBIN K
IUTOCKOCTH 1 BEKTOP U U MapaJUIeIbHBIN [1 BEKTOP W, MBI BUZUM, YTO B IEPBOM CJIy4ae KOMIIO3HUIIUA
T,,0;; = O ABNAETCA OTpaXkeHMeM B Iiockoctu [1' = [14u/2, monydenHo# u3 I czBUroM Ha BeKTop®
u/2, n gprxenne F = 7,0 G, =Ty, ° Ty © 0y = Ty, ° Oy = Opps ° Ty, IPEACTABIAET COBOIO CKONB3AULYIO
CUMMempu0 — KOMIIO3UILINIO OTPa)KeHHA B IVIOCKOCTH C MapasUle/IbHBIM 3TOH IIOCKOCTH CABUIOM.
Bo BTOpOM ciy4ae, B CUITy y3Ke CKa3aHHOTO,

F=Tv°Gp =TweoTy°0p°0pp =Tw°0 °0Qpp =0 °Tyw°Qp o =0p1 ° Q¢ o

IpeJCcTaBisieT cOO0I0 KOMITO3UIIHIO IIEPeCTAHOBOYHEIX PYT C IPYroM MOBOPOTA BOKPYT IPAMOU U
OTpa’keHUs B IUIOCKOCTH, TIePIIeHANKY/SIPHOM ocH IOBOPOTAa. B 060X CiIydasx 3epKalo OTpakeHUsa

1Cm. n° 3.4 Ha cTp. 41.

2Cm. n° 2.4 Ha ctp. 31.

3T. e. coxpaHAeT OpHeHTaLHIO.

4Cm. n° 3.4.2 Ha cTp. 43.

>T. e. MEHAET OPHEHTAIHIO Ha IPOTHUBOIONOKHYIO.
1160 oy © 07 = Ty, M. 1" 3.4.2 Ha cTp. 43.
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OJTHO3HAYHO OITHCHIBAETCS KaK TeOMETPUYECKOE MECTO CEPEUH OTPE3KOB, COETUHAIONTNX TOYKH IIPO-
CTpaHCTBa C UX 00pa3aMu MpHU ABWKEHUH F.

12.2. EBKJIM/JIOBO COIps:KEeHNe JIMHEHHBIX 0ToOpaxeHuii. C KaKAbIM JIMHEHHBIM 0TOOpaKeHIEM
F: U —» W Mmexay eBKIUJOBBIMU npocTpaHcTBaMu U, W cBsizaHO eskudo8o conpsicéHHoe oTobpa-
xenne F* : W — U, KOTOpoe OJHO3HAYHO XapaKTEpU3yeTcs TEM, 4To A Bcexu € U, w € W

(Fu,w) = (u, F*w). (12-4)

[TPEAJIOKEHME 12.1

Ji1 mo60r0 IMHEHHOTO 0TO6paKeHNsI eBKJINAOBEIX IpocTpaHcTB F : U — W yzosneTBopsioliee pa-
BeHcTBy (12-4) nuHeltHoe otobpaxkenue F* @ W — U cyijecTByer u eAuHCTBeHHO. Matpuust F,,
u F,\, oro6pakeHuii F 1 F* B IpOU3BOJIBHBIX 6azucax U = (Ug,...,Uy) UW = (W, ..., W,,) TIPO-
crpaHcTB U 1 W cBA3aHBI COOTHOIIEHNEM

El G, =G, EX (12-5)

wu-w u‘uw
rge G, = ut-uwm G, = wh-w— MaTtpuilel 'pama 6a3ucoB U u w.

JIOKA3ATE/IBCTBO. JleBas vacThb (12-4) ABjsAeTcd pe3yJbTaToM IpUMeHeHUA K BekTopy Fu € W au-
HeliHoro QyHKIMOHana g, - W — R, v = (v,w), B KOTOpBIll IepexoAUT BekTop w € W mpu 3a-
ZlaBaeMOM €eBKJINZIOBOM CTPYKTYpOil Ha mpocTpaHcTBe W nzomopdusme Gy, : W = W*, w — g,
n3 dopm. (11-10) Ha crp. 135. Kommosunus g, o F auHeiHOrO dyHKIMOHANA g, © W — R cm-
HeWHEBIM oToGpakenueM F : U — W sBisercs pe3y/lbTaToM IPUMEHEHUs K KOBEKTOpY g, € W™
JBOMCTBEHHOTO K F NHHeitHOro oTo6paxkenua F* : W* — V* & > & o F. TakuM o6pa3oM, B JIeBOi
vactu (12-4) crout 3HayeHue KoBekTopa F*(g,,) = F*Gy, (W) Ha BekTOpe u. B mpaBoii yactu (12-4)
HaIKCaH Pe3yJbTaT IPUMEHEHNs K BEKTOPY U KOBEKTOPA gpxy, = GyF (W), B KOTOPBII IIEPEXOAUT
BekTop F*(w) € U npu usomopdusme G, : U = U*,u — g,,, 3a1aBaeMOM €BKJIN0BON CTPYKTYPOii
H npocTpaHcTBe U. TakuMm 06pazoM, paBeHCTBO (12-4) paBHOCHIBHO COOTHOIIEHUIO F* Gy, = G FX,
BKOTOpOM Gy : U = U* u Gy, : W = W* cyTb eBKINAOBBI Koppessinyu u3 n° 11.3 Ha cTp. 135, a 1u-
HeitHoe oTobpaxkenue F* : W* — U™ aBoMCTBEHHO K F. DTOMY COOTHOLIEHUIO YIOBJIETBOPSAET POBHO
ofHO NUHelHoe oTobpakenue F* = G, F*Gy, : W — U.
B TepMuHax 6a3rcoB U ¥ W paBeHCTBO (12-4) paBHOCWIHHO Mn COOTHOIIEHUAM

— X
(Fuy, wj) = (u, F7wy)
Ha CKaJIIPHBIE IIPOU3BeeHNA 6a3iCHBIX BeKTOPOB. OHM COOMPAIOTCA B MATPUYHOE PABEHCTBO

GF(u),w = Gu,FX(w) )

e Gpayw = F(uw)' - w — marpura I'pama Ha6opoB F(u) = (Fuy,...,Fu)uw = (w,,...,w,,), a
Gy pxw) = u® - F(w) — matpuiia Ipama Ha6opoB U = (U, ..., U,) B FX(W) = (F*w,, ..., F*w,,).
[ockonbky F(u) = wE,,,, a F*(w) = u E,,, 3T MaTpuLsl I'pama UMeIoT Buz

_ ot t _rt — —
GF(u),w = quw W= quGw u Gu,FX(w) =u - uF‘L:(W = GuFifw .

Takum o6pazoM, cooTHolieHue (12-4) paBHOCHIBHO MAaTPUYHOMY paBeHCTBY (12-5). O

1Cm. n° 7.3 Ha ctp. 91.
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3AMEYAHME 12.1. O6paTuTe BHUMaHUe, 4YTO MaTpU4YHoe paBeHcTBo Fy, = G, 'FL,G,, cornacyercsa c
OIEepaTOPHBIM PaBEHCTBOM F* = GL_,lF Gy : MaTpuisl ['pama G, u G, CyTb MaTPUIBI €BKINIOBBIX
KoppeAnuii Gy: U > U"uGy: W = W, sanucaHHble B Tapax JBONCTBEHHEIX 6a31coB U, U*
u w, w* npocrpancts U, U* u W, W*, a Et,, = F}.,. ecTb MaTpuia aBoiicTBeHHoro K F omeparo-

pa® F* : W* — U*, 3amicanHas B 6a3ucax w*, u*.

CJIEACTBUE 12.2
B opTOHOpMasbHBIX 6a3ucax U, w mpocTpaHcTB U, W MaTpHIlbl eBKIUAOBO COMPSKEHHBIX ONIEPATO-
poB F u F* TpaHCIIOHMPOBaHEI APYT Apyry: Fo, = F“t,u.

[IPEZI/IOXKEHUE 12.2
Jlnst moboro uHelHoro oTobpaskenusi F . U — W BBIIOIHAIOTCA paBeHCTBA

FPX=F, kerF*=(@(mF)*, imF*=(kerF)*,
a 1A mo60i maphl TMHeHHbIX oTobpaxkenuii F @ U — V, G : V — W — paBeHctBo (GF)* = F*G*.

JIOKA3ATE/NBCTBO. PaBeHcTBO F** = F BRITeKaeT u3 cooTHoueHus (12-4) u CUMMETPUYHOCTHU CKa-
JIAPHOTO Hpou3BejeHusa. Bekrop w € ker F* ecu U TONBKO ecsd A BceX U € U BHINOJNHAETCA
paBeHCTBO (U, F*w) = 0, KoTopoe B ciiy cooTHoueHus (12-4) paBHOCWIBHO paBeHCTBY (Fu,w),
T. €. OPTOTOHAMBHOCTH IIOANPOCTPAHCTBA im F BekTopy w. ITosTomy ker F* = (im F )l. Hanucas
3TO PaBeHCTBO 1A onepaTopa F* B pou F u Geps OPTOroHaN K 06EMM 9acTaM, ITOTy4aeM paBeH-
ctBo (ker F)* = im FX. [locreaHee yTBepX/eHHe BbiTeKaeT us paBeHcTB (GFu,w) = (Fu, G*w) =
= (u, F*G*w), BLIIIOJTHEHHHIX Ay Bcexu € U, w € W. O

12.3. Comps:xéHHbIE U aHTUCAMOCOIPSKEHHBIE onlepaTopbl. B mpuM. 10.3 Ha cTp. 122 MBI BU-
JIeJIV, YTO KaKZoe MPOCTPAHCTBO C JIMHENHON WHBOJIOIMEH SBJISETCI MPSAMOM CyMMOI COOCTBEH-
HBIX TIOJIPOCTPAHCTB C COBCTBEHHBIMH 3HaueHUAMHU +1. Takum obpaszom, End(V) = End* (V) @
End™(V), rae

EndtWM)E{F: V>V|F*=F} u End"(V)¥({F:V ->V|F‘=-F}. (12-6)

Omnepatopsl u3 End™ (V) HasbIBaIOTCA caMOCONPANEHHBIMU ¥V XaPAKTEPHU3YIOTCA TEM, UTO /I TOOBIX
BEKTOPOB U, W € V BBIOIHAETCS paBeHCTBO (Fu, w) = (u, Fw). Marpuija Takoro oneparopa B OpTo-
HOpMaJIbHOM 6a3uice CUMMETPUYHA OTHOCUTENHHO [MIaBHOM [UaroHasu, T. €. He MEHAETCS IIPU TPaHC-
nouupoBanuu. Onepatopst u3 End ™ (V) HaspIBatOTCA AHMUCAMOCONPSANCEHHBIMU U XaPAKTEPUIYIOTCS
TEM, YTO /I JIIOOBIX BEKTOPOB U, W € V BhITONMHAETCS paBeHCTBO (Fu,w) = —(u, Fw). MaTpuna
TAKOI'0 OIlepaTopa B OPTOHOPMAJIbHOM 0a3rice KOCOCUMMETPUYHA, T. €. MEHAET IIPH TPaHCIIOHUPO-
BaHUU 3HaK. PazyiokeHue MPOU3BOIBHOTO oniepaTopa F B CyMMy CaMOCOIPSIKEHHOTO U aHTHCAMOCO-
npspkEHHOrO 3agaérces Gopmynoi F = (F + FX) /2 + (F — FX) /2.

JIEMMA 12.2
Eciu (aHTH) caMOCONIpsKEHHBIN IMHEHHBIH onteparop F : V' — V mepeBogut B ce6s1 HEKOTOPOE MOJ-
npocTtpancTtBo U C V, To OH IEPEBOAUT B ce6s1 U €r0 OPTOTOHAI Ut

JIOKA3ATEBCTBO. [IycTh W € UL, T.e. (u,w) = 0 gmaBcex u € U. Toraa (u, Fw) = =(Fu,w) = 0 ana
Bcex u € U, u60 Fu € U. Tem cambiM, FwW € Ut U

'Cm. ymp. 11.4 Ha cTp. 135.
2Cm. mpezr. 7.3 Ha cTp. 93.
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JIEMMA 12.3
Cob6CcTBEHHBIE BEKTOPHI C Pa3HBIMY COOCTBEHHBIMU 3HAUEHUSMH Y CAMOCOIIPSKEHHOT'O OTlepaTopa op-
TOTOHAJIbHEI JIPYT JPYTY.

JlOKA3ATE/NBCTBO. Ecit Fu = Auu Fw = uw, To u3 paBeHctBa (Fu,w) = (u, FW) BEITEKaeT paBeH-
ctBo (A — ) - (u,w) = 0. O

YIOPAXHEHME 12.4. [IoKaXXuTe, 4TO BCe OAHOMEDPHBIE€ MHBAPUAHTHBIE IIOAIIPOCTPAHCTBA aHTHCaMO-
COHPH}KéHHOI‘O orepaTopa CoZEPHKAaTCA B €ro AApe (B YaCTHOCTH, Yy aHTI/IcaMOCOHpH)KéHHOI‘O o11e-
paTopa HET HEHYJIEBBIX BEIIECTBEHHBIX COOCTBEHHBIX LII/ICEJ'I).

TEOPEMA 12.3 (TEOPEMA O HOPMAJIbHOM BA3VCE)
Ka)K,ZLBII;)I CaMOCOHpH)KéHHLIfI orepaTop F Ha KOHEYHOMEPHOM E€BKJIMJOBOM IIPOCTPAHCTBE MOXKHO
AVaroHa/in30BaTh B HEKOTOPOM OPTOHOPMAa/JIbHOM Gasmuce.

JOKABATE/NLCTBO. MHaykiua o dim V. Ecmu dim V = 1, gokaseiBats Hedero. Eciu dim V = 2, ome-
patop F 3aZjaéTcs B MPOM3BOJIBHO B3ATOM OPTOHOPMAaIbHOM 0a3uice e CMMMETPUYHOM MaTpUIlei

a b
Fe=Fet=<b C>.

Eé xapaktepuctudeckuit MHorowied det(tE — F,) = t* —(a+c¢) - t + (ac — b*) UMeeT HeoTpHUIATE b-
HBIi AMCKpUMUHAHT (a + ¢)? — 4(ac — b?) = (a — ¢)* + 4b? u BemecTBeHHbIe KOpHHU. CIeJ0BaTe/b-
HO, y F ecTh OfHOMEepHOe MHBapUaHTHOE HOANIPOCTPaHCTBO U C V, MOpoXAEHHOE HEHY/IEBLIM CO06-
CTBEHHBIM BeKTOpoM. I1o eM. 12.2 opToroHanpHOe fomnonHeHne UL Taxxe ABIAETCA OZHOMEPHBIM
F-MHBapUaHTHBIM IOAIIPOCTPAHCTBOM. Bibupas B U 1 U GasucHble BEKTOPBI eMHUYHOM JJHHEI,
[OJIy4aeM OPTOHOPMAJIbHBIM 6a3KC, B KOTOPOM MaTpuIia oneparopa F auaronanbHa. [Ipu dim V > 3
y omiepatopa F umeeTcst olHOMEPHOE WK IByMepPHOe MHBapUaHTHOe moAmnpocTpancTBo U C V, u ero
OpPTOTOHAJIbHOE JJONIOJIHEHUE Ut toxe F -MHBapUaHTHO no jieM. 12.2. [To unaykiuu, B U u U Lects op-
TOHOpMAaJIbHBIE 6A3UCH U3 COOCTBEHHBIX BEKTOPOB omepaTopa F. O6beuHeHMe 3TUX 6a3UCOB 1aéT
HUCKOMBIl 6asuc B V. Il

TEOPEMA 12.4 (KAHOHWUYECKHWI BUJ] AHTUCAMOCOIIPSI?)KEHHOI'O OITEPATOPA)

KaxzpIli aHTHCaMOCONIPAXKEHHBIN onlepaTop F Ha KOHEUHOMEPHOM eBKJIN0BOM IIPOCTPAHCTBE UMe-
€T B IIOAXOAAIIEM OPTOHOPMAJIBLHOM Oa3uce MaTPUILY, HEHYJIEBbIE 3JIeMEHTHI KOTOPOU MCYEPITBIBAIOT-
s pacroIoyKeHHBIMU Ha TVIaBHOM UaroHamu 2 X 2 610KaMu BUZA

0 aq
> >0:
(A

HPI/I‘{éM Ha6op 3THX GJI0KOB C TOYHOCTHIO A0 IIEPpECTaHOBKU HE 3aBUCHUT OT BI:I60pa Taxoro 6asuca.

JTOKABATENBLCTBO. VHAYKIws mo dim V. Eciu F = 0, yto Tak npu dim V = 1, To ZiokassiBaTh HEYETO.
Ecm dimV = 2u F # 0, To B 11060M OpTOHOPMATIbHOM Gasuce e oneparop F nMeeT aHTUCUMMET-

PUYHYIO MaTpPUILY
0 a
F,=-F = (_a 0) :

MeHss npy HEOOXOAMMOCTH 3HAK Y IIepBOro 6asHCHOTO BEKTOPa, MOXKHO CUMUTATh, 9yTo a > 0. IIpu
dimV > 3y oneparopa F viMmeeTcsi OTHOMEPHOE WX IByMEPHOE NHBAPUAHTHOE MOAIIPOCTPAHCTBO
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U C V, 1 ero opToroHajbHOE JOMOJIHEHNUE U toxe F -UHBAapUaHTHO 110 ieM. 12.2. [To naaykuuy, B U
1 Ut ecTh OpTOHOpMasIbHbIE 6a3KChI, B KOTOPLIX MATPHIIBI OPAaHIYeHHIA F | y ¥ F|y. nmerot Tpeby-
eMbliii Buj. O6beainiHeHre 3TUX 6a3MCOB JaéT UCKOMBIH 6asuc B V. [TOCKONbKY XapaKTEPUCTUYECKUH
MHOTOWIEH oneparopa F apiserca npoussegenreM MoHoMma t™, rme m = dimker F = dim V —rk F,
¥ HEIPUBOJMMBIX BYWIeHOB (t* + a?) Mo BceM AuaroHanbHeIM 2 X 2 610kaM Matpuisl F,, Ha6op
6JIOKOB He 3aBUCHT OT BEIOOPA 6a3mca B CHITy €JUHCTBEHHOCTH Pa3JIoKEeHM Ha HEIIPUBOAUMBIE MHO-
skutenu B R[t]. O

12.4. CuHryjisapHble YHcjia U CUHIY/IAPDHBIE HAlIpaBJIeHUuA. B 3TOM pasziesie Mbl IIOKaXXeM, YTO KaxK-
Joe jIuHelHoe oTobpaxkenue F : U — W oaHO3Ha4HO pacKiafgelBaeTcs B Kommnosunuio F = GSP
opToroHanbHOM npoekuuu P ;. U - V Ha oproroHanbHoe gomosnHenue V = (ker F Y ¢ Uxsan-
py onepaTopa F, HEBBIPOKIEHHOI'O CaMOCONPsKEHHOro oneparopa S ©: V — V, npeacrasnsdiomero
c00010 KOMIIO3ULIMIO KOMMYTHPYIOIINX APYT C APYTOM PacTKEHUH C ITOMOKUTENbHBIMU KO3GPUITH-
€HTaMH BO B3aUMHO ITepIIeHAUKY/IAPHBIX HalIPaBJIeHUAX, U OPTOTOHAIBHOTO BIOKEeHUA G : V < W.
OpToroHa/sbHbIE HANPABJIEHUA, B0 KOTOPHLIX PaCTATUBAET NOAIpOCTpaHcTBO V C U omepatop S,
U KO3QPUITMEHTHI 3TUX PACTDKEHUH HAa3bIBAIOTCSA, COOTBETCTBEHHO, CUHZYIAPHBIMU HANPABJIEHUAMU
U CUH2YAPHBbIMU YUCAMU TUHEHHOTO oTobpakeHus F.

JIEMMA 12.4

s mo6oro uHeiHOrO oToOpaxkeHueM F : U — W MeXzAy eBKINZOBEIMU IIpocTpaHcTBamu U, W
06e xomnosunuu FF* € End(W), F*F € End(U) apasa1oTca caMOCOIPSKEHHEIMU TMHEHHEIMHU OIle-
paTropamMu ¢ HEOTPUIATENbHBIMU COOCTBEHHBIMU yucaaMu. OTobpaxeHue F ClOpheKTUBHO (COOTB.
MHBEKTUBHO) eC/IM ¥ TOJIBKO eC/Ii Bce cOBCTBeHHbIe Yncia oneparopa FF* (coots. F*F) cTporo mo-
JIOXKUTENTbHBI.

JIOKA3ATENBCTBO. Kaxzbiit U3 onepaTopoB FF Xy FXF o4eBUZHO CaMOCOIPSKEH U CJIe[0BaTebHO
AUaroHaJausyeM 1o Teop. 15.7 Ha ctp. 187. Eciu AyiA HEKOTOPOI'o HEHYJIEBOI'O BeKTopa W € W BhI-
nonHsAeTcs papeHcTBO FF*w = Aw, To (F*w, F*w) = (FF*w,w) = 1 - (w,w) nymbo w € ker F* u
A = 0, m60o A = (F*w, F*w)/(w,w) > 0. AHanoruuso, ecmi F*Fu = pu s HeHyneBoro u € U,
Tombo 4 = Ouu € kerF, mbo u = (Fu,Fu)/(u,u) > 0. IloaTOMy BCce HeHyJIEBbIe COOCTBEH-
HbIE YKCJIa KQKJOTO U3 OIEePaTOPOB MOJIOKUTENbHBL. Ectn imF = W, to! ker FX = (imF )l =0,
OTKyZa Bce coOGCTBEHHBbIE YncIa oneparopa FF* nmonoxurensHel. Haobopor, e im F # W, To
ker FF* O ker F* = (im F)* # 0. AHamornuHo, eciu ker F = 0, To Bce COGCTBEHHBIE YHCIA OITe-
paropa F*F cTporo IoJIoUTeIbHEL, ¥ Hao60poT, eciu ker F # 0, Tou ker F*F D ker F # 0. O

TEOPEMA 12.5

Kaxzoe muHeiiHoe orobpaxkenue F : U — W mexzay eBKIWI0OBbIMU mpocTpanctBamu U, W eaun-
CTBEHHBIM 00pa3oM packaZiblBaeTcsl B KOMIIO3UIUIO F = G o Sp o P OPTOTOHAJIbHON MTPOEKIINU
P : U - V Ha opToroHabHOe JonoiHeHue V £ kert F K aapy ker F C U, HEBBIPOXKIEHHOI'O CAMO-
CONpsKEHHOTO onepaTopa Sp : V = V ¢ NoN0XUTeIbHBIMU COOCTBEHHBIMU 3HAYEHUAMHU Ay, ... Ay,
rne r = tk F = dimim F, u usomeTpudeckoro Bnoxenus G, : V < W. IIpu sTom Habop a2, ... a2
KBaJpaToOB COOCTBEHHBIX YHCEJI OllepaTopa Sy ABIAeTcA HabopoM Beex (¢ yI€TOM KpaTHOCTel) HeHy-

JIeBBIX COBCTBEHHEBIX uKces oneparopa F¥F : U — U.

JIOKA3ATEBCTBO. CoracHo Teop. 15.7 Ha cTp. 187 B eBKINAOBOM ITpocTpaHCcTBe U UMeeTCs OpTOHOP-
MasbHbIM 6a3uc, COCTOAMUN U3 COOCTBEHHBIX BEKTOPOB U, ... , U, CAMOCOIPIKEHHOTO INHEHHOTO

1Cm. mpeayr. 12.2 Ha cTp. 148.
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oneparopa F*F : U — U, npu4éM Bce cOGCTBEHHbIE 3HAYE€HHA 3TOrO OII€PaTOpa HEOTPUIATENbHBI
no niem. 12.4, r.e. F*Fu; = aizui ZUIS1 HEKOTOPBIX BelllecTBeHHBIX @; > 0. IlepeHyMepyeM 6asuc Takx,
yrobbel ; # 0mpu 1 < i < rua; = 0mpu i > r. Torzna, Kak Mbl BUZEJH B I0Ka3aTeNbCTBe JeM. 12.4,
BCe BEKTOPHI U; C i > 7 JIexar B Aape orobpakenus F. Hampotus, npu 1 < i, j < r paBeHCTBa

a?>0 mnpui=j

(Fu;, Fup) = (F*Fug,u)) = af (w;,u;) = -
0 npu i # j

IIOKa3bIBAIOT, YTO BEKTOPHI W; = Fu; /a; 06pasyioT B ipocTpaHcTBe W OpTOHOPMAaJIBHYIO CHUCTEMY. B
YacTHOCTH, OHU JINHEeWHO He3aBUCUMEBI. Tak kak F(u j) = 0mpuj > r, pamoborou = Y x;u; € U
BBHINOJIHAETCA PaBeHCTBO F(u) = a x,w; + -+ +a,. X, W,., T. €. BeKTOpPBl W; ¢ 1 < i < 7 COCTaBJIAIOT Op-
TOHOPMaJIbHBIH 6a3uc Bim F, a BekTopel U; ¢ 1 < i < r — OPTOHOPMaJIbHEI 6a31C B OPTOTOHAIBHOM
ponosnHennu V k sapy ker F. Oneparop F siBAf€TCA KOMIIO3ULIMEN H30METPUIECKOT0 U30MOpU3-
Ma G : V = imF, u; » w;, iMaroHanabHoro onepatopa Sp : V — V, u; = a;u;, 1 opTOroHaIbHON
npoekuuu Pr : U » V Brosb ker F.

Ecimu nmeeTcs kakoe-n1u6o emné pasnoxenue F = GSPp,tae Pp : U - V — opToroHanbHas Ipoek-
1115 BIOJIB ker F, TO M3 IIpeBIAYIIero paccy /i1 BEITeKaeT, uto mpocTpanetso V = (ker F)! apna-
eTCs PSIMOii OPTOrOHAIBHOM CYMMOIi BceX COGCTBEHHBIX moApocTpancTs V; onepatopa F*F, oTBe-
YaIOIINX HEHYIEBBIM COOCTBEHHBIM 3HAYEHUAM aiz 3TOTO omepaTopa, a KoMmnosunusa GS : V = im F
coBnazaet ¢ orpanudenueM F|,,. Tlockonbky S* = S kak omepatopel V — V, a G* = G kax uso-
MeTpuYecKue onepaTopsl im F = V, mbl 3akiodaem, 9to F*F|, = $2. Tak Kak omeparop S? auaro-
HaJM3yeTcs B TOM JKe caMoM 6asuce, UTo U S, MBI 3aKJII0YaeM, YTO CAMOCOIPSIKEHHBIH omepaTop S
JefcTByeT Ha KaX[0M IIOAIIPOCTPAaHCTBe V; yMHOXeHHeM Ha @; U, TeM caMbIM, olipefiesigeTcd 1o F
OZIHO3HAYHO. ATormau G = S 1o F |y © V — W onpezenseTcsa oAHO3HAYHO. O

YIIPAXHEHHUE 12.5. Y6eanuTech, 9To onepaTtop F* : W — V meicTByeT Ha MOCTPOEHHBIE B JOKa3a-
TeJbCTBE Teop. 12.5 BeKTOPBI Wy, ..., W,. € W o mpaBuiy w; — a;u; ¥ aHHYJIUPyeT OPTOrOHAJIb-
HOe JIOTIONTHEeHNe K UX JIMHEeHHOM 000s104Ke. BEIBeANTE OTCIOZA, YTO MHOXKECTBA BCeX (C yI4ETOM
KpaTHOCTEeM) HeHy/IeBbIX COGCTBEHHBIX YUCEN y onepaTtopoB F*F u FF* ofuHaKOBbI.

ONPEZEJIEHVE 12.1 (CUHTYJIAPHBIE YMCJIA U CUHTYJIAPHBIE HATIPABJIEHUA)

B ycioBusx Teop. 12.5 Ha6op u3 dim U HeoTpuIaTeIbHBIX KBaAPATHEIX KOPHEH a; U3 COOCTBEHHBIX
3HAYeHUI caMOCONpPsKEHHOro onepaTopa FXF : U — U Ha3bBaeTcsa HABOPOM CUHZYAAPHBIX YlCeN
JuHeHoro otobpaskenus F : U — W mexay eBkaugoBbiMu pocrpadcrBamu U, W. PoBro 1k F us
HUX CTPOTO MOJIOXUTENBHEL. OHOMepHbIe MHBapHaHTHEIE IIoAIpocTpancTBa’ oneparopa FXF Ha3k-
BAOTCA CUHRYSAPHBIMU HANPABJieHUAMU OTOOpaskeHUs F.

TTPUMEP 12.6 (3THMOJIOTHA DIIUTETA «CUHTY/ISPHBI»)
CesxeM c oTobpackenueM F ;. U — W bynakmuio ¢ : U~0 - R, u — (Fu, Fu)/(u, u). [lokaxem, 4To
eé IIpOM3BOJHAA 3aHY/IAeTCs POBHO Ha COOCTBEHHLIX HallpaBIeHUAX onepaTopa F*F.

YIIPAXHEHHUE 12.6. [Tokaxkure, uto (u, u)’ (v) = 2(u, v) u (Fu, Fu)' (v) = 2(Fu, Fv) = 2(F*Fu, v).
CornacHo npasuny guddepeHIpoBanus Apobeii, yenosue ¢’ (1) = 0 paBHOCUIBLHO TOMY, YTO IS
nmoboro v € V BumonHAeTca paBeHcTBO 2(F*Fu, v)(u, u) — 2(Fu, Fu)(u, v) = 0, o3Havarolee, 9To
F*Fu = u - (Fu, Fu) / (u,u), T. €. 4TO BEKTOD U ABIAETCA COGCTBEHHBIM Ais1 oniepatopa F*F ¢ co6-
cTBeHHBIM 3HadeHueM (Fu, Fu)/(u,u) = (F*Fu,u)/(u, u).

lT. €. OAHOMEDPHBIE ITIOAIIPOCTPAaHCTBA, l'[OpO)K,Z[éHHbIe HEHYJIEBBIMU CcOBCTBEHHBIMM BEKTOpaMHU.
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C/NEACTBUE 12.3 (TTOJIIPHOE PA3JIOKEHUE)

Kaxzoe 6rieKTUBHOe JTMHelHOe peobpasoBanue F € GL(V) eBkIuzoBa mpocTpaHcTBa V gonyckaer
eIMHCTBEHHOe pasyoxeHue F = GpSg, B koTopoM onepaTop G € O(V) opToronaieH, a S € GL(V)
CaMOCOIIPSIKEH Y UMEET MOJIOKUTENbHBIE COOCTBEHHbIE 3HaUeHMs1. KBaZpaThl 3TUX COOCTBEHHBIX 3HAa-
YeHUI ABJIAIOTCA COOCTBEHHEIMU YHcIaMu onepaTtopa FXF.

JJOKABATEBLCTBO. [TOCKO/IBKY omepaTop F OHeKTHBeH, NpaBblil WIEH ero KAHOHIMYECKOTO pasJioxke-
HUA F = G o Sp » Pp u3 Teop. 12.5 ABjAeTcA ToxJeCTBEHHBIM 0TOOpaXkeHHeM, a CAMOCOIPAKEHHBIIN
omneparop Sp He uMeeT sgpa. CIeZioBaTeIbHO BCe COOCTBEHHBIE YHC/Ia OIIepaTopa Sp CTPOTO MONOXKHU-
TeJIbHBIL. |

3AMEYAHME 12.2. (ABHBIE ®OPMVYJIbL 418 G 1 Sp) KomnoreHTH G € O(V) U Si OJIApHOTO pasyioxe-
Hust F = Gg o Sp 0AHO3HAYHO HaxXozsTes U3 yeioBui GG = Idy, u S§ = Sgp. A uMeHHo,

F*F = S{G{GpSp = S&,

otkyza Sp = \/F*F u Gp = FSg'. OTMeTnM, 4To0 TaK Kak HyJIb He ABJAETCA COGCTBEHHBIM YHC/IOM
omepatopa F*F, aHanmuTrdeckas BHe Hy/s QyHKINSA \/Z anrebpandecKky BHIYMCIMMA Ha olleparope
F*F 1py OMOIIY CTaHAAPTHOM MHTEPIIOJAMOHHOM mporeayps u3 n° 10.4.1 Ha cTp. 126.

YOPAXKHEHME 12.7. [IoK&XXUTe, 4TO Ka)Kblil HEBBIPOXKAE€HHBIMN TUHelNHbIN onepatop F € GL(V) Ha
€BKJIMJOBOM IIPOCTPaHCTBa V' Takke JOIMyCKaeT eJUHCTBEHHOe pa3yioxeHue F = SR, B KOTOpOM
R € O(V), a S caMoconpsKEéH U UMeeT MOJIOKUTENbHEIE COOCTBEHHbIE 3HAUEHN, KBAZPaTHI KO-
TOPBIX PaBHBI COGCTBEHHBIM YMC/IaM orepaTopa FF*.

[IPUMEP 12.7
Haiizém nonapHoe pasnoxenue F = GS ana oneparopa F : R® — R3 ¢ maTpumneit

22/15 —4/3 4/15
F=|4/15 2/3 28/15
2/3  2/3 -1/3

B cTaHgapTHOM 6aswce. [TockonbKy det F = —4, oneparop F HeBeIpokeH. CaMOCOMPSIKEHHBIH OITe-
patop F*F vMeeT MaTpuIy

22/15 4/15 2/3\(22/15 —4/3 4/15 8/3 —4/3 2/3
C=FF=|-4/3 2/3 2/3||4/15 2/3 28/15|=|-4/3 8/3 2/3
4/15 28/15 -1/3)\ 2/3  2/3 -1/3 2/3  2/3 11/3

y kotopoi ciez tr(C) = 9, cymMMa IMIaBHBIX 2 X 2-MUHOPOB

8/3 —4/3\ _ 8/3 2/3\ _ 8/3 2/3\ _
det<_4/3 8/3>_16/3, det<2/3 11/3>_28/3, det<2/3 11/3>—28/3

paBHa 24, onpezgenurenb det(C) = det? F =16u XapaKTepUCTUYeCKUl MHOTOUIeH

det(tE-C)=t3 -9t +24t—-16 = (t — 1)(t — 4)%.
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Tak kak oneparop F*F nuaroHanusyeM, OH aHHYIUPYeTCS MHorowreHoM ' (t—1)(t —4). CliejoBaTesb-
Ho, MaTpulia H = \/E CaMOCOIIPSKEHHOTO COMHOXXUTEJA h MOJIAPHOro pasyoxeHus F = gh umeer
Bua’ aE + bC, re MHTePHONAIMOHHEIM MHOTOWIeH p(t) = a + bt A/1A BeYUCIeHUA GyHKINT \/E Ha
MaTpuiie C 0JHO3HAYHO omnpezeseTcs TeM, 9yTo p(1) = \/I =1up4) = \/Z =2,re.a+b=1n
a+4b=2,orkyzaa = 2/3,b = 1/3. Takum 06pa3omM, NOIAPHOE pasokeHue uMeeT BUA F = GH,
rZie caMocoNpsKE€HHadA MaTpuna H = \/E paBHa

2/3 0 0 8/9 —4/9 2/9 14/9 —4/9 2/9
0 2/3 0 |[+]|-4/9 8/9 2/9|=|-49 14/9 29
0 o0 2/3 2/9 2/9 11/9 219 209 17/9

a opToroHajpHas MaTpuna G = FH ™! paBHa

22/15 —4/3 4/15)\(13/18 2/9 -1/9 11/15 -2/3  2/15
4/15  2/3  28/15|| 2/9 13/18 -1/9|=]| 2/15 1/3 14/15
2/3 2/3 -=1/3)\-19 -1/9 5/9 2/3 2/3 -1/3

YIIPAXXHEHHUE 12.8. Y6eauTtech, uto G'G = E.

CJIE[CTBYE I2.4 (SVD-PA3/IOXXEHME?)

Kaxzas BemecTBeHHas npsAMoyronpHasa Marpuna F € Mat,,, , (R) packiageiBaeTcs B Ipou3BeZieHNe
F =T,,DT,, B xoropom Matpuliel T,,, € O, uT, € O,, OpTOroHaNbHLL, a M X n-Marpuna D = (di ]-)
AviaroHasIbHa ¥ HEOTPULATENbHA B TOM CMbICTIe, 9T0 d;; = 0 pu i # j, aBce dy; > 0. I1pu aTOM pOBHO
rk F araroHanpHBIX 3/1eMEHTOB MaTPUILEI D OTIMYHO OT HyJIA, K OHH C TOYHOCTBIO /IO IIepeCTaHOBKU
JMaroHaIbHBIX 371eMEHTOB He 3aBUCAT OT BEIOOPA YKa3aHHOT'O Pas/IoyKeHNU .

JJOKA3ATENBCTBO. ByzieM BociipuHuMats F = F,,, KaK 3allMCaHHYIO B CTAaHAAPTHBIX 0a3nucax n u m
npoctpanctB U = R™ u W = R™ marpuny nuneiinoro oneparopa F : R" — R™. O6osHauum
yepe3 U = (U, ..., U,) OPTOHOPMAJBHEIN 6a3uc MpocTpaHcTBa U, IIOCTPOEHHBIH B J0OKa3aTeIbCTBe
Teop. 12.5, a guepea w = (Wq, ..., W,,) — 000t OpTOHOpPMaIbHBIH 6a3uc npocTpancTsa W, cogep-
’KaIlui OPTOHOPMaIbHELN Ha60p BeKTOpoB w; = F(u;)/a;, 1 < i < r, u3 foKasaTenbcTBa TEOp. 12.5.
Omnepatop F : u; — a;w; 3a7aérca B 6asucax U U W JuaroHanbHoi Matpuneil D = F,,,
Bbl€ [JUarOHa/IbHBIE 3IeMEHTHl KOTOPOM CyTh CUHIY/IAPHBIE YUCIA A4, ... , O, ONepaTopa F. IloaTomy
F = FEn = Copw FyrsCum» T8€ Cypyy — OPTOTOHAIBHAA MATPUIIA IIEPEX0/A OT 6a3rca W K CTaHZapPTHOMY
6asucy m B R™, a C,,, = Cpr = CL, — OpTOroHa/IbHAA MATPHIIA TIEPEX0/ia OT CTAHAAPTHOTO 6a3H-
can B R" k 6asucy u. Jlis so6oro apyroro pasznoxenus F = T,, AT, ¢ oproronansabivu Ty, Ty, U
JvaroHaJIbHOU MaTpurei A umeem F tF = T, 1AtATn. [TocKO/IbKY TTO0OHBIE MATPHUILIBI UMEIOT 01~
HaKOBEIE C TOYHOCTBIO ZI0 IIEPECTAHOBKY COOCTBEHHBIE YHCIA, CTOSIIYE Ha JarOHAIHN JUarOHaIbHOM
MaTpuibl A A KBapaThl AMATOHATBHBIX 37IeMEHTOB MATPHIIE A CYTh COGCTBEHHBIE UHC/Ia MaTPHIIEI

F'F. O

HeHyJIe-

1Cm. mpeg. 10.4 Ha cTp. 123.
2Cm. n° 10.4.1 Ha cTp. 126.
3«SVD» siBNseTCA a66pEeBHATYpPOii OT aHIIHiicKOro singular values decomposition.



OTBeThI U YKa3aHudA K HEKOTOPBIM yIIpaXKHEHHUAM

Yrp. 12.1. OpTOrOHAJIBHEIN onlepaTop F epeBoAuT 6a3CHBINA BEKTOD e B BeKTOp Fe = le A € R, u
(e,e) = (Fe,Fe) = A* = (e,e),

oTKyza A = +1.

yme. 12.2. Tak kak (a + b,a — b) = (a,a) — (b,b) = 0, BexkTop (a + b) /2 € (a — b)*. [ToCKOJIbKY

a+b+a—b " b=a+b_a—b

s 16-12
2 2 2 2 ( )

JIJIs1 TFob6oro BekTopa w € (a — b)* BBImONHAIOTCH paBeHcTBa (W,a) = (W, (a + b)/2) = (w, b).
I103TOMY BEKTOPHI @ U b OPTOrOHAIBHO IPOEKTHUPYIOTCA HA TMIEPIVIOCKOCTH (a — b)Y B ofuH U TOT
ke BekTOp (a+b)/2, a paBeHcTBa (16-12) Aat0T OPTOrOHANBHEIE PA3JIOKEHUsI BEKTOPOB d U b B cCyMMe
V=(a-b'@®R-(a-b).

Yop. 12.3. PaccmaTpuBaeMslil TOBOPOT IUTOCKOCTH U SIBJIIeTCA KOMITO3UIIMEN OTPAaKEHUM OTHOCHUTEb-
HO MIPSAMBIX ui‘ NUwu uj‘ nu.

ymp. 12.4. Ecnu Fu = Au And HeHyseBOro BeKTopa U, To U3 paBeHcTBa (Fu,u) = —(u, Fu) BbITeKaeT
paBeHCTBO 21 - (U, u) = 0, BO3MOXXHOE TOJIBKO mpu A = 0.

yop. 12.6. (u+v,u+v) = (u,u)+ 2w, v)+o(|ul), (Flu+v), Flu+v)) = (Fu, Fu)+ 2(Fu, Fv)+o(|u|).

yop. 12.7. Tak kak omepaTop FF* caMmoconpsxéH U GUEKTUBEH, BCe ero COGCTBEHHEBIE YKCIa CTPOro
TIOJIOXKUTENbHEL. [103TOMY UMeeTCsT €[JMHCTBEHHBIM CaMOCOIPSDKEHHBIA OIIepaTop S C ITOIOKUTENb-

HBIMU COOCTBEHHBIMY 3HAYEHUSAMU, KBaJpaT KOTOPOTO paBeH1 FFX. Torma F = SR, tme R = S™'F
OPTOrOHaNEH, IOCKOIbKY R*R = R*S™%F = FX(FF*)™'F = 1d,,.

ITak kak S u S? JIMaroHaaM3yI0TCs B OHOM 6asuce, orepaTop S 06513aH AefiCTBOBATh Ha KaXKJOM COOCTBEH-

HOM MOZIIPOCTPaHCTBe V,; omepatopa S? yMHOMEHMEM Ha TIOJIOKUTETbHBIN \/i
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