§16. JIuHeliHbIe OTOOpPAXKEHUA DPMUTOBBIX IPOCTPAHCTB

16.1. DPMHUTOBO CONpsIKEHHE TUHEHHBIX 0TOGpaXKeHMii. HalloMHIO!, 4TO ¢ Ka)bIM JTHHEHHBIM
otobpaxkenueM f : U — W KaHOHUYECKU CBA3aHO d8oiicmaeHHoe omobpaceHue

frrwr-Ut, g eof, (16-1)
KOTOPOE OIHO3HAYHO OMUCHIBAETCsA TeM, 9To { fu, ¢ ) = (u, f*p ) amascexu e Unup € W, rae
(x,%): VXV" > C
0603HaYaeT CBEPTKY BEKTOPOB € KOBeKTOpamu. Compsras f* spMUTOBEIMU KOPPEJSIIAAMU
hy:U->U", uwm(*x,u), u hy: W-o>W* we (x,w),
u3 dopM. (15-23) Ha cTp. 257, moryyaeM JIUHEHHOe OTOOpakeHHe
ERG f*hy WU, (16-2)
KOTOpO€ Ha3bIBaeTCA 3PMUMOB0 CONPANCEHHBIM K [ 11 OJHO3HAUYHO ONKCHIBAETCA TEM, UYTO
(fu,w) = (u, f*w) (16-3)

mnsaBcexu € Unw € W.Ecnmm 3adukcupoBaTb BU u W 6azuchi U = (Uy, ..., Uy) AW = (Wy, ..., Wy,),
TO paBeHCTBO (16-3) cTaHeT S5KBUBAJIEHTHO MN COOTHOMEHUAM (fu;, w;) = (u;, f *w j) Ha CKaJIsIpHBIE
IIpou3BeZieHN 6a3HCHBIX BEKTOPOB, KOTOPbIe COOMPAIOTCSA B MATPIYHOE PABEHCTBO

f@fw=u’f*w).

TloacTapnss B Hero f(u) = w F,,, u f*(w) = u F,, nonysaem cootHomesnwue FL,G,, = G,F,, CBA3bI-

Batomee Marpulpi I'pama G, = u'uu G,, = w'w 6asucos u u w c marpuniamu F,,, u F,x, omiepaTopos f
u f* B oTux 6asucax. Vs Hero BhiTekaer, uto F\, = G, 1EL,G,.

Ec/iu 6a3UCHl U, W OPTOHOPMATbHBL, TIOC/e/IHee PaBeHCTBO yrpoiaetcs o F, = Ft. Takum 06-
pasoM, MaTPHIIEl SPMHUTOBO COIPAKEHHBIX OIIEPATOPOB B OPTOHOPMA/bHBIX 6a3icax 3pMUTOBO CHM-

MeTPUYHEI APYT APYTY.

[IPEZI/IOKEHUE 16.1

Spmuroso conpspkenre Homg(U, W) — Homc(W,U), f — f*, ABisA€eTCA HHBOIIOTUBHBIM IOJIYJIU-
HEeWHBIM M30MOPGH3MOM KOMIUIEKCHBIX BEKTOPHBIX TPOCTPAHCTB. [Ipy 3TOM /1151 JII060T0 TMHEHHOTO
oTobpakeHus f ;. U — W BBINONHIIOTCA paBeHCTBa

f=f, kerf*=(@mf)", imf*=(kerf)",

a 71 oGOl mapsl IMHERHBIX oTobpaskenuit f : U — V, g: V — W — pasencrso (gf)* = f*g*.

lCm. paszein 7.3 Ha cTp. 88 nekuuu http://gorod.bogomolov-lab.ru/ps/stud/geom ru/2122/lec 07.pdf.
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JIOKA3ATE/IbCTBO. VIHBOJMIOTUBHOCTD U MOMYJIMHERHOCTH BHITEKAIOT U3 (16-3) U, COOTBETCTBEHHO, 3P-
MHMTOBOM CUMMETPUYHOCTH U ITOJyTOPATUHEWNHOCTH CKaJISIPHOTO MTPOU3BeIEHU: U3 PAaBEHCTB

(f*w,w) = @, f*w) = (fu,w) = (w, fu)

MBI 3aKII09aeM, 910 f % = f, a u3 paBeHcTB (zfu,w) = z(fu,w) = z(u, f*w) = (u,zf*w) — uro
(zf)* = Zf*.Bektop w € ker f* ecu u TonbKo ecut (u, f*w) = 0 gnsa Bcex u € U. B cuy (16-3)
rocjieIHee paBHOCWIBHO paBeHCTBY (fu,w) = 0 ansa Bcex u € U, T.e. OPTOTOHAJIBHOCTH MOAIIPO-
cTpaHcTBa im f BekTOpy w. [Toatomy ker f* = (im f)*. Hamucas 3o ans omepaTopa f* B ponu f u
B35IB OPTOT'OHAJ K 06eUM YacTsam, norydaeM (ker f )t =im f*. TlocneaHee yTBepKI€HNE BEITEKAET U3
paBeHcTB (gfu,w) = (fu, g*w) = (u, f*g*w). O

16.1.1. OTcTyIuieHue: BellleCTBeHHbIE CTPYKTYPhI Ha KOMIUIEKCHOM IIPOCTPaHCTBe. PaccMoT-
PUM ITPOU3BOJIBHOE BEKTOPHOE MpocTpaHcTBO W Haz moneMm C. BewecmaeHHOIl cmpyKmypoil Uiy one-
pPamopoM KOMNJIEKCHO20 CONPAXceHUs. Ha TTpocTpaHcTBe W HasbiBaeTcs obas R-muHeliHas C-momy-
JIMHeHHas' MHBOMIOLM®

Hanpumep, eciu npoctpancTBo W = Vi ABnAeTcs koMILlekcuduKaluelt BelliecTBEHHOIO BEKTOPHO-
0 MpocTpaHCTBa V, To KOMIUIEKCHOE conpsikeHue o © Wy —» Wi, w = u+iv —» w = u—iv, ABnsercs
BellleCTBEHHOM CTPyKTypoli Ha W .

Ecnu Ha KOMIUIEKCHOM BEKTOPHOM IIpOCTpaHCTBe W 3azaHa BeljecTBeHHasA cTpykTypa (16-4),
TO, KaK Mbl BUZIEJIY B IpUM. 9.6 Ha cTp. 160, BelecTBEHHOe BEKTOPHOE IIPOCTPaHCTBO Wy =V, @ V_
pacrazaeTcs B IPAMYIO CyMMY COOCTBEHHBIX IIOAIIPOCTPAHCTB OllepaTopa o

Vo={weWg|low=w} u V. ={weW|ow=-w}

¢ cobcTBeHHBIMU yucaaMu +1 1 —1. 13 C-moyIMHEHHOCTU OTIepaTopa 0 BBHITEKAET, YTO PABEHCTBO
o(u) = u Bae4€T paBeHCTBO d(iu) = —io(u) = —iu, a paBeHCTBO 0(V) = —V BIEYET paBEHCTBO
o(—iv) = ioc(v) = —iv, T.e. R-IMHelHbIe OllepaTOPHl YMHOXKEHUS Ha | U Ha —i 33/Ial0T B3aUMHO
obpaTHBIe H30MOPGU3MEI MKy BellleCTBeHHbIMH BEKTOPHBIMU IIpOoCTpaHcTBaMu V, u V._:

iV, -V ,umiu, iV, >V, v —iv.

Taxum obpazom, W = V @ iV, rae V =V, iV = V_, a ymHOxxeHHe BekTopaw = u + iv € W Ha
KOMILIEKCHOE YUCIO Z = X + iy € C IpOUCXOUT IO TOk ske popmyIie

x+iy)u+iv)=(xu—-yv)+ilxv+yu),

YTO B KOMILIeKCUQUKaLUK V¢ BellleCTBEHHOr0 BEKTOPHOro ImpocTpaHcTsa V = V. MH 3akmoda-
€M, YTO 33/laHre Ha KOMIUIEKCHOM BEKTOPHOM MpocTpaHcTBe W BelllecTBEHHOU CTPYKTYPHI 0 PaB-
HOCWJIBHO OTOXZIECTBJIEHUIO TOT'O IIPOCTPaHCTBa ¢ KoMmiutekcudukarueit W = C ® V, BelecTBeH-
HOT0 BeKTOpHoro mpocrpaHctsa V, = {u € W | o(w) = w} HenogBIXHBIX BEKTOPOB OIlepaTopa o.
ITo aToli mpuyKHe coOCTBEHHEBIE IOANIPOCTPAaHCTBA V, 1 V_ BellleCTBeHHOM CTPYKTYPHl 0 Ha3bIBAIOTCSA
TIPOCTPAHCTBAMH 8elLeCMBEeHHbIX Y UUCMO MHUMbLX BEKTOPOB 3TOU CTPYKTYPHI.

[MoauepkHEM, YTO Ha aOCTPAKTHOM BeKTOPHOM mpocTpaHcTBe W Hazg mosem C uMeeTcss MHOTO
Pa3HBIX BEIIECTBEHHBIX CTPYKTYP, U HUKAKOTO €CTECTBEHHOIO MPEATIOYTEHU MEXK/Y HUMU a priori

IT. e. o6nagaromas A Bcex Z € C U W € W cBoicTBOM 0(ZW) = Zo(W).
2T. e. o6paTHOE caMmoMy cebe 0TOGpaKeHHe.
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HE CYIIEeCTBYeT. IHBIMU CJIOBaMH, Y aBCTPaKTHOT'O KOMIUIEKCHOTO BEKTOPA HET KAHOHWYECKHU OTIpeJie-
JIEHHBIX «BEIIEeCTBEHHOM» U «MHUMOWM» YacTeH, M YTOOBI OHU MTOSIBUJINCh, HA IPOCTPaHCTBe W 1o/mkHa
6bITh 3adUKCHpOBaHa KaKasa-HUOYAb (0ZHA U3 MHOTHX) BellleCTBEHHAs CTPYKTYpa.

16.1.2. DpmuTOBO conpsnkeHue 3HAOMOpdU3MOB f . W — W spmuroBa mpocrpancrsa W 3a-
Ja€T Ha KOMIUIEKCHOM BeKTOpHOM IpocTpaHcTse End (/) BelecTBeHHyIO CTPYKTYPY

X : End(W) = End(W), f+— f*.
BelieCcTBeHHOE TIOAPOCTPAHCTBO 3TOM CTPYKTYPHI 0603HaYaeTCs
End¢(W) = {f | f* = f} (16-5)

Y HasbIBAETCS MMPOCTPAHCTBOM CAMOCONDPANCEHHBLX VI IPMUMOBbIX OIIEPATOPOB, & YKCTO MHUMOE
MOAIPOCTPAHCTBO 0603HAYAETCS

End; (W) = {f | f* = —f} (16-6)

Y Ha3BIBAETCS IPOCTPAHCTBOM AHMUCAMOCONDANCEHHBIX VI KOCO3PMUMOBbLLX ONEPATOPOB. JTO Be-
IIeCTBEHHbIE (He KOMIUIEKCHBIE!) BEKTOPHBIE IPOCTPAHCTBA Y YMHOXKEHUS OIEPATOPOB HA i ¥ HAa —I
3a/Ial0T B3aUMHO o6paTHble R-TrHeHbIE H130MOPGU3MBI MEXKAY STUMU IIPOCTpaHCTBaMU. OBEIEeCTB-
senue npocrpancTsa End (W) pacnazaeTcs B mpaAMyto cyMMy

End¢(W)g = End{ (W) @ Endg(W).

KommonenTH pasnoxenus f = f, +f_ npousBonbHoro C-muHelHoro onepaTopa f © W — W B cymmy
PMUTOBA ¥ KOCOIPMUTOBA OIIEPATOPOB 3a/al0TCA CTaHAAPTHHIMU GopMyIaMu

X X
fi = % € EndE(W) u f = % € End (W).

[TPUMEP 16.1 (3PMUTOBO COIIPSDKEHUE MATPMUIT)

3anmck C-muHelHbIX onepaTopoB C" — C™ MaTpuIlaMu B CTaHZaPTHOM OPTOHOPMAJIbHOM 6asuce 3p-
muToBa npoctpanctsa C" otoxxzectsisier End, C" ¢ mpocTpaHCTBOM KOMILTEKCHBIX MaTpuI Mat,, (C).
DPMUTOBO CONPSKEHME SHAOMOP(PHU3MOB 33IaET HA MPOCTPAHCTBE KOMIUIEKCHBIX MAaTPUI] BEIIECTBEH-
HYIO CTPYKTYDPY

X : Mat,(C) — Mat,(C), M — M*% M,

KOTOpast CONIOCTAB/ISIET MaTpuLie M = (m; ;) KOMIUIEKCHO CONPSDKEHHYIO K TPAHCIIOHMPOBAHHON MaT-
purie M* matpuiy M* = (m?j) C d7eMeHTaM# m?j = m ;. BelecTBeHHOE MOATIPOCTPAHCTBO V, 3ToH
CTPYKTYPHI 0603HAYAETCS

Mat(€) = {M = (m;;) € Mat, (C) | my; = ;)

1 Ha3bIBAETCA IIPOCTPAHCTBOM IpMUMOBbIX Mampuy, a MHUMOE ITIOAIIPOCTPAHCTBO V_ 0003HavaeTcs

Mat,,(C) = {M = (m;;) € Mat,,(C) | m;; = —m;}

U Ha3bIBaeTcs NMPOCTPAHCTBOM AHMU- WIA KOCOIPMUMOBbLX Mampuy. ITO seujecmaeHHble (He KOM-
IUIeKCHBbIe!) BeKTOpHEIe IoAIpocTpaHcTBa B Mat,, (C) BelecTBeHHOM pasMepHOCTH n?, U KaK Belle-
CTBEHHOE BeKTOpHOe IpocTpaHcTBo Mat,,(C)g = Matﬁ((C) @ Mat,,(C), npuyém maTpunia H spMUTOBa
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€CJIU U TOJIBKO eCyIi MaTpuua iH KocoapMuToBa U Hao6opoT. Hampumep, mpu n = 2 6asuc Bele-
CTBEHHOTO MpocTpaHcTBa Mat} (C) 5pPMUTOBBIX MATPUIL COCTABJIAKOT MATPHULIBL

wa) () (o) (o)

YMHOXasA 5TH MaTPHUIBI Ha i, olydaeM 6a3uc B mpocrpaHcTBe Mat;, (C) aHTUSPMUTOBBIX MaTpUIL:

bo) (2 (o) )

TTPUMEP 16.2 (YHUTAPHBIE OIIEPATOPBI)

TTOCKOJIBKY KayK/[blil yHUTApHEIA ™ omepaTop f : W — W 6HeKTHBeH, BCAKHIT BEKTOp W € W MOXHO
3amucath B Buje W = f v a1 HekoToporo v € W. I103ToMy BEIIOTHEHUE /JIs TFOOLIX BEKTOPOB U,
w paBeHcTBa (fu, fw) = (4, W) paBHOCWJIBHO BHITIOJTHEHUIO /IJI51 TIOOBIX BEKTOPOB U U V = W paBeH-
ctBa (fu,v) = (u, f~tv). MBI 3aK1049aeM, 4TO OHepaTop YHUTAPEH eC/IM U TOMbKO eC/IM OH 3PMUTOBO
COIIPsDKEH cBoeMy obpaTHOMY. Ha s3bIKe MaTpUIl 3TO 03HAYaeT, YTO B YHUTAPHOM Oasuce MaTpurLa
VHUTApHOTO OIlepaTopa 3PMHUTOBO COMPSIKEHA K CBOEH 06paTHOM, T. . F¢ = F~1, uTo cormacyetcs ¢
dopwm. (15-22) Ha cTp. 257.

16.2. HopmasbHble onreparopsl. Oreparop f Ha 3pMUTOBOM IIpoCTpaHCTBe W HasbIBaeTcs HOp-
MAbHBIM, €CJTU OH IIEPECTAHOBOYEH CO CBOMM 3PMHUTOBO COIPKEHHEBIM, T. €. f <o f = f o f*. Hanpu-
Mep, HOPMaJIbHBIMU ABJISIOTCSA Bce (AaHTH) CaMOCONPSIKEHHBIE ¥ YHUTAPHBIE ONIEPATOPHI, TaK KaK /I
HUX f* paBeH +f U f ! COOTBETCTBEHHO.

TEOPEMA 16.1
JlefiCTBYIOIIMIT B 3PMUTOBOM IIPOCTPAHCTBE ONepaTop f HOpMaJeH eCIU U TOJBKO eC/IU OH IaroHa-
JIU3yeM B OPTOHOPMasIbHOM baswuce. [Ipu 3ToM AuaroHanbHasi MaTpULa s f ¢ TOYHOCTBIO JI0 TIepe-
CTAaHOBKY IMarOHAJIbHBIX 2JIEMEHTOB He 3aBUCUT OT BEI6Opa OPTOHOPMAabHOTO 6asrca, B KOTOPOM f
AviaroHaJjeH.

JOKA3ATENBCTBO. Eciu omepatop f : W — W nMeeT B OpPTOHOpPMasIbHOM 6a3uce e AUaroHalIbHYIO
Matpuily F,, To CONpsKEHHEIN K HEMY OIlepaTop MMeeT B 3TOM 6a3uce AUaroHaJIbHYI0 MAaTPUILY I?e,
KoTopas KoMMyTupyeT ¢ F,. [TosToMmy f HopMaseH. O6paTHas UMIUIMKAIVA JOKa3bIBaeTCA HHAYKIIU-
eit o dim W. Eciiu onepatop f ckansapeH (uro tak mpu dim W = 1), To soka3siBaTh Hevero. Ecm f
He CKaJIIPEH, TO Y HETO €CTh HEeHy/IeBoe cOOCTBeHHOe moAnpocTpaHcTBo U C W uW =U @ U L. Co-
miacHo n° 9.4 Ha cTp. 166 nepectaHoBOYHbIN f onepatop f* nepeBoaut U B ce6s1. [ToaToMy /7151 BCex
u € U nmoborow € Ut Beimonusercs paBerctso (fw,u) = (w, f*u) = 0, T.e. fw € U'. Takum
o6pasoM, onepatop f nepesoaut UL B ce6s. [o uuayKImy, f| yL AMaroHajIn3yeM B HEKOTOPOM OPTO-
HOpMasIbHOM 6asuce mpocTpaHcTsa UL, Jlo6apas Kk sToMy 6asucy mo6oii OpTOHOPMAaIbHEI 6a3UcC
cobcTBeHHOrO noAnpocTpadcTsa U, momydaeM 6asuc npoctpadcrsa W, B KOTOpoM MaTpulia f Auaro-
HasbHa. IlocnesHee yTBepKAeHNUE TEOPEMBI IMeeT MeCTO A JIF0O60ro JUaroHaanu3yeMoro oneparo-
pa, 4To OBLIO YCTaHOBIEHO HaMu B n° 9.2.6 Ha cTp. 159. (|

CJEACTBUE 16.1
Y HOpMAaJIbHOT'O OIlepaTOpa COOCTBEHHBIE MO/IIPOCTPAHCTBA C PA3HBIMU COOCTBEHHBIMH YHCIaAMHU 3P-
MUTOBO OPTOT'OHAJIBbHEL APYT APYTY. |

1Cm. n° 15.3.4 Ha cTp. 257.
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C/JE/ZICTBUE 16.2
CaMoCOTpsTKEHHBIE OMIEPATOPH — 3TO B TOYHOCTU AMATOHAIU3YEMbIE B OPTOHOPMAaJbHOM Oa3wuce
oTIepaTOPHI C Bel[eCTBEHHBIMH COOCTBEHHBIMU 3HAYEHUAMMU. |

C/IEACTBUE 16.3
AHTHCaMOCOTIPSKEHHBIE OTIEPATOPBI — 3TO B TOYHOCTHU IMaroHaIM3yeMble B OPTOHOPMAJIbLHOM 6a3u-
Cce OlepaTopPhI C YUCTO MHUMBIMU COOCTBEHHBIMY 3HAUEHUSIMHU. O

CJIEACTBUE 16.4
YHUTapHbIE OITEPaTOPHl — 3TO B TOYHOCTH AMArOHAIU3yeMbIe B OPTOHOPMaIbHOM 6a3uce OIrepaToph
¢ COOCTBEHHBIMU 3HAYEHUSMHU, 110 MOZAY/IIO0 PABHBIMY €IUHUIIE. O

YNPAXXHEHME 16.1. [TokaxuTe, 4TO yHUTapHad rpynmna U,, ABIAeTca KOMIAKTHBIM JUHEHHO CBA3-

HBIM NTOJIMHOKecTBOM B Mat,, (C).

16.2.1. HopmanbHBIe ollepaTOpsI B €BKJINZ0BOM IIPOCTPaHCTBE. B Kypce reomeTpuu nsydaeT-
cal eBKIMIOBO compsiKeHMe R-THHEMHBIX omepaTopos f @ V — V, IelCTBYIOMMX Ha eBKINZOBOM
npocTpaHcTse V Haz moneM R. EciM KOMIUTEKCHUIIPOBATE IPOCTPAHCTBO V U MPOAOKUTD> €B-
KJIUZIOBY CTPYKTYPY ( *, * ) Ha V 0 3PMUTOBOM CTPYKTYPHI ( * , * )i Ha V, TO €BKJINA0BA CONPDKEH-
HOCTb R-IMHeNHbIX orepaTopos f, f*: V — V 6yaeT paBHOCWIbHA SPMUTOBOM CONMPSKEHHOCTH UX
KoMIUtekcubuKkauuii f¢, f¢ : Vg — Vi, IOCKOIBbKY CONPSDKEHHUE [IEPECTAHOBOYHO ¢ KOMIUIEKCUDHKA-
umeit: (fo)* = (f*)¢. B camoM ziesie, B eBKINZ0BO OPTOHOPManbHOM 6asuce mpocrpancrsa V Hazg R,
KOTOPBIH OZJHOBPEMEHHO fABJIAETCA YPMUTOBO OPTOHOPMaIbHBIM 6azucoM Vi Hag C, ¥ eBKIWAOBO, U
3PMUTOBO COIIPsDKEHHNE 03HAa4yaloT TPAaHCIIOHUPOBaHKe BellleCTBeHHOM MaTpullbl, KOTOPas ABJIAETCA
MaTpulel 0boux orepaTopos f U fi B 3ToM bazuce.

MEI 3aK/TI0YaeM, YTO KOMIUIEKCUUKAIA HOPMaIbHOro® R-muHeitHOro omepatopa f : V. — V
ABJIAIeTCA HOPMaJIbHBIM OIIePaTOpOM Ha NpOCTpaHCTBe Vi, ¥ B V¢ CylllecTBYeT TaKoi 3PMUTOBO Op-
TOHOPMAaJIBHBIN 6a3¥C, B KOTOPOM MaTpHIla KOMIUIEKCHU(UIIPOBAHHOIO OIlepaTopa fi AuaroHaibHa.
[Ipu 3TOM KOMILIEKCUUKALIUA eBKINJ0BO (aHTH)CaMOCOIPSKEHHOTO WIM OPTOTOHATIBHOTO OIlepa-
Topa Ha V ABjAeTcA COOTBETCTBEHHO (aHTW)3PMUTOBLIM WIXA YHUTAPHBEIM onlepaTopoM Ha V.

ComracHo ci1. 15.2 Ha cTp. 251, Kaxk/i0e KOMIUIEKCHOe COOCTBEHHOe ITOANIPOCTpaHcTBo Vy C Ve
KOMIUIEKCHUHUIIMPOBAHHOTO OIIepaTopa f C BellleCTBEHHBIM COOCTBEHHBIM YHCIOM A ABJIAETCA KOM-
wiekcudukanyell BemecTBEHHOro coO6CTBEHHOro HoAnpocTpaHerea V; C V omepatopa f, a cob-
CTBEHHBIe IOAIIPOCTPAHCTBA OIIEPATOPA fi C HeBellleCTBEHHBIMU COOCTBEHHBIMH YHC/IaMH pa3buBa-
I0TCA 1O ¢1. 15.3 Ha cTp. 251 Ha maphl KOMIUIEKCHO COIIPSKEHHBIX APYT APYTY MOAIPOCTPAHCTB V)
uly = V,l C KOMIUIEKCHO COTIPSKEHHBIMY 3HAUEHUSAMU A # 1 e C\R. [Ipy 3TOM KaXXAOMY 3p-
MUTOBO OPTOHOPMaJIbHOMY 6asucy wy, ... , Wy, IPOCTPaHCTBa V; oTBeyaeT KOMILIEKCHO CONPAKEH-
HbI 6a3uc W, ..., W,,, IPOCTPAHCTBA VE’ TOXXE OPTOHOPMAJIBHBIN 10 yp. 15.3 Ha cTp. 252. Comtac-
HO npet. 15.2 Ha cTp. 249 C-muHeitHasa 060I09Ka KaXX/[01 Taphl CONPSKEHHBIX Oa3UCHEIX BEKTOPOB
w, = u, +iv,, w,, = U, — iV, ABIAETCSI KOMIUIeKCUpUKAIVel IByMEPHOTO BEIleCTBEHHOr'O f-MHBa-
pHaHTHOrO noAnpocTpancTsa U,, ¢ 6a3ucoM u,, v,,, B KOTOPOM OIepaTop f UMeeT marpuiy?

<a b), rme a=ReA, b=ImA. (16-7)
-b a

'Cm. pasgen 11.2 Ha cTp. 145 nekruum http:/82.204.189.191/ps/stud/geom _ru/2122/lec 11.pdf.
2Cwm. mpum. 15.2 Ha cTp. 252.

3T. e. HepecTaHOBOYHOTO CO CBOMM eBKIMOBO CONPMKEHHEIM OIePaTOPOM.

4Cm. bopmyiy (15-3) Ha cTp. 250.
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Tak kak cOOCTBEHHBIE BEKTOPH W,, U W,, IMEIOT pa3Hble COOCTBEHHBIE YicIa A # A, OHU 3PMUTOBO
OPTOT'OHAJIBHEL APYT APYTY. VI3 paBeHCTB

1=(u, + v, u, + vy = W, w) + (0, 1) + i((v,,w,) — (1, 1)) (16-8)

0= (u, +iv,, u, — i)y = (. u,) — (v, 1) + i (1, ) + (uy,, ) (16-9)

BBITEKaeT, 4to (u,,,v,) = 0, a (u,,u,) = (v,,,v,) = 1/2 B BellleCTBEHHOM eBKJIUIOBOM IIPOCTPAH-
cTBe V. TeM caMbIM, BEKTODBI \/Euv u \/Evv 00pasyioT OpTOHOPMAIBHBIH 6asuc mpocTpaHcTea U,,.
Io ol e npu4KHe nognpocrpancTsa U, u U j €BKINZOBO OPTOrOHAIBbHBI IPYT APYTY IPU & #* B.

VIIPAXKHEHUE 16.2. YOeauTech B 3TOM.

Mgl 3aKJII09aeM, 4TO JJiA KaKJOT0 HOpMaJbHOTO oIlepaTopa f Ha BellleCTBEHHOM €BKJIUI0BOM IIPO-
cTpaHcTBe V MOXHO yKa3aTh TAKOM eBKIUI0BO OPTOHOPMAJIbHEIH 6a3uc mpocTpaHcTsa IV, B KOTopoM
Marpwuiia orepatopa f 6yzeT 6;109HO AnaroHanbHOM 13 1X 1 6710KOB, B KOTOPBIX CTOSAT BENECTBEHHBIE
cobcTBeHHBIE YKcia oneparopa f, u 2 X 2 6;okoB Buza (16-7) ¢ b > 0, KOTOpble OTBEYAIOT HEBeIIe-
CTBEHHBIM COOCTBEHHBIM YHCJIaM a + ib omepaTopa f, ¥ 3Ta MaTpHIla C TOYHOCTbIO /10 TIEPECTAaHOBKHU
6JIOKOB HE 3aBHCHUT OT BRIOOPa OPTOHOPMAIBHOTO 6asuca ¢ TakuM cBoiicTBoM. OHa Ha3hIBAeTCA Kd-
HOHUUeCKOU WU HOPMAbHOL GOPMOI HOPMATBHOTO OnlepaTopa f B €BKJINOBOM IIPOCTPAHCTBE.

Eciu omepaTop f caMOMOIIPSKEH, TO BCE €T0 COOCTBEHHBIE YKCIA BENECTBEHHEI, ¥ GIOKOB pas-
Mepa 2 X 2 B IpeAbIAYINEM IIPeCTaBIeHNN He OyZieT. MBI 3aK/II09aeM, YTO CAMOMOTIPSKEHHBIE OTlepa-
TOPHI Ha €BKJINIOBOM MPOCTPAHCTBE — 3TO B TOYHOCTH OTIEPATOPHI, IUATOHATHU3YEeMbIE B HEKOTOPOM
opTOHOpPMAaJIbHOM 6asvice. BeKTOPHI TaKoro Gasuca Ha3bIBAKOTCSA HOPMAIbHBIMU OCSMU CAMOMOIIPSI-
»KEHHOTO omepatopa. Eciiu Bce cOOCTBEHHBIE YHCIIA ONlEpaTOpa MOMAapHO Pa3IMYHbI, HOPMalbHbIE OCH
oTIpeZieJieHbI OHO3HAYHO C TOYHOCTHIO ZI0 3HaKa. B 06IieM ciyyae poU3BOJI B BEIGOpE HOPMATbHBIX
ocell — 3TO B TOYHOCTH MPOU3BOJI B BEIOOPE €BKJINAOBO OPTOHOPMAJIBLHOIO 6asuca B KaXkKJoM Co0-
CTBEHHOM ITO/ITIPOCTPAHCTBE OIepaTopa.

Eciu oniepatop f aHTHCaMOCOTISIPKEH, TO BCe ero COOCTBEHHbIE YHUC/Ia YUCTO MHUMBI, ¥ €TI0 HOP-
MasibHast popMa COCTOUT U3 2 X 2 6JIOKOB BUZA

<0 a), me a>0. (16-10)
—-a 0

CobcTBEHHBIE YKCIa OPTOTOHAIBHOTO OIlepaTopa f MUCYepIBIBAIOTCA +1 U mapaMu JieXamux Ha
€/IMHUYHOM OKPY)KHOCTH KOMILIEKCHO COIPSDKEHHBIX YHces cos @ + ising, rae 0 < ¢ < m. MHl 3a-
KJIIOYaeM, 4TO HopMasibHasa GpopMa OpTOrOHATBHOTO olleparopa cocTouT u3 1 X 1 6;10xoB +1 1 2 X 2

<cos<p sin<p> . 16-11)

—sing cos¢

6JIOKOB BHa

16.3. CuHTY/ISIpHbIE YHCJIA U CUHTY/IApHbIe HanpasiaeHusa. C KaxapM C-TMHeHBIM 0TO6paskeH!-
eM f : U —» W mexzy spMUTOBBIMU IIpocTpaHcTBamu U, W cBs3aHbI caMoCOonpsKEHHbIE OllepaTOph

f*f:U->U un ff*:W->W.
ITo ci1. 16.2 Ha cTp. 264 06a OHU UMEIOT BellleCTBEHHBIH CIIeKTp.

JIEMMA 16.1
OG6a crieKTpa HeoTpHULaTebHEL 1 ker fXf = ker f, aker ff* = (im f)*.



266 §16 JIuHeliHbIe OTOOPAXKEHUA SPMUTOBBIX IPOCTPAHCTB

JIOKABATEILCTBO. Ecim f* fv = Av /1 HEHynIeBOTo v, TO
(fv,fv) = (f*fv.v) = (Av,v) = 1 (v, v),

otkyza mbo fv # 0u i = (fv, fv)/(v,v) > 0,160 1 = 0 u v € ker f. [locegHee 03HAYAET, YTO
ker f*f = ker f. AHanorn4Ho, ecim f f v = Av 119 HEHyTIEBOTO V, TO

(f*v, f*v) = (ff*v,v) = Av,v) = 1 (v,v).

[TosTomy 6o f*v # 0 u B aToM ciydae A = (f*v, f*v)/(v,v) > 0, /b0 f*v = 0u A = 0, oTkyza
ker ff* = ker f*, aker f* = (im f)* mo npezr. 16.1 Ha cTp. 260. O

TEOPEMA 16.2

Kaxzgoe C-muHeliHoe otobpaxkenue f : U — W Mexay spMmutoBEIMU TIpocTpaHcTBamu U, W pac-
KJIaZIbIBaeTCs B KOMIIO3UIMIO [ = ghp opToroHanapHOM npoekuuu p : U - V Ha noampocTpal-
ctBo V = (ker f)* C U, camoconpsixéHHOro oneparopa h : V = V ¢ IONOXUTeNbHBIME COGCTBEHHBI-
MU YUCIIAMH A4, ... &, Ioe r = 1k f = dim V, u yuuTapHoro Bioxenusa g : V & W, usomerpudecku
otobpaxatomero I/ Ha im f C W. Onepartopsl g u h OZHO3HAYHO OIIPeEIAI0TCS STUMH CBOMCTBAMU
10 omeparopy f, a KBaApaThl a2, ... a2 coBCTBEHHBIX YHCEN orepaTopa h — 3TO B TOYHOCTH Bee (C
y4ETOM KpaTHOCTelH) HEHyJIEBhIE COBCTBEHHBIE Yncia oneparopa f*f 1 U — U.

JIOKA3ATENBCTBO. 3aduxcupyeM B U OPTOHOPMAaIbHBIN 6a3UC Uy, ... , U, U3 COOCTBEHHBIX BEKTOPOB
camoconpspkéHHoro omnepatopa f*f : U — U. IlycTb co6cTBEHHOE 3HaYeHue f* f Ha BEKTOpe U; paB-
HO al-z, rae a; € R HeOTpHUIIATENbHO. YIIOPAAOYUM BEKTOPHI U; TaK, YTOOBI IIEPBBIE 7 YHCEN Uy, ... , Oy
OBUIH ITOJIOKUTENBHEI, & OCTAJIbHBIE I j ¢j > r — HyneBbIMU. Takum obpasom, u j € ker f*f = ker f
npuj > r.Ilpu 1l < k, ¢ < r BEIIOJHAIOTCA paBeHCTBA

az>0 mpuk=7+¢

(Fiies fite) = (f*ftyes ) = @ (e ) = § mpuk # .

[TosTomy BeKTOpHl W; = fu;/a; ci < r oO6pasyloT OpTOHOPMAJbHBINA Habop B MpocTpaHCcTBe W.
B yacTHOCTH, OHM JIMHENHO He3aBUCUMBL. [TockonbKy f(u;) = 0 mpu j > r, A KQXAOTO BEKTOpa
u =Y x;u; € U BBIIOIHAETCS PABEHCTBO fU = @y X, W, + ... + @,.X,W,.. MBI 3aKJIH09a€M, YTO BEKTO-
PBIl W; € i < T COCTABJIAIOT OPTOHOPMAJIBHBIN 6a3uc B im f, BEKTOPHI U; C { < T — OPTOHOPMAaJIbHBIH
6asuc B (ker f)* = V, a omeparop f ABIfAeTCA KOMIO3UIKEi OPTOTOHAIBHOM IPOeKIUK p : U - V
Bzonb ker f, AuaronanpHoro omneparopa h: V. — V, u; — a;u;, 1 ©I30MeTpUIeCKOro usoMopdus-
Mag: V = imf,u; » w;, Kak 4 yTBep:Xanock.
YIIPAXKHEHME 16.3. Y6eIuTeCh, 4TO BCAKUN OPTOTOHATBHBIM IIPOEKTOP P CAMOCOTIPSDKEH.

[TycTb camoconpskEHHBIN onepaTop hy : V — V ¢ NOJOXKUTENIBHBIM CIIEKTPOM U M30MeTpUYeCKUi
usomopdusm g, : V = im f Taxoswl, uto f = g,h,p. Tak kak g5 = g; " Kak oneparopsl im f — V,
a h* = h, BomonHsAeTCA paBeHcTBO f*f = p*higygh,p = ph®p = hip, otkyma h? = f*f|,.
Tak kak h, mepectaHoBodeH c h> = f*f|,,, onepatops h, u f*f|,, AMaroHamU3yeMsl B OfHOM 6a3u-
ce. CirefoBaTeNbHO, h, AEHCTBYET HA KAXKJOM COOCTBEHHOM ITOAIIPOCTPAHCTBE Valg oneparopa f*f|,

YMHOXXE€HHNEM Ha &; 1 TEM CaMbIM COBHAZA€T C h. Tak kak

91_1f|v =h= g_lflV

u onepatop f |y, : V = im f 6ueKTUBEH, MBI 3aK/TI0Y9AEM, UTO g; - = g~ ', a 3HAuMUT, g, = g. U
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YIIPAXXHEHMUE 16.4. Y6eauTech, uTo oneparop f < : W — V AelicTByeT Ha OCTPOEHHEIE B JOKa3a-
TeJbCTBE TeOp. 16.2 BEKTOPHI Wy, ... , W,, € W no IpaBUly w; = a;U; ¥ aHHYJIUpyeT OPTOrOHAJIb-
HOe JIOTIOJTHEHME K UX JTUHEHHOM 060/I0UKe. BBIBEIUTE OTCIO/Ia, YTO MHOXKeCTBA Beex (¢ yuéToM
KpaTHOCTeli) HeHy/eBhIX COOCTBEHHBIX YHCeJ y ONepaTopos f*f u ff* oAMHAKOBEL.

3AMEYAHWUE 16.1. (CUHTY/IAPHBIE YMCJIA U CUHTY/IAPHBIE HAMIPABIEHWs) T0BOps HepOpMaibHO, Mpe-
ABIyIAs TeopeMa yTBepyKaeT, 9To Kaxk/0e TuHeiHoe oTo6paxkenue f : U — W cHayasa IpOeKTH-
pyet U BIOMb CBOETO siZipa Ha OPTOTOHAIbHOE ZiotioHeHue V C U K 3TOMY sZIpY, TOTOM PacTATUBAET
MPOCTPAHCTBO V B MOMApHO TePNeHAUKY/ISAPHBIX HAPABIEHHUSAX C TIONOKUTETbHBIMY KO3 HIeH-
TaMu, a TIOTOM M30MeTpUYecKU BKJIaZbIBaeT pe3y/brar B W. HanmpasieHus, B KOTOPBIX TIPOMCXOJUT
pacTshKeHUe, T. €. O/HOMEDHBIE MOATIPOCTPAHCTBA, MOPOXKAEHHbIE GA3UCHBIMU BEKTOPAMH U; U3 JI0-
Ka3aTesbCTBa Teop. 16.2, HA3BIBAIOT CUHZYIAPHBLMU HANPABLeHUAMU 0TOOpakeHus f . OGpaThTe BHU-
MaHue, 9TO OHM OTIpe/ie/ieHbl OfHO3HAYHO, TOJbKO €C/IA BCe COGCTBEHHBIE MOATIPOCTPAHCTBA ONlepa-
Topa f*f oHOMepHHI, a B 06IIIeM cTydae UX BHIGOp 03HaYaeT BEI60P OPTOrOHATIBHOTO 6asuca B Kax-
JZIoM COGCTBEHHOM ToAnpocTpaHcTBe. Ha6op u3 dim U HeOTpHIaTebHBIX BEIeCTBEHHBIX YHCEN ;,
PaBHBIX KBaJ[PaTHBIM KODHAM M3 Beex (BKJIIOYas Hy/eBble) COGCTBEHHbIX YMCE CAMOCOMPAKEHHOTO
omeparopa
f*f:U-U,

WK — 9TO TO e caMoe TI0 yTIp. 16.4 — KOPHAM U3 COBCTBEHHbIX YHCe OllepaTopa
ffr-w-w,

Ha3BIBAeTCA HAOOPOM CUH2YNAPHLIX Hucen oTobpaxenud f . U — W. PoBHO 1k f U3 HUX NOJIOXKU-
TeJIbHBI. DNUTET «CUHTY/IAPHBIM» TlepeKkoueBasl B 9TUX Ha3BaHUA U3 aHAJIM34, I7ie B IIeJIoOM pAZie 3a/ad
BO3HUKAIOT GYHKIINY TUIA «KO3QPUINIEHTA YATNHEHUA», UMEIOIIYe BU/L

p:UN0->R, ue (fu fu)/(u,u),

rae U — apMuTOBO (WK €BKJIWZOBO) MPOCTPAHCTBO, a f . U — W — juHeliHoe oTo6pakeHue B
3PMUTOBO (WU €BKJIUZ0BO) IIPOCTPAHCTBO.

YMPAXKHEHUE 16.5. [IOKa)KUTe, YTO MPOU3BOAHASA GYHKIUH ¢ 3aHYJIAIETCS B TOYHOCTH Ha COOCTBEH-
HBIX [IOATIPOCTPAHCTBaxX oreparopa f*f.

16.4. TlonapHoe pasioxkenue. /Iy obparuMmoro JuHeHHOTo sHAOMOpdU3Ma f € GL(W) spmuToBa
npoctpaHcTBa W Teop. 16.2 yTBepxAaeT cyllecTBOBaHUe U €JUHCTBEHHOCTD pasioxeHus f = g, hq,
B KOoTOpoM g, € U(W), a h; € GL(W) caMoconpsKEH U UMeeT MOJI0XKUTEeNbHBIN crieKTp. [lepexoaa
B 00eVX JacTAX paBeHCTBa K 0OpaTHHIM OllepaTopaM, 3aK/IIodaeM 4To KX bl onepatop f € GL(W)
Takke UMeeT eZIMHCTBEeHHOe pasjioxkeHue f = h,g,, B koTopoM g, € U(W), a h, € GL(W) camoco-
IPKEH U UMeeT MOJIOKUTENbHBIN criekTp. Pasnoxenus f = g, h; = h,g, Ha3bIBAIOTCA NOJAPHBIMU
passnoxceHuAMU, TOCKONMbKY A1 W = C oHU 3a,a10T IIpe/icTaBieHye HeHYIeBOro KOMIUIEKCHOT'O YHC-
naz € GL,(C) = C*BBUgE Zz = Qew, Tle YUCII0 0 = |Z| BelleCTBEHHO U MOJIOXKUTEIBHO, a YHUCIIO
e = cos9 + isin® JTEKUT HA EAUHUIHOM okpyxHoctr U; C C*. KOMIIOHEHTHI ABYX IOIAPHBIX

pasJIoXKeHUN HaXOAATCA U3 PAaBEHCTB

*f = (g1h1)x(g1h1) = h1g1_191h1 = hi
ff* = (hyg,)(h,g,)" = hzgzgz_lhz = h% .
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Takum o6pasoMm, hy, = \/f*f, h, = \/f f* saBnstoTcsa MHOTOWIeHaMU OT f*f u f > 1 BBIYUCAAIOTCS
KaK 06bACHANOCH B IpUM. 9.9 Ha cTp. 165,a g, = fhi*, g, = hy'f.

[TPUUMEP 16.3
N _ . r2 2
Haiizném nossspHoe pasnoxenue f = gh oneparopa f : C* — C*, uMelolero B CTaHZapTHOM 6azuce

MaTpUILy
20+i) -1 )
F= < 1 2 . .
5 517D

BbluncisieM MaTpuIly oneparopa f ¥ f:

<2(1 +i) -1 > 2(1-1) 3 = -S(1-10)
1 2 . : 2 , = 16 . 17

3 5(1—l) -1 §(1+l) —?(1+l) ry

Eé xapakTepucTideckuii MHorowreH det(tE — FXF) = t? =10t +9 = (t —1)(t — 9). Cornacso n° 9.3.2
Ha cTp. 164, \/f*f = af *f + bE, rae nuHeiinbiii gBywieH p(t) = at + b umeer p(1) = 1up(9) = 3,
otkyaa a = 1/4, b = 3 /4. Takum o6pa3om, omepaTopsl h ¥ g UMEIOT MaTPHUIIBI

73 16 . 25 4 .
= LS 22 21 -
Heg SELIC 'n " +%<(1) 2>= ~E1 ) "
9 9 9 ! 9
. 11 4 . 2 . 1
G=rur= (2OFD U N (L HOSD (50D s
L Za-p) \Ea+y = 2 21-1)
3 3 27 27 3 3

16.5. DKCHOHeHIHATbLHOE 0ToOpaxeHHe. Anrebpa aHanuTUIeckux ¢ynknmit' C — C anre6pau-
YecKM BHYHCTMMA® Ha mo6oM C-muHeitHOM omepatope f : W — W Ha KOMIUIEKCHOM BEKTODHOM
npocTpascTBe W. B wacTHOCTH, 71 MoGOro omeparopa f ompezeneHa skcionenTa e/ : W — W.
Ecnu npoctparcTBo W spMuTOBO, a onepaTop f aHTU3PMUTOB, TO OH IUATOHAIN3YeEM B HEKOTOPOM
OpPTOHOpMaJIbHOM basuce e, ... , e, IPoCTpaHcTBa W 1 MMeeT YUCTO MHUMbIE COOCTBEHHBIE YHCIa
i9q,...,1l¢,. Kax MBI BUZle/IM B J0OKasaTeabCTBe Teop. 9.4 Ha cTp. 162, B 3TOM iIydae oIepaTop ef
IepPeBOANT Kaxkoe cobcTBeHHOe noanpocrpanctso W, = K, oneparopa f B cebs 1 AefCTBYyeT Ha
HEM yMHOXKEHHEeM Ha e'? . MBI 3aK/IiodaeM, 4To onepatop e/ uaroHanmsyeM B TOM ke OPTOHOPMAaJlb-
HOM Gas¥ice, 94To 1 f, ¥ BCe eTo coGCTBEeHHbIe unca e %1, ..., e'Pn exar Ha eIMHIIHOMN OKPYKHOCTH.
TeMm cambIM, onlepaTop ef yHUTapeH. Tak Kak KaXX/bli YHUTapPHBIN OTIepaTop UMeeT YKa3aHHbIN BUZ
B ITOAXOZSAIEM OPTOHOPMATIbHOM 6a3uice, MBI 3aKJIIOYAEM, UTO SKCIIOHEHI[UATIbHOE OTOOpaKeHre

exp: End~(W) » UW), fwef, (16-12)

CIOPbEKTHUBHO OTOOPaKaEeT BEIECTBEHHOE BEKTOPHOE TPOCTPAHCTBO aHTUSPMUTOBBIX MaTPHI] Ha YHU-
TapHYyIO TPyIIy. B yacTHOCTH, ToIApHOe pasnoxenue f = hg oneparopa f € GL(W) moxxHO 3amu-
catb B BUZie f = he't, e h, t cAMOCOIIPSDKEHBI 1 h TIOJIOXKHUTENEH, OHAKO B OTIHYHE OT YHUTAPHOTO
omepatopa g = e'!, caMoconpsKEHHEIH omepaTop t co CBOHCTBOM e'l = g ompezenserca yHuTap-
HBIM OTIEPATOPOM ¢ HE OZIHO3HAYHO, TIOCKOJIBKY SKCIIOHEHIIMATbHOE OTOOpaKeHNE HEe MHBEKTHUBHO:

nanpumep, e2™14 = I1d = e°.

!@ynkiua f: C — C Has3HIBAETCS AHATUMUUECKOL, eC/ OHA ABNAETCA CyMOit aBCOMOTHO CXOASIIErocs
Bciogy B C cTeTIeHHOTO psija.
2Cm. n° 9.3.1 Ha ctp. 161.
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VIPAKHEHUE 16.6 (110 AHAN3Y). Y6eauTech, 4To oTobpaskenue (16-12) HempeprsiBHO U AuddepeH-
I[UPYeMO B Ka)XX/I0M TOUKe, Y BBIYUCIUTE €TI0 IPOU3BOJHYIO.

3 5TOTO0 yIpaXkKHeHHs CpeM IPOYero BEITEKAET, UTO YHUTApHAs TPYIIa IMHEeHO CBA3HA .

1Cm. ymp. 16.1 Ha cTp. 264.



OTBETBIHYKaBHHHHI(HeKOTOmeﬂynpaMHEHHHM

ymip. 16.1. CTaHzapTHasA 3pMUTOBA CprKTypa1 Ha npocTpaHcTse Mat,, (C), paccmaTpuBaeMoM Kak n?-
MepHOe KOMIUIEKCHOe KOOp,Z[I/IHaTHoe IIPOCTPAHCTBO, CONOCTABJAET Nape MaTpul X = (x; i)Y = i j)
yucino (A, B) & Z” =trAB*,tne B* = (b ) = Bt umeer b Eﬁ. Tak KaK yHUTapHasA MaTpH-
na U umeer U* = U~ 1, eé apmuroBa gnuHa \/ (U, U) = \/_ . Tem cambiMm, rpymnna U,, orpanndena. OHa
3aMKHYTa B CHJIY TOTO, YTO 33Ia€TCS CUCTEMOU KBaJpaTHBIX YPaBHEHUH Ha MaTPUYHBIE 3JIEMEHTHI,
BO3HUKalolIel U3 MaTpUYHOTO paBeHcTBa U tU = E. JuaroHanbHaa mMatpunia D ¢ AuaroHajabHBIMU
JeMeHTaMU Buza et coelMHAETCA C eJUHUYHON MaTpulleii E magkum nytém y : [0,1] — U, 006-
pas KOTOPOT'O COCTOUT U3 AWaroHaIbHBIX MaTpuI Toro ke Buga ¢ ¥ — 0. [TockonbKy pou3BoIbHAA
yHUTapHas Matpuua F sanuceiBaercs kak F = CDC ™" ansnexortoporo C € Uy, nytb t - C-y(t)-C*
LIeJIMKOM JIeXXUT B U,, 1 coefuHsaeT F c E.

ymp. 16.3. I[lycte p : W — W npoektupyert HpOCTpaHCTBO W na noanpoctpanctso U C W Bzosb ero
OPTOrOHAIBHOTO ZomoHeHus UL, TTockombKy pXp* = (pp)>< Id* = Id, onmeparop p™ Toxe AB-
nstieTcst mpoektopoM. Tak kak ker p* = (imp)t = U l, aimp* = (kerp)* = U, omeparop p* Toxe
npoextupyer W Ha U Bzomb U'. Bropoe oGbscHEHHE: B OPTOHOPMAIBHOM Gasice, COMIaCOBAHHOM
c pasnoxxeaueMm W = U @ U L MIPOEKTOP p UMEET ANATOHAIBHYIO MAaTPUILy U3 HyJIEH U eAVHUI, a
3HAYUT, CAMOCOIPSDKEH 10 1. 16.2 Ha cTp. 264.

yop. 16.5. Y3 paBeHcTB (U + v, u + v) = (U, u) + 2(u, v) + o(Jup) u (f(u + v), f(u + v)) = (fu, fu) +
+ 2(fu, fv) + o(|u|) BerTekaer, uro (u,u)' v = 2(u,v) u (fu, fu)’ v = 2(fu, fv) = 2(f*fu,v). Co-
IIacHO mpaBuiy AuddepeHIpoBanua Apobeit, yeaosue ¢’ (u) = 0 03HaYaeT TOrza, YTO A TH060T0
v € V BemonHsaeTca paseHcTBO 2(f X fu, v)(u, u) — 2(fu, fu)(u, v) = 0. [TosTomy

ffu=u-(fu,fu/ww,

T. €. BEKTOD U ABJAETCA COGCTBEHHBIM Jis1 omtepaTopa f*f ¢ CoGCTBEHHBIM YHCIOM
(fu. fw)/(w,w) = (fF*fu,w) /(W u).

yop. 16.6. Tlokaxure, 9to mpaBuio ||f|| = max),, = [Ifwll = max,,., [fwll /|lw|| 3azaér Ha ose-
mecTBIeHH: pocTpancTsa End (W) HOpMy?: OMOKUTETBHOCTD U OJHOPOJZHOCTD O4eBU/IHEL, HEpa-
BEHCTBO TPEYTOJbHUKA BBITEKAET U3 HEPABEHCTBA TPEYTOMbHUKA JIs1 9PMUTOBOM HOPMEL: || f + g|| =
= maxyy g [Lfw+gwll < max_y (Ifwil+llgwll) < maxy,_y [|fwll+max,_, lgwl = [I£]+
+ |lg||. DTa HOpMa yzOBIETBOPSIET HEPABEHCTBY

w#o - |[wl| lgwll lwll

lfgwll llgwll IIf ll
< X ——— -max —— < ma
gw#o |lgwl| w#o |lwl| v40 vl

1fgll = max VI _ oy <M_ ||9W||> B
gw#0

gl =1£1- gl s

'Cm. mpum. 15.2 Ha cTp. 252.

2HopmMoii Ha BeleCTBEHHOM BEKTOPHOM IIPOCTPAHCTBe V Ha3pBaeTcA Takasa GyHKuuA V — R, v = ||V,
yTO ||v|| > 04712 v # 0, BRINOJHAETCSA HEPABEHCTBO TpeyronbHuKa: ||[u+w|| < ||u||+||lw|| anaBcexu,w € V,u
|lxv|| = |x|-||v|]| ansaBcex x € R, v € V.Kaxzaas HopMa ompeziesisieT Ha V MEeTPUKY, U METpUY€eCKas TOTIOIOTHS,
3aZlaBaeMasi TaKOM METPUKOIT Ha KOHEYHOMEPHOM BEKTOPHOM IIPOCTPAHCTBE V He 3aBUCHUT OT BbI6Opa HOPMBI.
[ogpo6GHOCTH CM. B JIeKIuu http://82.204.189.191/ps/stud/geom ru/1617/lec_08.pdf.
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KOTOpO€e BMeCTe C HEPAaBEHCTBOM TPEYTOJbHUKA MO3BOJIIET MaKOPUPOBATh HOPMY OCTaTKa SKCIIO-
HEHIIMAJIbHOTO psija ef = Zm;o f™ /m! cxogsmeiica reoMeTPUYIECKOM TIPOTrPecCHel TaKkxKe, Kak
3TO Jle/laeTCs B HaYaJbHOM Kypce aHaiu3a JJi SKCITOHEHT AeHCTBUTENbHBIX YHCEN, U JOCJIOBHO Te
)K€ pacCy’KJeHus ¢ 3aMeHOI MOAY/IA IeHCTBUTEIbHOTO YMC/Ia Ha HOPMY OllepaTopa ITOKa3bIBaIOT, YTO
SKCIIOHEHIIMAIbHBIN Psi/l a6COMOTHO CXOAUTCS BCIOAY Ha IIPOCTPAHCTBE TMHEHHBIX OTIEPATOPOB U 3a-
Jaét puddepennnpyemyro yuknuio End(W) — GL(W), X — eX, mpousBozHAA KOTOPOIA B TOU-
ke f € End (W) — aTo JMHeliHBIl olepaTop el
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