§10. Jlunelinbie oniepaToOPLI

10.1. ITpocTpaHcTBO ¢ oneparopoM. Ilycte k — mpousBonbHOe mosie, V — KOHEYHOMEpPHOe BeK-
TopHOe npocTpadcTBo Han k, a F @ V — V — nuHelHBIN sHA0MOpdU3M ITpocTpaHcTsa V. Mbl 6yzem
HasbIBaTh napy (F, V) npocmpancmeom ¢ onepamopom WIN IIPOCTO JuHeliHbLM onepamopom Hag k. JIu-
HelfHoe oTob6paxkeHue C : U; — U, Mexzy nnpocTpaHcTBaMu c oneparopamu (F,, U, ) u (F,, U,) Ha3kI-
BaeTcs eomomopdusmom, ecnu F, o C = C o F;, T. e. AuarpaMma JMHEHHBIX 0TOOpaskeHIH
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komMyTaTHBHa'. Eci pu aToM oToGpakenue C 6UEeKTUBHO, onepaTophi F, 1 F, HA3HBAIOTCA U30-
MopdHbIMU WK N000OHbIMU. TakM 06pasoM, Togo61e onepaTopoB F; u F, o3HauaeT paBeHCTBO

F, = CF,C™*

ZUI1 HEKOTOPOro 06paTHMOro JIMHeHHOTo oTo6paykeHys C. B 5ToM cuTyalny Takxxe roBOPAT, 4TO F,
nosy4yaetcs us F; conpsascenuem nocpesctsom C.

[MognpoctpanctBo U C V HaswiBaeTcsa F-uHsapuanmiubim, ecmu F(U) C U. B aToii cutyanumn
napa (F |y, U) Toxe ABsieTcA IPOCTPAHCTBOM C OIlepaTopoM U BioxkeHue U < V ABjsgeTcs roMoMop-
¢$u3MoM MpoCTpaHCTB ¢ onepaTopamu. OmepaTop, He UMEIOITNH MHBAaPUAHTHBIX MMOATIPOCTPAHCTB,
OTJIMYHBIX OT HYJIS ¥ BCETO IPOCTPAHCTBA, HA3BIBAETCSA HENPUBOOUMbLM VT NPOCTbIM.

VIIPAKHEHUE 10.1. TToKa)uTe, 4TO OIlepaTop yMHOKeHuUs Ha k1acc [t] B daxTop konbie R[t]/(t%+1)
HETIPUBOJYM.

Omnepatop F : V — V HasbIBaeTCA pa3noncumblm, €CIU IPOCTPAHCTBO V MOXKHO PasIOXKUTh B NIps-
MYIO CYMMY /IByX HEHYJIEBBIX F-MHBapUAHTHBIX TOANIPOCTPAHCTB, ¥ HEPA3I0XHCUMbLM — B TIPOTUBHOM
crydae. Eciu onepaTop HENPUBOAMM, TO OH U HepaslokuM. O6paTHOe HEBEPHO, KaK MOKAa3bIBaeT
CJIe VIO IIPUMED.
YIIPAKHEHHUE 10.2. [IOKa)XKHTe, YTO ONepaTop YMHOKEHMsA Ha Kiacc [t] B daxTop kombie K[t] /(t™)
IIpU Bcex n > 1 IpUBOANUM, HO HEPa3I0XKUM.

Takum 06pa3oMm, Ha I0GBIM ToJieM |k MMeIoTCs Hepa3IoXKUMBbIe POCTPAHCTBA C OIIEPATOPOM JII060A
Pa3MePHOCTH, M OHU MOTYT ObITh TPUBOAUMBIL. KaX/i0e KOHEYHOMEPHOE Pa3JI0KUMOE TPOCTPAHCTBO
C OIIEPATOPOM SBJISIETCS IMPAMOM CYMMOU HEepa3J/IOKUMBIX MHBAPHUAHTHBIX IIOATIPOCTPAHCTB.

YTIPAXKHEHUE I10.3. [IokaxxuTe, 4TO ABOMCTBEHHEBIE onepaTopr2 F:V >V, F": V"> V*mb6o oba
Pa3JIoKUMBL, TNO0 062 HEPA3JIOKIMBEI.

3AMEYAHUE 10.1. (KJIACCU®UKALIMA ITIPOCTPAHCTB C ONIEPATOPOM) Haz mpousBosibHBIM nojieM k kax-
Jloe KOHEYHOMEPHOe HepasyIoKUMOe IIPOCTPAHCTBO C OIIEPAaTOPOM M30MOPGHO ONEPATOPY YMHOXKe-
HUs Ha Kiace [t] B konblle BordetoB k[t]/(p™), tae p € k[t] — HenpuBoaMMEIil MHOTOYIEH, am € N,

! Iinarpamma oTo6paskeHUH MeX Iy MHOKXECTBAME HA3bIBAETCA KOMMYMAMUEHOIL, eCT KOMITO3HUIIIH OTO6-
paKeHUI1 BAOJIb JIIOOBIX IBYX IyTeH ¢ OOGIMM HauaIoM U KOHIIOM OZMHAKOBHL.
2Cm. n° 7.3 Ha cTp. 91.
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120 810 JInHeliHbIe OllepaTOphl

U BCE TaK¥e TPOCTPAHCTBA He M30MOPQHBI PYT IPYTY MPH pasHbix p wiv m. [Ipoctpanctso k[t]/(p™)
HEIIPUBOJMMO e€CJIN U TOIbKO eyt m = 1. TIpou3BOIbHOE IPOCTPAHCTBO C OIIEPATOPOM U30MOPHHO
oIlepaTopy YMHOXeHNH Ha Kiacc [t] B mpAMoii cymme dakTop Koser Buza’ k[t] /(@™), u Takoe npes-
CTaBjIeHHe IIPOCTPAHCTBA C OIEePaTOPOM €JMHCTBEHHO C TOYHOCTBIO /10 IIePeCTaHOBKU CaraeMblX.
JloKa3aTebCTBa BCeX STHX GaKTOB 0OGBIMHO JAIOTCA B Kypce anre6prl>. Mbl He co6MpaeMcs UCIIONb-
30BaTh JAHHYIO KJIacCUPUKAIIMIO B IIOIHOH OOIIHOCTH, U BCe Te e€ CJIeZICTBUA, KOTOPhIe TIOHaA00ATCA
B HACTOAIIEM Kypce, OYAYT OTAENbHO JOKa3aHbl HIDKE.

10.1.1. XapakTepucTruieckuii MEHOro4wieH. IIycts onepartop F : V — V mumeer maTtpuny F, B
KakoM 6o 6asuce v mpoctpaHcTsa V. E€ xapakTepuctrueckuii MuorowieH det(tE — F,) Ha3bIBaeTCs
Xapakmepucmuueckum MHozoueHoM otieparopa F u o6o3Havaetcs yp(t). OH He 3aBUCUT OT BIGOpa
6a3uca, B KOTODOM ITHIIETCA MaTpHIa OllepaTopa, MOCKOJIBKY B JI0O0M ApyroM 6asuce w = v C,,,
marpuna’ F,, = C,,F,Cpy = CywF,Cy,, UMeeT

det (tE — F,,) = det (tCpmECyy — CowF,Cpyy) = det(Co (tE = F,) C,p ) =
= det C,,, - det (tE — F,) - det C,,, = det (tE — F,) .

OTO Xe BBIYKCJIEHUE TIOKA3bIBAET, YTO MMOJOOHEIE OIIEpPAaTOPhl UMEIOT PaBHbIE XapAKTEPUCTUYECKUE
MHOT'OYWIEHBI.

YIPAXXHEHUE 10.4. [l moboro mHorowieHa f € k[t] co crapumm koaddunrentom 1 mokaxu-
Te, YTO XapaKTEePUCTHYECKUI MHOIOWIEH ONlepaTopa YMHOXKEHUA Ha Ki1ace [t] B daKTop Kosblie

k[t]/(f) pasen f.

[TPUMEP 10.1 (XAPAKTEPMCTUYECKUI MHOTOYWIEH PA3JIOXKHMOT'O OITEPATOPA)
[TycTh pocTpaHcTBO ¢ onepaTopoM (F, V) aBjsieTcs IpAMOi CYMMOM IIPOCTPAHCTB C OllepaTopaMu
(G,U)u(H,W). Torza yp(t) = x(t)- xy(t), TOCKOIBKY B IFO60M COIIACOBAHHOM C pasIokeHueM V =
tE—G 0

Y 3aABJIEHHBIHN
0 tE - H >

U @ W 6asuce maTtpuiia oneparopa tE — F umeeT 6JI09HBIN BUJ <

pesy/nbTaT BeITEKaeT us ymp. 9.4 Ha cTp. 117.

10.1.2. AHHy/IHMpyOIHe MHOTOWIEeHEI. JInHelHbIH onepatop F @ V — V, gelicTByromuii B BeK-
TOPHOM IIpOCTPaHCTBe V HaZ Mpou3BoIbHOM IoseM kK, MOXXHO IIOACTaBUTh BMeCTO IIEpeMEeHHOM ¢ B
n060i MHOTOWIEH f(t) = ag + ast + -+ + a,,t"™ € k[t]. PeayibraToM TaKo# II0ACTAHOBKY SIB/ISIETCS
nuHeiiHbIH onepatop f(F) £ a,Id, +a,F + - +a,,F™ € End(V). [loacTaHOBKa GUKCUPOBAHHOTO

oneparopa F € End V Bo BceBo3aMOKHbIE MHOTOWIEHEI 3aAaéT romomopdusm k-anre6p
evp: k[t] - End(V), f+ f(F),

KOTOPBIi Ha3bIBAETCSA 20MOMOPPUZMOM 8bIUUCTEHUS MHOTOWIEHOB Ha ortepaTope F. MHOTOWIeHHI, Jie-
JKalpe B sape 3Toro romoMopdusma, T. e. Takue f € Kk[t], uro f(F) = 0, Ha3bIBAIOTCA AHHYAUDYHO-
wumu omeparop F. Eciu dim V < oo, anre6pa End V koHeuHOMepHa KaK BEKTOPHOE IIPOCTPAHCTBO

'B CyMMe JIOITyCKaIOTCs IIOBTOPAIOLINECA CclaraeMble.

2Cm. HanpuMep JeKuuu hitp://gorod.bogomolov-lab.ru/ps/stud/algebra-1/1314/lec-10.pdf
u http://gorod.bogomolov-lab.ru/ps/stud/algebra-1/1314/lec-11.pdf
Kypca http://gorod.bogomolov-lab.ru/ps/stud/algebra-1/1314/list.html.

3Cm. popmymy (5-10) Ha cTp. 67.
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Haz k, a anrebpa k[t] 6eckoneunomepna. [Toatomy ker evy # 0, T. e. 1106011 onepaTop Ha KOHEYHO-
MEPHOM IIPOCTPAHCTBE AaHHYIUPYETCs HEKOTOPBIM HEHY/IEBBIM MHOT'OWIEHOM. B crury ToxxzgectBa I'a-
MuIbTOHA — Ka/i! IpMepoM Takoro MHOTOWIeHa AB/IAETCA XapaKTePUCTUYECKU T MHOTOWIEH Xp(t).
TTocKOMBbKY Bee uzeansi> konbla k[t] rmaBHbie®, ugean ker eVg = (Up) COCTOUT U3 BCeX MHOTOWIEHOB,
JeNAINUXCs Ha HeKOTOPHIM MHOTOWIEH Up, KOTOPHIN OJHO3HAYHO 3aaéTcA KaK HeHy/IeBO MHOTo-
YWieH MUHUMAaJIbHOM CTENIeH! cOo cTapinM KoaddurientoM 1, Takoii uto yugp(F) = 0 8 End(V).

VIIPAYKHEHUE 10.5 (I10 AJITEBPE). Y6eJUTech B 9TOM.

MHorouieH ,uF(t) Ha3bIBA€TCA MUHUMA/IbHbIM MHO20W1€HOM OIl€EpaTopa F.

TEOPEMA 10.1 (TEOPEMA O PA3JIOXKEHUI)

[Tycts muHelHbIl ontepaTop F @ V — V Ha MIpou3BOIbHOM
noneM k annHynupyercsa MmHorowieHoM q € k[t], koTopriii packiazeiBaetcd B k[t] B mpousBeseHne
q=q1"qy" " * G, NONAPHO B3ANMHO IPOCTEIX MHOTOWIeHOB ¢; € K(t]. [Tonoxum Q; = q/q;. Toraa
ker q ;(F) = im Q(F) Anst KaXXAOTO j, BCe 3TH IOANIPOCTPAHCTBA F-MHBapUAHTHBI, ¥ IIPOCTPAHCTBO V
SIBJIAIETCSA IPSMOM CyMMO# TeX U3 HUX, YTO OTJIMYHEI OT HYJIA.

4 BeKTOpHOM IpocTpaHcTBe V Haz T06HIM

JOKABATE/NBCTBO. Tak Kak q(F) = q;(F) o Q]-(F) = 0, umeeM BruItodenue im Q;(F) C ker g;(F). Io-
3TOMY ZIOCTATOYHO IIOKa3aTh, 4TO V JMHeHHO nopoxaaerca obpasamu oneparopos Q;(F), a cymma
Aanep ker q;(F) npsaMad’, T. e. ker qi(F)n Zj# ker qj(F) = 0 g4 Bcex i. [lepBoe BEITEKaeT U3 TOTO,
uro HOA(Q,, ... , Q) = 1, a 3HAUWT, CyLIECTBYIOT Takue hy, ..., h, € k[t],uto1 =) Q]-(t)h]-(t). IToa-
CTaBJIsAsA B 3TO PaBEHCTBO t = F U NMpuUMeHss 06e 4acTH K MPOU3BOJILHOMY BEKTOpPY v € V, mosydaem
pasnoxenne v = Ev = Y Q i(F )h j(F w e Y imQ ]-(F ). Bropoe BbITekaeT 13 B3aMHOI POCTOTHI q;
U ();, B cJly KOTOPOH CyILIecTBYIOT Takue g, h € Kk[t], uto 1 = g(t) - q;(t) + h(t) - Q;(t). [loacTaBUM
crofa t = F 1 mpuMeHUM obe JacTH IoTydeHHoro paBeHcTBa E = g(F) q;(F) + h(F) o Q;(F) x mpo-
H3BOIBHOMY BeKTOpy v € ker q;(F) N Z#i ker q;. Tax xax ker q;(F) C ker Q;(F) mpu Bcex j # i,
nonyauM v = Ev = g(F) q;(F) v + h(F) Q;(F) v = 0, 4To 1 Tpe60BanoCh. O

ITPUMEP 10.2 (ITPOEKTOPBI)

JluHelHbIN onepaTop . V — I HaspiBaeTcsa udeMnomeHmom WIN NPOeKmMopoM, €CJIA OH aHHYJIH-
pyeTca MHOTOWIeHOM t% — t = t(t — 1), T. . yZOBIETBOPAET COOTHOMme Mo T2 = 1. ITo Teop. 10.1
obpas3 sroboro uaemMnoTeHTa T : V — V coBmajaeT ¢ MOANPOCTPAHCTBOM €r0 HEMOABMKHBIX BEKTO-
poB: imm = ker(m — Idy) = {v| m(v) = v}, u Bcé npocTpaHCTBO pacnazaercsa B IPAMYIO CyMMy
V = kerm @ imm. Tem cambIM, ormiepatop 7 IpoekTupyeT V Ha im  Baoab ker 7. OTMeETUM, 4TO
omneparop Id;, — 7 Toxe sBNAETCA MAEMIIOTEHTOM U ipoekTupyeT V Ha ker m Bgosb im 7. TakuMm 06-
pasom, 3azaHue npsaMoro pasnoxerusa V = U @ W paBHOCWIBHO 3aZlaHUIO TTapbl MJeMIIOTeHTHBIX
3HIOMOPOU3MOB T, = T3 U T, = T4 IPOCTPAHCTBA V, CBA3aHHBIX COOTHOMIEHUAMU TT; + 7T, = 1 U
mn, =m,m, =0.

YIPAXKHEHHUE 10.6. BEIBeUTe U3 3TUX COOTHOLIeHu#, uro ker m; = imm, nimm, = kerm,.

1Cm. n° 8.4.2 Ha cTp. 108.

2CM. HavaIo Jekuu http://gorod.bogomolov-lab.ru/ps/stud/algebra-1/1314/lec-05.pdf.
3Cm. Mpegioxenue 5.1 Ha cTp. 74 To# e JEKIUH.

*B03MOKHO axe 6eCKOHEYHOMEPHOM.

>CM. omp. 4.2 u npezj. 4.2 Ha cTp. 54.


http://gorod.bogomolov-lab.ru/ps/stud/algebra-1/1314/lec-05.pdf
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[IPYIMEP 10.3 (MHBOJIIOLIIN)

JIuHelHbIN oneparop o : V' — V HasbIBaeTcs uHgooyuell, €CJIU OH aHHYJIUPYETCSI MHOTOWIEHOM
t?> — 1, T. e. yaoBneTBOpPAET cooTHomeHuto o> = Id;,. ToxkzaecTBeHHas uHBoMONYA 0 = Id}, Ha3bI-
BaeTca mpusuansHoil. Ecmm chark # 2, 1o t* — 1 = (t + 1)(t — 1) = 0 ABAAETCA MPOU3BeACHUEM
Pa3IMYHBIX IMHEMHBIX MHOXKUTeIeH. [T0aToMy HaZ TAKUM II0JIeM KaXoe IIPOCTPaHCTBO V ¢ MHBOJIIO-
nyelt o pacnagaeTcsa B mpaMyro cymMMmy V = V, @ V_ cobcTBeHHBIX ToAnpocTpaHcTs V, = ker(o — E)
uV_ = ker(o + E) c cobcTBeHHbIMY 3HaYeHUAMU +1 1 —1 cooTBeTCTBEHHO. [IPOM3BOJIBHBIN BEKTOD
vV = v, + V_ IPOCTPAHCTBA V MMEET B 3TOM Pa3jIOK€HUH KOMIIOHEHTEI

v+=% v_=v_2;‘v€im(a—1dv)=V_.
10.2. CoGcTBeHHBIE TOATIPpOCTpaHCTBa. HeHyneBoi BekTop v € V HasbIBaeTcs cobCcmaeHHbLM 8eK-
mopom nuHelHoro onepatopa F : V — V eciu F(v) = Av Ans Hekoroporo uuciaa A € k. Oto uucio
HAa3BIBAETCA COOCMBEHHbIM 3HAUEHUEM WU cO6CMBEHHbIM UlUCIoM OTiepaTopa F Ha coOGCTBEHHOM BeK-
Tope v. COOCTBEHHBIE BEKTOPHI C 33/[aHHBIM COOCTBEHHBIM YUCJIOM A 00pa3yloT BMECTe C HyJIEBBIM
BEKTOPOM F-MHBapUaHTHOE MOAIIPOCTPAHCTBO

€eim(c+1Idy) =V, u

€ {veV|Fw)=Av} =ker(A1d, - F), (10-1)

KOTOpPOe Ha3bIBaeTCsI cobcmeeHHbiIM nodnpocmparcmeom onepatopa F. [Tockonbky ker(A Idy, —F) # 0
ecnu ¥ Tonbko ecnu det(A1dy, — F) = yp(1) = 0, noampocrpancTBo (10-1) OLIMYHO OT HYJIA TOTAA
Y TOJIBKO TOT/A, KOTZIa YMCJIO A ABIAETCS KOPHEM XapaKTEPUCTUYECKOTO MHOTOWIEHa omeparopa F.
TakuM 06pa3oM, MHOXKECTBO COOCTBEHHBIX YUCEN onepaTopa F eCTh MHOXKECTBO KOpHE MHOTOYIe-
Ha Yy B nosie k. OHO HasbIBaeTcs cnekmpom oneparopa F B mone k u o6o3Hauaercsa Spec(F) win
Specy (F), ecnu BaxxHO ABHO yKasaTb nose. Tak kak deg yp = dim V, KomidecTBO pasjIndHbIX cO6-
CTBEHHBIX YKCEJ He MPEBHIIIAET PA3MEPHOCTH ITPOCTPAHCTBA:

| Spec(F)| < dim V.
Hay anre6pandecky 3aMKHYTHIM oseM k CIieKTp Bcerza He Iycr.

[IPEZ/IOKEHUE 10.1
Haz anrebpanyecku 3aMKHYTBHIM TI0JIeM K Ka)KZAbIN JTUHEMHBIN omepaTop 06safaeT XOTA Obl OJHUM
HEHYJIEBBIM COOCTBEHHBIM TTOAIIPOCTPAHCTBOM. O

[TPEZ/IOKEHUE 10.2
Spec F cofep:XUTcst B MHOKECTBE KOPHEM JII060r0 MHOTOWIEHa, aHHYIUpyoIero F.

JIOKA3ATE/ILCTBO. OrpaHudeHye oneparopa F Ha co6cTBEHHOE IIOATIPOCTPAHCTBO V) ABJIAETCA TOMO-
TeTHel ¢ koadpduirenTom A. [ToaTomy A5 moboro MHorowiena g € k([t] onmeparop g(F) AeiicTByeT
Ha V) kak romoteTus ¢ koadpdpunuentom g(4). Eciu g(4) # 0, To g(F )|V2 #+ 0. O

T[IPE/IJIOKEHUE 10.3
JIro6oii Habop COOCTBEHHBIX BEKTOPOB C IOMAPHO Pa3IUYHBIMU COOCTBEHHBIMU YHCIAaMU JTMHEHHO
HE3aBUCHM.

JIOKABATENBCTBO. [TycTb COOGCTBEHHBIE BEKTOPHL V;, V,, ... , Uy, UMEIOT IIONIAPHO pa3Hble COOCTBEHHBIE
yncna A4, 4,, ..., A, ¥ IMHEeHHO 3aBUCUMBL. PacCCMOTPUM 3aBUCHMOCTD, COZIEPXKAIyl0 MUHUMAaIbHO
BO3MOXXHOE YHCJIO BEKTOPOB, U IIYCTh 3TO OYAYT BEKTOPH! €4, €,, ..., €. Torqa k > 2 u

€ = X164 + X,€, + e+ Xpk—1€k—1>
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rze Bee x; € k ommansl ot Hysis. [Ipu aToM Ay ey, = F(ey,) = Y, x;F(e;) = ). x;A;e;. Berauras us aToro
paBeHCTBa Ipeblyliee, YMHOXEHHOe Ha A, NolydaeM 6ojee KOPOTKYIO JMHEHHYIO 3aBUCHMOCTD
0=x,(A; =) -e; +x,(A; —Ag) ey + -+ +x3_1(Ag_; —Ag) - €)_, C HeHy/IeBEIMU KO3pUIMEHTaMU.
[TpoTuBOpeUHe. O

CJEACTBUE I0.I
CyMMa cOOCTBEHHBIX TIOATIPOCTPAHCTB C Pa3HBIMU COOCTBEHHBIMH YHCIaMU SIBJSETCS IPIMOA. O

CJEACTBUE 10.2

Y  dimV; <dimV.
AeSpecF

YIIPAXKHEHUE 10.7. HpI/IBEZ[I/ITe IIpUMED OIIeparopa, A KOTOPOTO 3TO HEPABEHCTBO CTPOTOE.

10.2.1. Junarosanusyemsle oneparopsl. Onepatop F : V — V Ha3bIBaeTcs 0uazoHanU3yeMbLM,
eciu B V nMeeTcs 6a3uc, B KOTOpoM F 3aIMchIBaeTCs AUAaroHalIbHOM MaTpuieil. Takoi 6a3uc cCocTOUT
13 cOOCTBEHHEBIX BEKTOPOB ollepaTopa F, U 3JIeMeHTHI IMaroHaIbHON MaTPUIIBL ABIAIOTCA COOCTBEH-
HBIMU 3HaYeHUsAMU oftepaTtopa F, mpuuéM Kakgoe yucio 1 € Spec F BCTpevaeTcs Ha JUarOHaIH POB-
HO CTOJIBKO Pas, KaKoBa KPaTHOCTb KOPHA t = A B XapakTepUCTUIECKOM MHOTOWIeHe Y (t) U KaKoBa
pasMepHOCTb cOGCTBEHHOTO MoAnpocTpaHcTBa V. TakuM 06pa3oM, C TOYHOCTBIO 10 IIepPeCTaHOBKU
JaroHaJbHBIX 3JIEMEHTOB JUaroHaabHasA MaTpulla AUaroHaJInu3yeMoro oneparopa F He 3aBUCUT OT
BbIOOpa 6a3rca, B KOTOPOM orepaTtop F MMeeT JUaroHaabHYI0 MaTpHUILY.

IIPEA/IOKEHYE 10.4
Crnenyromue cBolcTBa oneparopa F | V — V 5KkBUBaJIeHTHHI:

1) F pmaroHanusyem
2) mpocTpaHCTBO V IUHENHO MOpoXKAaeTcss COOCTBEHHBIMU BEKTOpaMu oriepaTtopa F

3) xapaxTepUCTUYeCKUI MHOTOWIEH X (t) IOJHOCTBIO PACKIaAbIBACTCS HA IMHEWHbBIe MHOXUTeE-
s B K[t], ¥ KpaTHOCTD Ka’K0T0 KOPHA A MHOTOWIEHA Y PaBHA Pa3MepHOCTH COOCTBEHHOTO
noAmpocTpaHcTBa Iy

4) omeparop F aHHyJIHpPyeTCsA MHOTOWIEHOM, KOTOPHIM IIOJHOCTBIO packiazbiBaerca B k[t] Ha
IIOTIApHO pasjNyHble IUHEeHHbIe MHOKUTEIHU.

JIOKASATEJILCTBO. DKBUBAJIEHTHOCTb cBOUCTB (1) u (2), a Takke ummuinkanusa (1) = (3) oueBUIHEL.
I3 (3) BBITEKAET, UTO Y qpocp AimMVy = degyp = dimV. Tostomy V = €D)cgpecr Va B Iy
ci1. 10.1. Tak Kak Kaxxz0e cOOCTBEHHOe IIOATIPOCTPAHCTBO V; aHHynupyetcs oneparopoM (F — Aldy,),
BCé mpoCTpaHCTBO V aHHynupyercs komnosuipei || aespecr(F — Aldy), T. e. oneparop F aHHy/1u-
pyeTcs MHOTOWIEHOM H AeSpec p(t — ). Oro gaét ummmmkanuio (3) = (4). Ummmukanua (4) = (1)
C/le/lyeT U3 TeopeMbl Pas/IoxKeHUH ' : eciiv oriepaTop F aHHY/IHPYeTCs IPOU3BeeHUeM 11 u(E—H1), BKO-
TOpOM (i Tipoberaet 6e3 MOBTOPEHUH HEKOTOPOEe KOHEYHOE MMOAMHOXKeCTBO B I, To V AB/IsgeTcs mpsamoi
cymmolt Tex moamnpoctpanctB ker(F — uld), koTopele OT/IMYHEL OT HYJIS, T. €. COBCTBEHHBIX ITOAIPO-
cTpaHcTB omepaTopa F. Il

lcm. teop. 10.1 Ha cTp. 121.
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C/JE/ZICTBUE 10.3
Ecnu omepaTop F : V — V auaroHanusyeMm, TO €ro orpaHuyYeHUe Ha JI060e NHBapUaHTHOE MOATIPO-
CTPAHCTBO TOXKe JUaroHaJnu3yeMo Ha 3TOM IOANPOCTPAHCTBE.

JIOKA3ATE/ILCTBO. DTO BbITeKaeT 13 cBoiicTBa (4) npezn. 10.4. O

10.2.2. ITepecTaHOBOYHBIE OonlepaTopbl. Eciu nuHeliHble onepatoprl F, G : V — V Ha BekTOp-
HOM IIPOCTPAHCTBe V HaJ MPOU3BOIBHBIM IOJIEM K KOMMYTHUPYIOT APYT C APYTOM, TO SAPO U obpas
JM060r0 MHOTOWIEHa OT orepaTopa F mepeBoAATCs onepaTopoM G B ce6si, TOCKOIbKY

fF)v=0 = f(F)Gv=Gf(F)v=20
v=f(F)w = Guv=GfF)w=f(F)Gw.

B wacTHOCTH, Bce cob6cTBeHHEBIe noAnpocTpaHcTsa V) = ker(F — AE) nHBapuaHTHBI OTHOCUTENBHO
J060Tr0 MepecTaHOBOYHOTO ¢ F omnepartopa G.

[TPEA/IOXKEHUE 10.5

B KOHEYHOMEPHOM BEKTOPHOM IpocTpaHcTBe V Haj anrebpandecku 3aMKHYTHIM TioseM Kk mo6oe
MHOXXECTBO KOMMYTHPYIOIIUX APYT C APYTOM OIIEpPaTOpPOB 00laflaeT OOIUM /i BCEX OMEPaTOPOB
cobcTBeHHBIM BeKTOpoM. Haz mponsBosibHBEIM T101eM kK 11060€ MHOXKECTBO KOMMYTHUPYIOLIUX APYT
C IPYyTOM IMaroHaJIM3yeMbIX OITeEPAaTOPOB Ha I/ MOXXHO OZIHOBPEMEHHO IMaroHaIN30BaTh B OJHOM 00-
IIeM /i1 BCEX OTlepaTopoB baswuce.

JOKA3ATE/ILCTBO. MHAyKIus 1o dim V. Eciu Bce omepaTophl cKasspHel (4To Tak npu dimV = 1),
TO ZIOKa3bIBaTh HEYET0 — TOZAOUAYT, COOTBETCTBEHHO, IF0O0I HEHY/IEBOU BEKTOD U 10601 6asuc. Ec-
JIY CpeJY OTIepaTOpOB €CTh XOTh OWH HeCKaJIAPHBIN oneparop F, To HaJ 3aMKHYTBHIM II0JIEM Y HETO
€CTh COOCTBEHHOE MOAIIPOCTPAHCTBO CTPOI'O MEHBIIEH pa3MepHOCTH, YeM V, a B [UaroHajImu3yeMoM
ciydae V ABJseTCs psIMOL CyMMO# TaKUX COOCTBEHHBIX TOATIPOCTPAHCTB. KaXkzoe cO6CTBEHHOE IO/ -
IIPOCTPAHCTBO olleparopa F NHBapHaHTHO /IS BCeX OIIepaToOpOB, IPUYEM eC/IU OllepaTophl JuaroHa-
JIM3yeMBI Ha BCEM IIPOCTPAHCTBE, TO MX OTPAaHMYEHNUA Ha COOCTBEHHBIE ITOANIPOCTPAHCTBA OIIepaTo-
pa F ocraHyTca guaroHanusyeMsl 1o ci1. 10.3. IIpuMeHAs K cOOCTBEeHHBIM IIOANIPOCTPAHCTBAM ollepa-
Topa F IIpeAronoXeHre NHAYKINY, TT0Jy4aeM Tpebyemoe. ]

[TPUMEP 10.4 (KOHEYHBIE I'PYIIIIBI OITEPATOPOB)

Ecii m TMHENRHBIX OITepaTOPOB Ha KOHEYHOMEPHOM IIPOCTpaHCTBe V Ha anrebpandecky 3aMKHYTHIM
noseMm k xapakrepuctuku char k > m o6pasyioT rpymiy G, TO KaK/IbIi M3 9THX OIEpPaTOPOB aHHY-
JIMPYeTCA MHOTOWIEHOM £ — 1, KOTODHII PacKIaABIBAETCA B IPOU3BEJEHHUE 1 MOIAPHO PasIuYHbIX
JUHeHHBIX MHOXUTe el [T09TOMy Ka/bIi omlepaTop B Tpymie G AuaroHaausyeM. Bce omepaToper
M3 CPYIIbI G OMHOBPEMEHHO AMArOHATU3YIOTCA B OHOM 00IIeM 6asrce eCIM U TOJIBKO eCJTH IpyTina G
abesneBa.

10.3. HwibnoTeHTHEIE onepaTopbl. Oneparop F : V — V HasbBaeTcA HUIbNOMEHMHbBIM, €CJIU OH
AHHY/IMPyeTCs MHOTOWIEHOM Buza t™, T.e. eciu F™ = 0 s Hekotoporo m € N. TTOCKOJIbKY MU-
HUMAaJbHbIM MHOTOYIEH oriepaTopa F sBisercs AenutesieM t'™ ¥ UMeET CTeneHb He GOoIbIlle CTENeHn

ockonpky npoussoanas mt™ ! mMHorowiena t™ — 1 oT/IMYHA OT Hy/IA U B3aHMHO IIPOCTA C STUM MHOTO-
WIEHOM, OHa He UMeeT C HUM 061ux KopHel. CieoBaTeNbHO, Y MHOTOWIEHA HeT KPaTHHIX KOPHEH.
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XapaKTepUCTUYECKOTO MHOTOWIEHA, KoTopas paBHa dim V, B onpezieleHUY HUWIBIIOTEHTHOTO OTIepa-
TOpa MOXKHO 6€3 OrpaHUYeHUs OOIIIHOCTH CYUTaTh, yTo m < dim V.

VIIPAXKHEHHUE 10.8. [TokakuTe, 4TO HaJ anrebpandecku 3aMKHYThIM mosieM Kk orrepatop F HUIBIIO-
TEHTEH TOTZa U TOJIBKO Torza, koraa Spec F = {0}.

ONPEAEJEHUE 10.I (3KOPIAHOB BA3UC HUJIBIIOTEHTHOTO OTIEPATOPA)

Basuc mpocrpaHcTBa V' ¢ HWIBIIOTEHTHEIM oriepaTopoM F @ V' — V HasweiBaeTcs yuxkiuueckum (viu
20pOaHO8bIM), ECIIA €TO BEKTOPHI MOXKHO PACCTAaBUTh B KJIIETKU HEKOTOPOH AuarpaMmbl FOHTa v Tak,
yToOBI F aHHYJIMPOBaJ BCE BEKTOPHI CAMOTO JIEBOTO CTOJIOIA U TIEPEBOAWIT KaXK/BIN M3 OCTABIIMXCS
BEKTOPOB B COCEeJHUIA ciieBa:

11 Q€ 0 0 0 0 0 o
[ ] 0 € 0 < 0 < o «— «—
V> 0O € 0 o < o (10-2)
Q) € 0 < o <— o
L1 | 0O €< o < o

Juarpamma (10-2) Ha3BIBAETCA YUKIOBbIM MUNOM KOPAAHOBA 6asuca. [enoyky 6a3uCHBIX BEKTOPOB,
PacCIoJIoXKEHHBIE B €€ CTPOKAX, Ha3bIBAIOTCA H#OPOAHO8bIMU Uenoukamu. TakuM obpa3omM, MaTpuiia
HWIBITOTEHTHOTO OTlepaTopa B JKOPZAAaHOBOM 0a3uce COCTOUT U3 PACIIOIOKEHHBIX B/I0JIb [JIaBHOI /i1a-
TOHaJIV KBa/[paTHHIX OJI0KOB BU/A

o 1 0 - 0
0 0 1
Jn(0) & . 0|, rme m &N — pasmep 6710Ka, (10-3)
0 oo 1
o o0 - 0 O

KOTOpBble GMEKTHBHO COOTBETCTBYIOT CTPOKaM AuarpaMMsl (10-2) ¥ UMEIOT pa3Mephl, paBHEBIE JJTH-
HaM COOTBETCTBYIOIINX CTPOK. Bce ocTanbHBIE 27IeMEHTHI MaTPUIIBI HyJIEBHIE.

TEOPEMA 10.2

Kask/Iplil HIJIBIIOTEHTHBIN oreparop F Ha KOHEYHOMEPHOM BEKTOPHOM IpocTpaHcTBe V # 0 obia-
JaeT KOPJAHOBBIM 6asrcoM. Bce xopaaHOBHI 6a3KChl orepaTopa F MMEIT OAUHAKOBBIN IIUKJIOBOM
TUI, TpUIEM j-¥ cneBa cronben auarpamMmsbl (10-2) cocrout u3 dim ker F J — dim ker F/~! knetox.

JOKABATENBLCTBO. MHAykiws o dim V. Eciu F = 0 (uro Tak mpu dim V = 1), To 060t 6asuc B V 8-
JITETCSI YKOPAaHOBBIM, U irarpamma FOura (10-2) mpezcTasisieT o600 oiuH cTo6er BeicoTs dim V.
Eciu dimV > 1u F # 0, To mognpocTpascTBo ker F C V omiuyHo u oT Hysis, u oT V. [loatomy dak-
Top W =V /ker F siBisieTcsi HEHy/IeBBIM BEKTOPHOM IIPOCTPAHCTBOM Pa3MEPHOCTH CTPOTO MeHbIIIEH,
yeM V. Onepartop F koppekTHO pakTopr3yeTca 0 HWIBIIOTEHTHOI'O oIlepaTopa

Ey: W->W, [v]le [Fv].

VIIPAXKHEHUE 10.9. Y6eIUTeCh B 9TOM.

ITo mpeATonoXeHNI0 UHAYKIINY, B IIPOCTPAHCTBE V CYIIEeCTBYIOT BEKTOPHI Wy, ... , W,,, KJIacChl KOTO-
pIX [w,], ..., [w;,] mo Mogyio ker F o6pasyloT xopAaHOB 6asuc onepartopa Fy,. O6passl 3THX BeK-
TOpoB F(w,), ..., F(w,,) TMHel1HO HE3aBUCHUMBI B V, TIOCKOJIbKY PaBEHCTBO

0= Fw)+ -+ A1, Fwy) =F(A,wy + -+ A,,w,,)

1 OH HaswBIBaeTCA yuKkA08bLM Munom ofepaTopa F 1 o6o3HauaeTcs V(F).
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o3Havaert, YTo A, w, + -+ + A w,, € ker F, t.e. ,[w;] + -+ + A,,[w,,,] = [0]BW =V /kerF, uto
BO3MOXKHO JIMIIb ecyn Bee A; = 0. ITycTb Kiaccel [wy |, ..., [W] cocTaBiAIOT IepBbIii cTon6er fzuarpam-
Ml (10-2) 151 otiepatopa Fy,. JlomonHAsa TuHeHO He3aBUCUMEIE BEKTOPEL F(w, ), ..., F(wg) € ker F
no 6asuca B ker F kakuMu-HUOYAb BEKTOPAMU U, ..., U, € ker F, momyyaem xopzaHoB 6asuc orme-
patopa F : V — V, cocToamuii U3 BEKTOPOB Uy, ... , Uy, F(Wy), ..., F(Wg), Wy, ..., Wy,.

YIMPAXKHEHUE 10.10. Y6€IUTECH, YTO STU BEKTOPHI ZIEHCTBUTETHHO 06pasytoT 6asuc mpocTpaHcTsa V.

[TocegHee yTBEPXKIEHNE TEOPEMBI BRITEKAET 13 TOT'0, YTO KOPAAHOBLI 6a3UCHEIE BEKTOPHI, CTOSIINE
B IIEPBBIX j cTONONax AuarpaMmsl (10-2) aia oneparopa F, cocrapsaror 6asuc B ker F/. |

10.4. KopHeBoe pa3jio:keHHe U QYHKIIUH OT onepaTopoB. s 3ajaHHbIX yncia A € k v muHelHo-
ro oneparopa F : V — V MHOXeCTBO

K,€{vevV|dmeN: Ald-F)™v =0} = U ker(AId — F)™ (10-4)

m21

Ha3bIBaeTCA KOPHe8bIM nodnpocmpancmeom oneparopa F.

YIPAXXHEHME 10.I1. Yb6eaurech, 4to K; C V gelicTBUTENBHO ABIAETCA BEKTOPHBIM IIOAIPOCTPAH-
CTBOM M OTJIMYHO OT HYJISL €CJIU ¥ TOJIBKO eciii A € Spec F.

s KaxkA0ro A € Spec F umeetcs BrimodeHue V; C K;, KOTOpOe MOXKET GBITb KaK CTPOTHUM, TaK U
A A> >
paseHcTBOM. VI3 TOXKAecTBa 'aMUIbTOHA — Kamu' u TEeOpeMBI pa3]IO}KeHI/II/IZ BBITEKAET

CJIEZICTBUE 10.4 (TEOPEMA O KOPHEBOM PA3JIOXKEHUU)

[TycTe XxapaKTepuCTUYeCKUI MHOTOWIEH Y () MMHelHoro oneparopa F © V — V Ha KOHEYHOMEPHOM
BEKTOPHOM IIpocTpaHcTBe V Haz noneM Kk mosHocThIo pasnaraercs B k[t] Ha 1MHeHbIe MHOXUTENN:
xp(t) = H/leSpecF(t — )™, TorngaV = @AeSpecF K;, npuuém K; = ker(11d — F)™ pna Bcex
A € SpecF.

JIOKABATENILCTBO. Pasnokenue yp(t) = [] (t — )™ ynoenerBopsier ycaoBusam teop. 10.1 Ha
A€Spec F
ctp. 121 st q; = (¢ — D)™, otiyna V = @ cgpec p ker(A1d — F)™2. O

10.4.1. ®yHKIMH OT onlepaToOpoB. [lycTh TuHelHbIlN oniepaTop F felicTByeT Ha KOHEYHOMEPHOM
BEeKTOPHOM npocTpaHcTBe V Hag nosreM R mnu C, koTopoe MbI 0603Ha4nM depe3 K. Beiozy nanee Mbl
IpezrnosaraeM, 4ro F anHynupyetcsa MHorowieHoM a(t) € K[t], KoTOpBIii TOJHOCTBIO pasiaraeTcs
Hay K Ha 1uHEeNHbIe MHOXUTEINH, T. €.

a(t) = (=A™t =)™ - (t—A)™Ms, (10-5)

rae A; # A;jupui # juscem; € N. Mo nonaraemm = dega = m, +--- +mg. Anre6pa A, cocrosmas
u3 dyukrmit U — KK, 3asaHHBIX Ha KakoM-HUOYAb moagmHoxkecTBe U C K, comepikaiieM Bce KOPHU
MHorowieHa (10-5), Ha3bIBaeTcs anzebpauuecku sbiuucaumoil Ha oneparope F, ecmu K([t] C A u ana
Ka)XZIoTo KOpHA A KpaTHOCTH k MHOorowreHa (10-5) Bce dynkuum f € A onpegenensl B Touke A € K

BMECTE C IEPBHIMU k — 1 IPOU3BOAHBIMH [ W = % Y JIOIYCKAIOT pasjioKeHue BUa
! k-1)
) (1) _
fO=fQA)+ fT(t -+ + ]ﬁ(t — k1t 4 g, () - (t — Dk, (10-6)

'Cm. n° 8.4.2 Ha cTp. 108.
2Cm. Teop. 10.1 Ha cTp. 121.
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rae GyHKIUA g, (t) ToxXe JIEXUT B anrebpe A.

Eciu xapakTeprcTUYeCKUI MHOTOWIEH X (t) IOMHOCTBIO pasnaraerca B K[t] Ha 1MHeliHbIe MHO-
JKUTEJH, MOXKHO IIOJIOXKUTD a(t) = xp(t). Anrebpa A Bcex QYHKIUI, OIpeieIéHHBIX B £-OKPECTHOCTH
KaKZI0T0 COOCTBEHHOTr0 uncyia A € Spec F v IpecTaBUMBIX B HEH CYMMOM a6COMIOTHO CXO/SIIETOCS
cTemeHHoro psza ot (t — A), anrebpanyecku BRIYUCINMA Ha omepartope F. [Toganre6pa B A, COCTO-
Amas U3 Beex aHanuTHYeckux ¢ynkumit' K — K, anre6pandecky BHIYMCIMMA Ha BCEX JTMHEHHBIX
oneparopax F € End(V), xapakTepucTryeckrie MHOTOWIEHBI KOTOPBIX TIOJTHOCTHIO pasararoTcs Ha
JIMHEeHHbIe MHOXUTENU B K[t].

TEOPEMA 10.3

B cieTaHHBIX BHITIIE TTPEATIONOMKEHUAX KaXk/jasa aarebpandecky BbiYucInMasi Ha orepartope F @ V — V
anrebpa GyHKIUI A AONycKaeT eANHCTBEHHbIH Takoi romoMopdusm K-anrebp evy : A — EndV,
uT0 evp(p) = p(F) Ana Bcex MHorowteHoB p € K[t] C A.

ONPEAENEHME 10.2 (TOMOMOP®H3M BBIYMC/IEHNA)

Tomomopdusm evy : A — EndV us Teop. 10.3 HazeiBaeTcs gpiuucaenuem GyHkuuii f € A Ha ome-
patope F. JluneliHsIl onepaTop evp(f) : V — V, B KoTOpHIY mepexoguT GyHKIMA f € A IpU TOMO-
MopdusMe BhIYMCTIeHUs, 0603Havaetrcs f(F) v HasbIBaeTcs yHkyueli f om onepamopa F.

3AMEYAHUE 10.2. (KAK OTHOCHUTBCA K ®YHKLIMAM OT OIEPATOPOB) M3 Teop. 10.3 BeITekaeT, 4YTO AJsA
soboro onepatopa F € End(V), xapakTeprcTryecKyii MHOTOWIEH KOTOPOTO HOJHOCTBIO pasJara-
eTcs Ha JuHelHble MHOXUTeTU B K[t], onpesenensl Takve aHanuTH4eckue GYHKIMHM, KaK ef wm
sinF, aecmu F € GL(V), TO 1 Takue aHAIMTAYECKUE BHe HYIA QyHKINH, Kak In F win \/F , IpUYEM
anrebpanyecKre CBOMCTBA COOTBETCTBYIOIUX onepaTopoB f(F) B anre6pe End V 6yayT TouHo Taku-
MU e, KaK y YMCTIOBBIX GyHKui e, sint, Int u \/E B yacTHOCTH, BCe 3TH GYHKIIUU OT onepaTopa F
KOMMYTHPYIOT APYT C IPyTOM 1 ¢ F, a Takke yZI0BIeTBOPAIOT COOTHOIMEHUAM BpoZie In F2 = 2InF u
\/F F = F. TakuMm 06pa3oM, GyHKIHMH OT OTIEPATOPOB MOXKHO MCIIOIh30BaTh JJIs1 OTHICKAHMUS OTIe-
paTopoOB C IIpeAnrCaHHbIMU CBOMCTBaMY, HaIIpUMep, 71 U3BjedyeHUA KOpHel 13 HeBBIPOXKAEeHHbIX

0TIepaToOpOB.

m
JIOKABATE/ILCTBO TEOP. 10.3. IIycTh oneparop F aHHymupyeTcsa MHOrowieHoM a(t) = [[,(t—2)"2,tae
A=24,..., 1, mpoberaer Bce pa3INIHble KOPHU 3TOT'O MHOT'OWIEHA, ¥ ITyCTh NCKOMBIM FTOMOMOPGU3M
evp: A — K cymectsyer. ITo TeopeMe 0 pa3IoeHHH MPOCTPAHCTBO V ABJNAETCA TIPAMOM CyMMO#
F-nnBapuaHTHbIX nognpocrpancts K; = ker(F — A1d)™2, u cornacuo popmyste (10-6) oneparop

Mm@

fFEY=fA)-E+f' (A -(F=AE)+ - + ———
(m/l_l)!

(F — AE)™ + g, (F)(F — AE)™  (10-7)

JeiCTByeT Ha Ka)X/JOM IOAIIPOCTPaHCTBe K; TOYHO TaK 3Ke, KaK pe3y/bTaT IIoACTaHOBKU ollepaTopa F
B MHOTOWIEH

O E L@+ 1@ - (€= D+ e+ V@) (0= AT (my = D),

KJ1acc Kotoporo B ¢paktop xosbue K[t]/ ((t - A)ml) HasblBaeTcs (my — 1)-cmpyéil dyHkmun f € A
B Touke A € K. ITo kuTalicKoil TeopeMe 06 OCTAaTKaX CYIIEeCTBYET €JUHCTBEHHBIN TAKOH MHOTOWIEH

IT. e. pyHKIMIA, 327aBAEMBIX CXOAAIUMICA BCIOAY B [K CTeTIeHHEIMY pAAAMM.
2Cm. teop. 10.1 Ha cTp. 121.
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pf(p)(t) € K[t] crenenu menbieit deg a(t), uTo

Pry () = i f(t) (mod a(t))

AJIsL BCeX KOpHe# A MHOrowieHa . [I0CKOIbKY OIepaTopsl P s (F) 1 f(F) OAMHAKOBO AEHCTBYIOT HA
Ka&)X/JOM IIOATIPOCTPAHCTBE K, MBI IMeeM PaBeHCTBO f (F) = pg(g(F). Takum 06pa3zoM romoMopdu3m
BBIYUC/IEHUs e/MHCTBEH. OcTaéres yOeAuThes, YTo oTobpaxkeHue f — pgp)(F) AeHCTBUTENBHO B-
nsieTcs romoMopdusmoM IK-anre6p. IIpoBepuM cHavasa, YTO OTOOpaKEHUE

K[t] K[t] K[t]
JiA—o ——— X e X ~
(t—2pm) (t=2m) (@ (10-8)

fro (e )

comnocTapsomee GyHKIUN f € A Habop eé cTpyil' BO BCeX KOPHAX MHOTOWIEHA (, ABIAETCA TO-
MomopousmoM K-anrebp, T. e. K-muHelHO U yAoBiAeTBOpsieT paBeHCTBY J(fg) = J(f)/(g). [lepBoe
OYEBUHO, BTOPOE ,Z[OCTaTO‘{HO YCTaHOBUTb /IS KAXOU CTPyH j;*  oTAenbHO. VICIomb3ys MpaBuiio
Jleit6umua: (f g)® = Zv_ (5) O g%V nonyaaem creayromue paBeHcTBa o Mogyimo (t — A)™:

- (t =" v
10)—2} x 2 f“@‘%@

v+u= k

g(u)( )

t =" =i O ).

OroGpaxkenue f — Prp)(F) ABnsgeTcsa koMmnosuuyei romomopdusma (10-8) ¢ romomopduamMom BbI-
qrCIeHUss MHOrOWwIieHOB evy : K[t] - End V, p — p(F), KoTOpbIif KOPPEKTHO MPOIyCKaeTCs Yepe3
dbakrop K[t]/(a), Tak kak a(F) = 0. (|

ONPEAENEHYE 10.3 (MHTEPIIOJIALMOHHBIN MHOTOYJIEH)

MHorowIeH prp)(t) € K[t], npuHuMaromuii Ha oneparope F TO jxe caMoe 3Ha4YeHue, YTo U QyHK-
1nus f € A, Ha3pIBaeTCA UHMEPNOAAYUOHHBIM MHO20WIEHOM A BbluncaeHu f(F). OH olHO3HAYHO
olpeziesiAeTcsa TeM, YTO B KaXJ0M KOpHe A KpaTHOCTH M aHHY/IMPYIOIIero orepaTop f MHOrOWIeHa o
MHOTOWIEH P ¢(py(t) ¥ IIEpBBIe €70 M — 1 IPOM3BOAHBIE IPUHUMAIOT T€ JKe 3HaYeHHUs], 4T0 ¥ GyHKIus f
1 €€ m — 1 IPOU3BOAHBIE, T. €. MHOTOWIEH P ff)(t) PellaeT HHTEPIOALMOHHYIO 3aa4y ¢ KpAaTHBIMU
yamamu u3 npum. 4.7 Ha ctp. 57. Ecniu deg @ = n, oTbickaHue K03GpOUIIMEHTOB HHTEPIOJIAIUOHHOTO
MHOTOWIEHA P(fy CBOAUTCA K PEIEHHUIO CHCTEMbI U3 1 IMHEWHBIX YPABHEHNI HA N HEU3BECTHBIX.

[IPUMEP 10.5 (CTEINEHHAS ®YHKIIWA U PEKYPPEHTHBIE YPABHEHUS)
3azaya OTHICKAHMSA N-TOTO WieHa a, YHCJIOBOM nocjef0BaTe/NbHOCTH Z . Z — ]K, n = z,, pemaro-

el peKyppeHTHOe ypaBHEeHUE Z, = Q Zp_q + (AyZ,_, + -+ + QpnZ,_p, C HAYAJIBHBIM YCJIOBUEM
(Zgs -+ 2Zp_q) = (g, ..., Ap_,) € K", CBOAUTCA BBIYUCTEHUIO N-TOM CTETIEHU MAMPUybL c08UA
0O 0 - 0 a,
1 0 - ! anq
S=10 1 - 0 :
o w0 ay
o - 0 1 a

M1 pacemaTpuBaeM 3TOT Hab0p KaK 3eMeHT IIPAMOTO IPOU3Be/IeHHA COOTBETCTBYIONIMX KOJIel] BEIYETOB,
KOTOpOe IO KUTaNCKoli TeopeMe 06 ocTaTkax uzoMopdHo dpaxrop koibuy K[t]/ ().



10.5. Paznoxkenue Xopaana 129

CMeH.IaIOIJ.Ieﬁ Ka)K,Z[beI (bpaI‘MEHT 13 m IIoCjIeA0BaTE/JIbHBIX 3JIEMEHTOB Ha OJWH IIar BIIPpaBO:

(Zr1s Zrtzs - 0 Zkam) ©S = (Zryas Zkyzs o > Zipmer) s

TaK 9TO 9WIEH 4, OKa3bIBA€TCsI PaBHBIM HepBOﬁ KOOpZrHAaTe BEKTOpa

(Aps Apgrs - s Qppmeq) = (A9 Aqs ooy App_q) - ST

Matpuia S™ = pgn(S) ABJISETCS PE3YIBTATOM IIOACTAHOBKU MaTPHULEL S B MHTEPIIO/SILIUOHHBIA MHO-
rOWIeH pgn(t) € K[t] Ans BbIuMCIeHNA Ha MaTpuLe S cmenenHoll gynkyuu f(t) = t". Obparure
BHUMaHUe, 4To degpsn < M, U K03bOUINEHTE MHOTOWIEHA Pgn HAXOAATCS PEIIEHHEM CHCTEMEL
U3 M JUHEWHBIX YPaBHEHUN HA M HEU3BECTHBIX.

Hamnpuwmep, ana ypasnenus @ubbonauuu a,, = a,_, + a,_, MaTpulia cABUra

S 0 1
1 1)°
VIHTEePIOAMOHHbIA MHOTOWIEH /I BHIYUCIEHNSA CTENeHHON GyHKIMY t™ Ha 3TOM MaTpUIle TNHEEH.
3amuceIBas ero B BUZe psn(t) = at + b c Heonpezen€éHHBIMY kKoaddUIleHTaMU a U b, orydaemM

S”:aS+bE=<b a )
a a+b

BuyactHOCTH, n-TOe uucio PubboHauuu, peiaroiiee ypapHenre Pu660HAYYIM ¢ HaYaIbHBIM YCIOBUEM
(ay,a,) = (0, 1), paBHO epBO¥ KOOPAWHATE BEKTOPA (an, an+1) =(0,1)-5™ = (a,a+b). Marpuna S
aHHYJIUPYETCS CBOMM XapaKTEPUCTUIECKUM MHOTOWIEHOM

xs)=t>—ttrS+detS=t*—t—-1=(t—-2A)(t—-21)

C OZHOKpaTHBIMU KopHAMU A, = (1 + \/E) /2. ®yHKIys t" IpuHUMaeT Ha HUX 3HadeHus A . Koad-
¢duieHTH a ¥ b HaxoAATCA U3 CUCTEMBI

al, +b=a"
al_+b=2",

v iepBEii us Hux a = (A} — A) / (4, — A_). Tem cambm,

n n
(a+v5)/2) - (a-v5)/2)
a, =a= .
V5
10.5. Paznosxenwue JKopgaHa. Bciogy B 3ToM pasziesie pedb UAET 06 omepaTopax Ha KOHEYHOMEPHOM
BEKTOPHOM TIpocTpaHcTBe V Haj anrebpandyeck 3aMKHYTHIM mmojieM K.

TEOPEMA 10.4 (PA3JIOKEHUE YKOPZIAHA)

Jlis kaxzioro oneparopa F Ha KOHEYHOMEePHOM BEeKTOPHOM IIPOCTpaHCTBe V Haz anrebpandecku 3a-
MKHYTBEIM Tos1eM K cyIecTByeT e JMHCTBEeHHAsA Tapa TAKKX OIIepaTopoB Fy; U F,, 9T0 F,, HUIBIIOTEHTEH,
Fy nmuaronanusyewm, F;F, = F,F; u F = F; + F,. Kpome Toro, onepaTopsl Fy u F,, ABIAI0TCA MHOI'O-
WIeHaMH OT ollepaTopa F ¢ Hy/leBBIM CBOOOZHEIMH WICHAMH.
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JOKA3ATENBCTBO. [Iycth Spec F = {44, ...,A,.}. B cuny anrebpaundeckoii 3aMmxayTocTH 1o Kk, xa-
paKTepHUCTUYeCKUi MHOro4IeH olepaTopa F IIOJHOCTBIO pasjaraeTcs Ha JMHeHHble MHOXUTeN:
xr(t) = [I;(t — 2)™:, a npocTpancTBO V ABIAETCA MPAMOI CYMMOI KOPHEBBIX IIOAIPOCTPAHCTB:
V =@, K;, rae K; = ker(F — 2;1d)™:. Tak xak MHOrowieHs! (t — A;)"™" OMapHO B3aMMHO IPOCTEL, IO
KHTaMCKOU TeopeMe 06 OCTaTKax CyIecTBYIOT TaKHe MHOTOWIEHH fi, ..., f, € K[t], uTo

1 mod (t - Ai)mi

0 mod(t—lj)mj npuj #i.

fit) =

Eciu 4; # 0, To MHOrOWIEH t o6paTiM 1o Mogyiio (t — A;)™i. [ToaToMy HalHAETCSA TAKOW MHOTOWIEH
g;(t),aro t - g;(t) = 4; mod (t - Ai)mi. Ecmu 4; = 0, To monoxum g;(t) = 0. Toraa mpu kaxzaoM i

m;
A; mod ( t— /li) ' 1 He UMeeT cBO6OZHOro WwieHa. V3 aTux

,
MHOTOWIeH py(t) £ t Y, g;(t)f;(t)
j=1

CpaBHEHUH BHITEKaeT, 4To oneparop Fy £ p.(F) gefcTByeT Ha KaKA0M KOPHEBOM MOANIPOCTPAHCTBE
K; = ker(F — 2;,1d)™: xak ymHOXeHWe Ha A; U, CTAIO GbITh, AMaroHantusyeM. Oneparop F, &£ F — F,
meiicTByer Ha K; kak F — A;1d u, Tem cameIm, HubIoTeHTeH. Bysydn MHOorowieHaMmu oT F, omepato-
pHL F; u F,, mepecTaHOBOYHHI MeXy cob0t0 U ¢ F. DTO ZI0Ka3hlBaeT CyIeCTBOBAHUE OIIEPaTOPOB Fy
u F,, c Tpe6eMBIMHU CBOICTBAMH, BK/IIOYad IIOC/IeJHee YTBEPK/eHHe IIPeIOKeHH .
o / / /

Jloka>xeM eJMHCTBEHHOCTD. ITyCcTh ecTh emeé ogHo pasnoxenue F = F; + F,, B KoTopoM F; nua-
roHanusyewm, F, HwibnotenteH u FjF, = F, F;. /I3 nocieqHero paBeHCcTBa BhITEKAET, 4To Fy U F,
IlepeCTaHOBOYHbI C TFOOBIM MHOTOWIEHOM 0T F = F] + F,, 1, B 9aCTHOCTH, € [IOCTPOEHHBIMH BHILIIE Fy
u F,, . TloaToMy Ka)xZjoe coOCTBeHHOe ITOATIPOCTPAHCTBO V) omepaTtopa F; epeBoANTCA OllepaTopoM Fd’
B ce6s!, mpudém Fj [MaroOHAMM3yeM> Ha KKI0M V. Ecm 611 onepatop F) umen Ha V; co6CTBEHHBIIH
BEKTOp C COOCTBEHHBIM 3HAYeHUEM U # A, TO 3TOT BEKTOp ObUI OB COOCTBEHHBIM /s OIlepaTopa
E,—F, = F; — F] c cOGCTBeHHbIM 3HAaYeHHeM A — (1 # 0, 4T0 HEBO3MOXXHO, TaK Kak onepatop F, — F,)
HUJIBIIOTEHTEH.

YIIPAYXKHEHME 10.12. ,ZIOKa}KI/ITe, 9TO Pa3HOCTD ABYX II€EPECTAHOBOYHBIX HWIBIIOTEHTHBIX OIIEPATOPOB
HHWIBIIOTEHTHA.

CrezoBaresbHO, oneparop F, AeHCTByeT Ha K&XAOM COGCTBEHHOM IOANPOCTPAHCTBe V; omeparo-
pa F,; kak yMHOXeHve Ha A, otkyaa Fy = F;. Tornau F, =F —F) =F —F; = F,. O

ONPEAE/NEHYE 10.4
Omneparoptl F; u F, u3 teop. 10.4 Ha3bIBalOTCSA, COOTBETCTBEHHO, OUA20HANIU3YeMOU U HUNbNOMEHM-
HOUl COCTABJIAIONIMMHU ortepaTopa F.

3AMEYAHUE 10.3. [I0CKOJIBbKY onepaTopsl F; u F, ABIAIOTCA MHOIOWIeHAMHU OT F, Kaxkzoe F-UHBapu-
aHTHOE IOANIPOCTPaHCcTBO U C V ABjiAeTca MHBapUAHTHBIM A F; u F,,.

CnEACTBUE 10.5 (JKOPIAHOBA HOPMAJIBHASL ®OPMA)
Jlns kaxzoro oneparopa F Ha KOHEYHOMEPHOM BEKTOPHOM IIPOCTpaHCTBe I/ Haz anrebpandecku 3a-
MKHYTHIM 1TosieM Kk cyiecTByeT Takoii 6asrc, B KOTOpOM MaTpHIia oreparopa F COCTOUT M3 PacCIioio-

'Cm. n° 10.2.2 Ha cTp. 124.
2Cm. . 10.3 Ha cTp. 124.
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JKEHHBIX Ha [VIABHOM AvarOHa/Ik KBaZIpaTHBIX 6JI0KOB BI/I,Z[a1

A1
11
Jm @) € AE + ],,(0) = , (10-9)
A1
2

rae 1 € SpecF, am € N — pasmep 6J0Ka, a Bce OCTanbHBIE €€ 37IeMeHTHI Hy/ieBbie. C TOYHOCTHIO
JI0 TIepECTAaHOBKY OJIOKOB, 3Ta MAaTPHIa He 3aBUCUT OT BHIOOpa 6a3uca ¢ TAKUM CBOMCTBOM, U CyM-
MapHBI pasmep GJIOKOB € 3a[laHHbIM A € Spec F Ha uaroHanu paBeH KpaTHOCTH KOPHS A XapakTe-
PUCTHYECKOr0 MHOTOWIEHA onieparopa F. /IBa oneparopa moZ0OHbI €CJTH U TOJIBKO €CJIU UX MaTPUIIBI
YKa3aHHOTO BH/]a OTIIMYAIOTCSA APYT OT Apyra epecTaHOBKOM 6JI0KOB.

JOKA3ATENBLCTBO. OrpaHndenue oneparopa F = F;+F,, Ha KOpHeBOe IOAIIPOCTPAHCTBO K ; UMeeT BUJ
Ald+F, | K, B n° 10.3 Ha cTp. 124 MBI BUZIeH, B IpOCTPaHCTBe K, MMeeTcs XKOpAAHOB 6a3uc, B KOTO-
POM MaTpHIa HWIBIIOTEHTHOT'O oreparopa F, | K, - K; — K, cocrout u3 610k0B Brza (10-9) cA = 0,
puuéM Habop 6JI0KOB He 3aBHCUT OT BEIOOpa JKopZaHoBa 6asuca. O0beJuHAA KOPAAHOBEL 6a3KCh
KODHEBBIX IIOIIPOCTPAHCTB APYT C IPYTOM, MBI ITOJIydaeM TpebyeMelii 6a3zuc B V. EAMHCTBEHHOCTD U
MoC/IeIHEE YTBEPKAEHUE CJIEICTBUA BEITEKAIOT M3 TOTO, YTO B 1I060M 6asuce, Ije MaTpHUlla OllepaTo-
pa F uMeeT yKa3aHHBII BUJ, OIIepaTopHl Fy; U F,, UMeIOT MaTpHLIEL, IIOMy4YaroLiecs U3 MaTpULHL F 00-
HyJIEHHUEM BCeX, COOTBETCTBEHHO, Ha[IUAarOHAIbHBIX U JUATOHAIBHBIX 3IEMEHTOB, a JIMHeHHast 060-
JIouKa GasMCHBIX BEKTOPOB, 33/IeiCTBOBAHHBIX BO Beex KieTkax (10-9) ¢ saganunM A € Spec F, cos-
HaZiaeT ¢ KOPHEBBIM IIOZIIPOCTPAHCTBOM K3, ¥ TEM CaMBIM, 3TH BEKTOPHI 00pPa3yIoT )KOPAAHOB 6asuc
OrpaHuYeHus Fy g . O

ONPEZIEJIEHUE 10.5 (>)KOP/IAHOB BA3MC)

Basuce mpocTpaHcTBa V, yaoBiaeTBopstoiiye yeroBuaM ci1. 10.5, Ha3bIBAIOTCA #0pOaHO8bIMU, a MaT-
putia oneparopa F, 0 KOTOpo¥ UAET peub B ci. 10.5, Ha3bIBaeTCA #OPOAHOB0U HOPMANLHOU popmoti
3TOTO omepaTopa.

[TPMEP 10.6

PaccmoTpuM onepaTop F yMHOKeHUS Ha Kiaace [t] B Koibile BerueToB K[t] / ((t — l)m). IToCKOJIBKY
t = A+ (t — 1), HWIBIIOTEHTHaA cocTaBANIAA F,, 3TOro oneparopa IpeZcTaBisieT co60I0 ollepaTop
YMHOXeHUA Ha K1acc [t — 4], a auaroHanusyemas coctasiaoman Fy = Ald. Knaccer

[(t = D™, [(E =A™, .. [ = AL [1] € Kt/ (6 — H™) (10-10)

06pa3yIoT )KOPJAHOBY IeMOYKY HIIBIIOTEHTHOTO orepatopa’ F,, i B 6a3uce U3 3TUX KJIACCOB OTlepa-
top F = Ald + E, 3amuceiBaercsa matpurieii (10-9) pasmepa n X n. M3 ci1. 10.5 BHITEKaET, YTO HaZ,
anre6panyecKy 3aMKHYTHIM mmosieM K Ka)K/[plii TMHEWHBIH ollepaTop Ha KOHEYHOMEPHOM BEKTOPHOM
MIPOCTPAHCTBE MOJ00EH OIlepaTopy YMHOXKEHUS Ha KIace [t] B IpAMOI cyMMe KOHEYHOTO urcia dax-
Top Koell Buzga k[t]/ ((t - A)m), TJle cylaraeMble MOTYT TIOBTOPATBHCSA, U JKOPAAHOB 6a3uc i TaKOTO
ormeparopa sBjsieTcs obbearHeHeM KiaaccoB (10-10), TPUXOAANIMX M3 KaXKAOTO CJIaraeMoOTro 3TOMH
MIPSIMOM CyMMBI. DTO YaCTHBIH cy4ati obImeit kiraccudUuKauy MPOCTPAHCTB C OllepaTOpaMH, YIIOMSI-
HyToM B 3am. 10.1. Ha cTp. 119.

1Cp. ¢ popm. (10-3) Ha cTp. 125.
2Cm. omp. 10.1 Ha cTp. 125.



OTBeThI U YKa3aHudA K HEKOTOPBIM yIIpaXKHEHHUAM

Yrip. 10.1. Ec/iv OTOX/1€CTBUTD ]R[t]/(t2 +1) cmosiem C, oripaBuB kitacchl [1] v [t] B 1 ui cOOTBETCTBEHHO,
YMHO)XeHMe Ha KJace [t] mpeBpaTUTCSA B YMHOXKEHUE Ha i, T. €. B TOBOPOT Ha yToj 1 / 2, y KOTOPOTO
HEeT UHBAapUAHTHHIX IIPSIMBIX.

yme. 10.2. Ilycts k[t]/ (tn) = U @ W, rae U u W nepeBogsaTcs B ceb6s1 yMHOXKeHMeM Ha [t]. Oba aTux
MOATIPOCTPAHCTBA HE MOTYT IETUKOM COZEPXKATHCS B 0O6pase omepaTopa YMHOXKEHHUA Ha [t], Tak Kak
WHayve UX CyMMa ToXe OBl B HEM coZiepikaachk. [103ToOMy B OZJHOM U3 HUX, ITyCThb 3TO OyaeT U, uMmeeTcs
KJ1acc [g] MHOTOWIEHA g ¢ HEHY/IEBBIM CBOOOJHBIM WIeHOM. Torja Kiacchl [e" 1 gl,....[tgl,[gl€e U
BhIpaXkatoTcA yepes 6asuc [1], [t], ..., [t" 1] mpocTpancTpa K[t] /(t™) Ipu TOMOIIY BEPXHETPEYTOIb-
HOM MaTpUIIBl, HAa JMAarOHAU KOTOPOH BCIOZY CTOUT HEHYJIEBOU CBOOOAHBIHN WieH MHOrowieHa g. Cie-
JIOBATEJIbHO, 3TU KJIaCChl ToXe 06pasytoT 6asuc B k[t]/(t™), v 3HauuT, cozeprkaIiee X MOANPOCTPaH-
crBo U coBnagaert co Bcem npocrparcteom K[t] /(t™).

yip. 10.3. EemV = U @ W, rae U u W F-unaBapuanTthsl, To V¥ = Ann U @ Ann W, rae oba moampo-
crpanctBa Ann U, Ann W toxe F*-uuBapuantust: eci § € Ann U, To ansa Bcex u € U

(F*¢,u)=({, Fu) =0,

Tak kak Fu € U, v sHauuT, F*§ € Ann U. O6paTHas UMIUIUKATIMA MOIYIAETCS 0 IBOUCTBEHHOCTH
B cuty usomopusma V** =V,

Vip. 10.4. [yets f = t"+a,t" *+---+a,_, t+a,. Hanumure MaTpuity F onepatopa yMHOXXeHHs Ha t B
akTop xonblte k[x]/(f) B 6a3uce u3 kaccoB MOHOMOB t™ 1, t"2, ... | t, 1 upasnoxure det(tE —F)
P p
10 TTIEPBOMY CTOJIOILY.

ymp. 10.5. Ilycts f(F) = 0. Pazgemum f B k[t] Ha up c octatkoM: f(t) = q(t)up(t) + r(t), rae 1ubo
r = 0, m6b0 degr < deg K- [MoacTabisAs B 3TO paBeHCTBO t = F, 3akitodaeM, uto r(F) = 0, oTKyza
6o deg r > deg pp IO OIpeAeNeHuIo [y, 1160 r = 0. CiefoBaTenbHO, f AenuTces Ha YUg. Ecmi vy —
JPYTroii MHOTOWIEH MUHUMATBHOM CTEIleHH co cTapmuM koadoumuenTom 1, takoi uyto vp(F) = 0
B End(V), To mo yxe noxasaHHOMY Vg AEMUTCA Ha Yy, U 9aCTHOE UMEET CTelleHb HYJIb, T. K. deg Uy =
deg vg. IlockonbKy cTapuve Ko3GpOULUEHTH! Y [y U Vi OAUHAKOBBI, KOHCTAHTA Up [V = 1.

Yrip. 10.7. YMHOXeHUe Ha Kiacc t B pakTope Kk[t]/ (t") cn > 2.

Yrp. 10.8. Haz anre6pandecKy 3aMKHYTBHIM II0JIEM KQXKJBII MHOTOWIEH, Y KOTOPOT'O HeT HEHYJIEBBIX
KopHeii, umeet Buz t". [loatomy yp(t) = t™, u mo Teopeme l'ammibroHa — Kanu F™ = 0.

yip. 10.10. Moauduiupyiite 10Ka3aTeabCTBO npe. 4.9 Ha cTp. 61.

yup. 10.11. 1 106010 JIHEHHOTOo oniepaTopa G : V — V moampocTpaHcTBa
0CkerF CkerF?CkerF3C ...

06pasyroT BIOKEHHYIO LETIOYKY U OTIIUMYIHBI OT HyJIS €CJIU U TObKO eciu ker G # 0.

ymp. 10.12. Eemn a™ = 0, b™ = 0u ab = ba, 1o (a — b)™™ " = 0 no popmyne HproToHa.
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