§1. Ilona, KOMMYyTaTHUBHbIE KOJIbIIA U abeseBbl IPYIIIbI

1.1. OmpezesieHus u IpuMepbl. [0BOPS BOJIBHO, TI0JIE IIPEACTABIIIET COOOI0 YHCIOBYIO 06JIACTb, IZie
oIIpeZieIeHbl YeThIpe CTaHAPTHhIE apudMeTHIeCKIe ONIepPALNN: CJIOKeHIe, BBIYUTaHNe, YMHOXEHUE
U JieJieHre, KOTOpHIe 001aZlaloT TEMU JKe CBOMCTBAMU, YTO U COOTBETCTBYIOLINE eHCTBUA HaZl paly-
OHAJILHBIMU YncIaMy. TOYHBIN lepedeHb STUX CBOMCTB UAET HIDKE.

ONPEAEJNEHUE 1.1
MuoxkectBo [ ¢ aBy™mst ontepatusamu F X F — [F: cioncenuem (a, b) — a+b v ymHoncenuem (a, b) — ab

Ha3bIBAETCA noJiem, €C/JIU BbIITOJTHAKTCA CIeAYIOoIIre TPU Ha6opa AKCHOM:

CBOMCTBA CJIOXKEHUS

KOMMYMAamugHOCMb: a+b=b+a VabeF 1-1

accoyuamueHoCmb: a+b+c)=(@a+b)+c Va,b,ceF (1-2)

Hauvue Hynis: d0€F: a+0=a Va€eF (1-3)

Hauuue Npomueono 0N CHbLX: VaelF d(-a)eF: a+(-a)=0 (1-9)
CBOVICTBA YMHOXXEHUA

KOMMYMamueHOCMb: ab=ba VabeF (1-5)

accoyuamueHocms: a(bc) =(ab)c Va,b,ceTF (1-6)

Hanuvue eOUHUUbL: d1e€eF: la=a VaeF a-7

Hauuue 06pamHblx: VaeF\0 JatleF: aal=1 (1-8)

CBOMCTBA, CBA3BIBAIOLIUE CIOXKEHUE C YMHOXEHVEM
oucmpubymugHocmb: albb+c)=ab+ac Va,b,ceF (1-9)

HempueUaNbHOCb: 0#£1 (1-10)

[TPUMEP 1.I (TTOJIE U3 ABYX DJIEMEHTOB)

I[IpocTeiumii 0O BEKT, YAOBIETBOPAIOMINI BceM akcuoMaM u3 onp. 1.1 — aro none F,, cocTosmee
TOJIBKO M3 IByX Takux asieMeHToB 0 1 1,4T0 04+1 = 1-1 = 1, a Bce ocTanbHbIe CyMMBI ¥ TIPOU3BECHUA
PaBHBI HYJIIO.

YrpAaXXHEHUE 1.I. [IpoBepbTe, uTo [F, felicTBUTENbHO ABJACTCA IOIEM.

DJIEMEHTHI 3TOTO TOJISI MOXKHO BOCIIPUHUMATD KaK KJIACCHI BEIYETOB 10 MOJYJIIO 2, T. €. «4€THOe» = 0 u
«HEYETHOE» = 1, CO CJIOXKEHNEM U YMHOXKEeHHEM, 3aanHbiMu popmysiamu (0-19) — (0-20) Ha ctp. 10.
C Apyro¥i CTOPOHBI, 3JIEMEHTHI 1101 [F, MOTYT MHTepIIPEeTHPOBAThCA KaK «IOXb» = 0 M «MCTHHa» = 1,
CIIOXEeHHe — KaK JIOTHYECKOe «HCKIIoYaloliee Wik»1, a yMHOXeHHe — KaK JIOTHYecKoe «i»2. IIpu
TaKO! MHTepIIpeTaly ajarebpandeckue BbIYUCIeHUA B 1Tose [F, TpeBpalaoTcsa B IOrHYecKre MaH!-
myaagun C BBICKa3bIBAHUSAMMU.

YHOPAXXHEHME 1.2. HamuIinuTe MHOTOWIEH OT X C KOB(i)CI)I/IHI/IEHTaMI/I M3 I10JIA IFZ, paBHbeI «HE X», a

T, e. BEICKa3bIBaHMe A + B HCTHHHO TOI/ZA U TOJIBKO TOIZA, KOIZIA HCTHHHO POBHO 0OHO U3 BHICKA3LIBAHMI
A, B.Ha saspike popmyn: 0+1=14+0=1,a0+0=1+1=0.

2T. e. BEICKa3bIBaHMeE A - B HCTHHHO €CJTH ¥ TOMBKO eCTH UCTUHHBI 06a BBICKasbiBaHUA Au B:1-1 = 1, HO
0:-1=1-0=0-0=0.
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TaKK€ MHOTOWIEHOT X 1 Y, paBHLIﬁ «X I/IJII/I1 y».

[TPUMEP 1.2 (PALIMOHAJIBHBIE YHCJIA)

Hanomuio?

, ITO TIOJIe PAITMOHATBHBIX YKces  MOXKHO OIpeIeUTh KaK MHOXKeCTBO pobeii a /b, rae
o/ «ApOObI0» MOHUMAETCs KJIacC 9KBUBAJIEHTHOCTH YIIOPAAO0YeHHOM Hapkl (a,b)ca,b € Zu b # 0
o OTHOIIeHuto (a4, b,) ~ (a,, b,)ipua, b, = a,b,, KOTOpoe ABIAETCA MUHUMAJIbHBIM OTHOIIEHHEM

BKBI/IBaJIEHTHOCTI/IS, coAeprKallvM BCE€ OTOXKAECTBICHUA

a ac
—== Vc#0.
b bc 7

CloxeHre U yMHO)XeHUe pobeti onpezenseTcs GopMyIaMu

« ad+ bc a

c Cwac
d bd b d

w .

=N
iy

+ (1-11)

S| Q

YIPAXKHEHUE 1.3. [IpOBEpETE, UTO 3TH ONEPAIH ONpeAeTeHb KOPPEKTHO (pe3y/IbTaT HE 3aBUCUT
OT BBIOOpA MpeAicTaBUTEIIEH B KJIaccax) U YAOBIETBOPSIOT aKCOMaM IT0JIA.

ITPUMEP 1.3 (BEIIECTBEHHBIE YICJIA)

MHoxecTBO BellleCTBeHHBIX urces R ollpesenaeTcsa B Kypce aHaIN3a HECKOIbKUMU Pa3IMIHBIMU CIIO-
cobaMu: KaK MHOKECTBO KJTaCCOB SKBUBAIEHTHOCTH A€CATUYHBIX ' ZIpobeii, KaKk MHOXKECTBO JIeZIEKH-
JIOBBIX CEUeHUH YIIOPSAZ0YEHHOTO MHOXKeCTBa Q, MM KaK MHOKECTBO KJIACCOB SKBUBAJIEHTHOCTHU Pa-
LIMOHAJBLHBIX TTOCIeZioBaTebHOCTelM Ko, Mbl oslaraeM, 4To YuTaTe b 3HaKOM C STUMU OIIpeeie-
HUSIMU Y IOHUMAET, KaK OHU CBSI3aHHI IPYT C APYTOM, INOO CKOPO y3HaeT 06 3TOM U3 Kypca aHajau3a.
Kakoe 6b1 onricanme MHOXeCTBa IR HU UCIIOJb30BaIOCh, 3a/laHUE Ha HEM CJIOXKEHUS M YMHOXKEHUS,
PaBHO KakK U pOBepKa akCcroM u3 omp. 1.1, TpebyroT onpeseIéHHOM YMCTBEHHOM paboThI, TaK)Ke Tpa-
JAUIMOHHO IIPOJieibIBaeMoi B Kypce aHalIu3a.

1.1.1. KommyTaTuBHBIE KojbLia. MHOXXeCcTBO K ¢ onepanyaMu CI0XXeHUA U YMHOXKEHUA Ha3bl-
BaETCs KOMMYMAMUBHbIM KOAbUOM € eOUHUYell, eCJTU 3TH Ollepaliuy 061a1at0T BCEMU CBOMCTBAMU U3
omp. 1.1 Ha cTp. 20 3a UCKIIOUYeHHEeM cBoticTBa (1-8) cylecTBOBaHUA MYJIBTUILTMKATHBHO 0OPATHBIX
anemeHTOB U ycinoBua 0 # 1. Eciu, KpoMe 3THUX JBYX aKCHUOM U3 CIIMCKa aKCHOM IT0JIA UCKII0YaeTCs
TpeboBaHue HaMMIUA eauHULEL (1-7), To MHOXeCTBO K ¢ AByMsA OllepalUAMU, VAOBIETBOPAIOMINMU
OCTaBIIUMCA aKCMOMaM, Ha3blBaeTCs IPOCTO KOMMYMAMUBHbIM KOAbUOM. IIpuMepaMy OTJINYHBIX OT
osiel KoJiel] ¢ eJUHUIIAMU ABJIAI0TCA KOJIbIIO LeJIbIX YHCcesl Z 1 KOJIbL[0 MHOI'OWIEHOB ¢ Ko3duIineH-
TaM¥ B [IPOMU3BOJIBHOM KOMMYTaTHBHOM KOJIbIIE C efuHULIel. IIpuMepsl KOMMYTaTUBHBIX Koslel] 6e3
€IVHUIIBL IOCTABJIAIOT YETHBIE IlejIble YKC/Ia, MHOTOWIEHBI C YETHBIMU IebIMU KoaddunuenTamu,
MHOTOWIEHHI 63 CBO60JHOr0 WieHa ¢ KoabpUreHTaMH B TI060M KOMMYTAaTUBHOM KOJBIIE U T. II.

1.1.2. AGeneBsI rpynmnbl. MHOXeCTBO A ¢ 00Holl onepanueit A X A — A, yIoBIeTBOpsIOIen
IIEPBBIM YETHIPEM aKCHOMaM CJIOXKeHUA U3 onp. 1.1, HaspiBaeTca abesegoll epynnotil. TakuM ob6paszom,
BCSIKOE KOMMYTATHUBHOE KOJIBIIO K sBIfeTcs abeeBoi IPyNIoi OTHOCUTEIBHO OIepaluy CJI0KEeHHU.
Ora rpymnma Ha3bBaeTcsa adoumusHoll epynnoii koasya. [Ipumep abeseBoii IpyNIbl, He ABIAOLIECA
KOJIBIIOM, ZIOCTaBJISIIOT 8eKMOPbL.

131ece uMeeTca B By 06BIMHOE, He HCKTIOYAION[ee «IITH»: MHOTOWIEH J0/DKeH IPHHUMATD 3HaueHHe 1
TOT/Ia ¥ TOMILKO TOT/IA, KOT/[A Xoms 6l 00HA U3 TIepeMeHHBIX paBHa 1.

2Cwm. mpum. 0.5 Ha cTp. 11.

3Cm.n°0.4.1ma cTp. 11.

*Wnu mpUBA3aHHEIX K KAKOH-TU60 APyToii IO3UIMOHHOM CHCTeMe CUMCTIeHHUA, HATIPIMep, JBOMYHBIX.



22 §1 IMosist, KOMMyTaTUBHBIE KOJbIIA U abeJIeBhI TPYIIIBI

[TPUMEP 1.4 (TEOMETPUYECKUE BEKTOPBI)

ByzieM HasbIBaTh zeomempuueckUm 8eKmMopoM Kjlacc HallpaBJIeHHOro oTpe3ka (Ha IUIOCKOCTU WU B
MIPOCTPAHCTBE) IO OTHOIIEHUIO SKBUBAJIEHTHOCTH, OTOXKECTBIIAIONIEMY MEXKAY COO0I BCe OTPE3KH,
KOTOpBIe MOJIyYarlliecsd ApYyr U3 Apyra NapauleJbHBIM ITepeHocoM. HyneBbIM BeKTOPOM Ha30BEM
KJIaCC 9KBUBAJIEHTHOCTH TOYKH — 3TO €IMHCTBEHHBIN BEKTOP, UMEIOIINH HYJIEBYIO JTMHY U HEe UMEI0-
Iy HanpaeieHusi. CJI0KeHNEe BEKTOPOB OIPEAENAETCs CTaHJapTHBIM 00pa3oM: HaZio BEIOPATh IIpe-
CTaBUTENEN BEKTOPOB @ U b Tak, YTOOBI KOHEI] a COBMAJ C HaYaJoM b, U OOBSIBUTD 4 + b paBHBIM
BEKTOPY C HauaJOM B Havaje a U KOHIIOM B KoHIle b. KOMMyTaTHUBHOCTb U acCOIMaTUBHOCTh 3TOM
olnepaunuy BUAHB U3 puc. 101 u puc. 102,

a+bh+c

Puc. 101. [IpaBuio napasuiesiorpaMma. Puc. 102. [IpaBUIO 4eTHIPEXYTONTbHUKA.

HyneBbIM 371eMeHTOM SABJISETCSA HYJIEBOM BEKTOP. BEKTOpP —a, IPOTUBOIIOJIOXKHBINA BEKTOPY A, MOJY-
yaeTcsd U3 BEKTOpa a U3MeHeHUeM ero HallpaBjeHNA Ha IPOTHUBOIIOJIOXKHOE.

[TPUMEP 1.5 (MYJIBTUILTUKATHUBHASA CPYIITIA [10J1A)

YeThIpe aKCHOMBI YMHOXeHHUA u3 orp. 1.1 Ha cTp. 20 yTBep:KAaroT, To MHOkecTBo F* £ F \ 0 Bcex
HeHyJlegblx 37eMeHTOB 1o F sBisieTcs: abesieBoM PO OTHOCUTEIBHO OMEpaIiy YMHOXKEHUS.
DTy TPYIITy Ha3bIBAIOT MYJIbMUNIUKAMUBHOU 2pynnoii noas. Ponb Hy/A U3 aaAuTUBHOM rpymmsl F B
MYJIbTUILIMKAaTUBHOM rpymme F* ncrmonHseT eaununa. B abcTpakTHOM aGesieBo IpyIIIe TAKOM aJ1e-
MEHT Ha3bIBAe€TCA Heﬁmpa]lebLM. MYJIbTI/IHJII/IKaTI/IBHbIM aHaJIOTOM IepexoZa K IIPOTUBOIIOJIOXKHOMY
3JIEMEHTY SBJIAETCA TIepexo/] K 06paTHOMY 2JIEMEHTY.

JIEMMA 1.1
B sto60ii abeneBoi rpymie A HEUTpaJIbHBIN 2JIEMEHT €AMHCTBEH, U U1 KAKJOTO a € A IPOTUBOIIO-
JIOXKHBIH K @ 3JIEMEHT —a OTpeZiesisieTcs TI0 a OHO3HavYHo. B yacTHOCTH, —(—a) = a.

JIOKA3ATE/IBCTBO. ByzieM 3anuceIBaTh onepanuio B A aAAUTUBHO. Ec/ii ecTh ZiBa Hy/leBbIX a7ieMeHTa 0
n0,,700, = 0,+0, = 0, (mepBoe paBeHCTBO BHILIHEHO, TaK Kak 0, ABJIAeTCA Hy/JIeBbIM 3JIEMEHTOM,
BTOPOE — IOCKOJIbKY HY/IEBBIM 3/1eMeHTOM siBisietcs 0,). Ecim ecTs ABa anemenTta —a u —a’, npotu-
BOTIONIOKHBIXK @, T0 —a = (—a) +0 = (=a) + (a+(—a’)) = ((—a)+a) +(-a’) =0+ (-a’) = —a’.

O
JIEMMA 1.2
B 11060M KOMMYTaTHUBHOM KOJIbIIE /IS JTF0OOTO 3IeMeHTa a BHITIOIHseTCs paBeHcTBOo 0 - a = 0, a B
JI060M KOMMYTaTHUBHOM KOJIbIIE C eJUHUIIEN — paBeHCTBO (—1) - a = —a.

JlOKA3ATEBLCTBO. Tak kKak a - 0 = a(0 + 0) = a - 0 + a - 0, npubapsaa kK 06EUM YaCTIM dJIE€MEHT,
MPOTUBOTIOJIOKHBIHN K a - 0, monydyaem 0 = a - 0. Bropoe yTBep)k/ieHHE MPOBEPAETCS BBHIKIAJKOU
-D-a+a=(-1-a+1l-a=((-1)+1)-a=0-a=0. O
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3AMEYAHUE 1.1. Eciiu B KOMMyTaTUBHOM Kosiblle K ¢ eIMHUIEH BBITTONHAETCS paBeHcTBO 0 = 1, To K
COCTOUT U3 OJHOTO HYJIs, TaK Kak s Kaxkaoro a € K umeema = a -1 = a - 0 = 0. Obpa3oBa-
HUE, COCTOSAIIEEe U3 OZHOTO HYJIsI, COTVIACHO TIPEABIAYIINM OTIPe/IeIeHUIM, SBISIETCI KOMMYTAaTUBHBIM
KOJIBIIOM C eINHUIIEH, HO He TI0JIEM.

1.1.3. BeruuraHue u gejeHue. 3 iem. 1.1 BeITeKaeT, 4TO B 1000 abeeBoi IpyIine KOpPeKTHO
olpeiesieHa pasHOCb JIOOBIX IBYX 3JIEMEHTOB

a-b¥a+(-b). (1-12)

B wacTHOCTH, omepaniys BHIYUTaHUsA UMEETCs B aIUTUBHOM rPyIIIe JI060r0 KOMMYTaTUBHOT'O KOJIb-
11a. B mmosie HeHy/IEBbIE 37IEMEHTHI 06Pa3yIoT abesieBy TPYIIILY 0 YMHOXKEHUIO. [103TOMY B II060M 1oJTe
UMEETCS POBHO OZIMH €ZIMHUYHBIH 3JIEMEHT, U JJ1s1 JII000T0 HEHYJIEBOT'O 3JIeMeHTa a 0OpaTHHIN K HEMY
37IeMeHT a” * 0ZIHO3HAYHO OIpeensdeTcsd 1o a. TeM caMbIM, B JTF060M TI07ie TIOMUMO CJIOKeHHs, YMHO-
»KeHus U BeruuTanusa (1-12) umeercs onepanus desieHusl Ha JIIOOble HEHYJIEBBIE 3/IEMEHTHI

a/bZab™, b#0. (1-13)

1.2. [leTMMOCTB B KOJIbIlEe IeJbIX Yrcea. OCHOBHBIM OTIMYMEM KOMMYTAaTUBHBIX KOJIEI] C eITUHUIIEN
OT TIOJIEH ABJIETCS OTCYTCTBUE OOPATHBIX 3JIEMEHTOB K HEKOTOPHIM HEHYJIEBBIM 3JIeMeHTaM KOJIbIIa.
DJIeMeHT a KOMMYTaTUBHOTO KoJblla K ¢ eZIMHUIIEH Ha3bIBAETCSI 06pamMuMbIM, €CJIA B 3TOM KOJIbIIE
CyIIeCTBYeT TaKOii 3/IeMeHT a_ *, 4To a” 'a = 1. B IPOTHBHOM cIydae /IeMeHT a Ha3kIBaeTcd Heobpa-
mumbim. Hampumep, B KoJibIle Z 06paTUMBIMU 3JIeMeHTaMHU ABIAIOTCA TOIbKO 1 1 —1. B kosbile Q[x]
MHOTOWIEHOB C Pal[MOHATBHBIMU K03 UIleHTaMu 06paTUMBIMU 3JIEMEHTAMU SABJISAIOTCSI HEHYIIE-
BBbIe KOHCTAHTHI (MHOT'OWIEHHI CTEIIEHU HYJTb) U TOJBKO OHU.

ToBOPAT, YTO 2/IEMEHT a OenUmcsl Ha 3JIEMEeHT b, ec/ii B KOJIbIIE CYIIEeCTBYeT TaKO! 3JIEMEHT ¢,
4yTO @ = bq. DTO 3anuchiBaeTcs Kak b|a (uuTaercs «b JeUT a») WIK Kak a : b (YUTaeTcsa «a AeTUTCs

Ha b>>) . OTHoOIIIeHe AeTUMOCTH TECHO CBSI3aHO C penieHneM JIMHEMHBIX ypaBHEHHfI.

1.2.1. YpaBHenue ax + by = k, HOJ] u HOK. 3a¢ukcrupyeMm kakue-HUOYAb LeJble YKcaa a U b
1 0603HAYUM Uepe3
(a,b) ¥ {ax + by | x,y € 7} (1-14)

MHOKECTBO BCEX IIEJIBIX YHCEJ, IIPEACTAaBUMBIX B BU/E aXx + by C LeJBIMA X, Y. DTO MHOXKECTBO 3a-
MKHYTO OTHOCUTEIHHO CJIOKEHUS U BMECTE C KaKABIM CBOWM 3JIEMEHTOM CO/IEPXKUT BCE €ro Iiebie
kpaTHbIe. Kpome Toro, Bee urcia us (a, b) Halleslo AensaTcsa Ha KaXKAbIi OO JeTUTesb yrcen a u b,
a camu a u b Toxe BXogAT B (a, b). O603HauMM depe3 d HauMeHbIIIEe MTOIOKUTENBHOE YUCIIO B (a, b).
OcTaTok OT JiesieHus Joboro yucia z € (a, b) Ha d 1exuT B (a, b), TOCKOJBKY MPe/ACTABISAETCS B BU-
e z — kd, rae v z u —kd nexat B (a, b). Tak KaK 3TOT OCTATOK CTPOTO MeHbIIle d, OH PaBeH HYJIIO.
CrenoBatenbHO, (a, b) COBIIalaeT C MHOXKECTBOM BCEX YMCeJl, KpaTHBIX d.

Taxkum ob6pasom, UuciIo d ABASETCS OOIIUM AeTUTENIeM ducent a,b € (a,b), mpeacTaBaieTcs B
Buzle d = ax + by ¥ genutcsa Ha 060U 06Ul AeuTenb urcena a u b. IIpu 3TOM ITPOU3BOJIBHOE
yucno k € 7 npezacrasisercs B Buge k = ax + by ecyv 1 TOJIBKO eciv OHO ZienuTes Ha d. Yucso d
Ha3bIBAETCSA HAUOOLUUM 0OWUM OenlimesieM YUCeN a, b € 7 v obo3HavaeTcs HoA(a, b).

YTIPAXKHEHUE 1.4. O60611I1Te TTpOofieJIaHHbIE TOJBKO YTO PACCYXKAEHUS: VIS IIOOOr0 KOHEYHOT'O Ha-
6opa uucen a,, ..., a,, € Z ykaxure yucio d € Z, KOTopoe JeJINT BCe a;, AeMUTCA Ha 000
UX 00N fleNuTeNb U IpeACTaBasAeTca B BuAe d = a X, + -+ + Xy, C LHEIBIMHU X;. [ToKaxuTe
TaKKe, YTO YPABHEHUE N1 = A, X; + -+ + Ay, X, PA3PEIIMMO OTHOCUTENBHO X; B KOJIbLE Z €CJIA U
TOJIBKO ecyiid N : d.



24 §1 ITosis1, KOMMYTaTHUBHEIE KOJIbIIA U a6e/IEBHI IPYIIIHI

3anuceiBag uucna a u b kak a = ad, b = fd, rae d = HoA(a, b), MBI 3aKJI0O4aeM, YTO YUCIO
c=afd =Ba=ab (1-15)

JeUTCs Ha a v Ha b. TTokaxkeM, 4TO ¢ IeJTUT Bee obIIre KpaTHble urcen a u b. ITyctb m = ka = £b. Tak
Kak Hoz(a, §) = 1, cylecTBYIOT Takue X,y € Z, 4To ax + fy = 1. YMHOXas 06e 4aCTH 3TOro paBeH-
CTBa Ha M, MBI 3aKJI049aeM, 4Tom = max+mpy = fhax+kafy = c(£x+ky), kak U yTBepKAan0Ch.
Yucsio ¢ Ha3bIBAeTCsA HAUMEHbWUM 06UiUM KPAMHbIM YUCENT a U b v 0603HavYaeTcs HOK(a, b).

YOPAXKHEHUE 1.5. YOeIUTeCh, 4TO BCe Iiejible pellieHus (X, y) ypaBHeHUs ax + by = k UMeroT Buz
X =Xy +nf,y =y, — na, TAe a U f§ Te XXe, 9TO U BHIIIE, (X, Y,) — KaKOe-TO OZHO pellleHue, a
n € Z — nroboe.

1.2.2. Aaropurm EBkimga —Taycca. Hatity Hoz(a, b) A1 JaHHBIX @, b € Z v IpeiCTaBUTD €TI0 B
Buzie HoA(a, b) = ax + by c LeJBIMU X, Y MOXKHO cJIefytonium ob6pazoM. CocTaBUM TabIHUITY

a 1 0
<b 0 1> (1-16)

U 6yzeM peo6pa3oBLIBATh €€ CTPOKH, II03JIEMEHTHO IPUOABIIAA K OHOM CTPOKE JPYIYIO, YMHOXKEH-
HYIO Ha IOZAXOZAIIIee IieJIoe YHCJIO TaK, YTOOBI OZWH U3 3IeMEeHTOB IIepBOT'0 CTOJIONA KaXKIBIN pa3 CTPo-
r'0 YMEHbIIAICS 110 aOCOMIOTHON BeMYMHe. DTO BO3MOXKHO /IO TeX IIOP, ITOKA OAWH U3 3IEMEHTOB B
IIEPBOM CToJIOLe He oOHynuTCA. ITocie 3Toro, MeHAA IpY HeOOXOAMMOCTH CTPOKY MeCTaMU U/ WiIn
MeHsId 3HaK y BCEX 3JIEMEHTOB OJHOM U3 CTPOK, MOXKEM IIepeIrcaTh MOMYYEeHHYO TabJIuIly B BUZE

d x vy
<0 k e>’ (1-17)

rae x,y, k,¥ € Zud € N. 3to o3Hauaer, uro HoA(a, b) = d = ax + by, a HOok(a, b) = |ka| = |£b|,
npuuém Hoz(k, €) = 1. Hanpumep, ana uucena = 5073 u b = 1 064 nomydaem’:

5073 1 0
<1064 . 1) D= 1) -5-(2)
—-247 1 -5
L0640 1) )~ (2)+4-(1)
-247 1 =5

A _19> M= @) +3- (@)

2)=@2)+4-(D)

-19 13 —62> 1) o —(1)

0 56 —267
19 -13 62
0 56 -267)°
Tem cambim, Hoz(5 073, 1064) = 19 = —13 - 5073 + 62 - 1064, HOk(5 073, 1064) = 5073 - 56 =
= 1064 - 267.

!3ammce Bpoge (1) — (1) — 5 - (2) 03HaYaeT, 9TO K 1-if CTPOKe NpUBABIAeTCA 2-, yMHOXeHHAaA Ha —5.
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VIPAKHEHUE 1.6. YO€AUTECh, UYTO B KXK/OL BO3HUKAOMIEH 110 XO/y BHIYUCIEHNA TabIUIle

m x y
n s t
KpOMe, MOXET OBITh, UTOTOBOH (I10/lyd4eHHO! IIepeCcTaHOBKOM CTPOK U/WIN CMEHOH 3HaKa B Ofi-

HOU M3 CTPOK) BBITIOJIHAIOTCA paBeHCTBA M = xa + by, n =as + bt uxt —ys = 1.

N3 YIipa’XHEHHUSA BbITEKAeT, YTO 3JIEMEHTDBI BOBHHKaIOI.L[efI B KOHIIE€ BBIYMCJIEHUA Ta6JII/II_[e BHUa

d x y 0 s ¢t
WIN ,
0 s t d x y
(roe d’ € 7 moxeT oTIM4aThCA OT UTOroBOro d € N JIHIITb 3HaKOM) BBIITOTHAIOTCS paBeHCTBa

d =ax+by, sa=-th, tx—sy=1. (1-18)

U3 mepBoro ciaezyet, uto d’ AemuTea Ha Bee obIIde AeUTeNH YKcea a ¥ b. YMHoXas moc/IeHee pa-
BEHCTBO Ha 4 U Ha b ¥ MOJIb3ysCh IEPBBIMU JBYMsI paBEHCTBAMHU, 3aKJIF0UYaeM, YTO

a=atx—asy=atx+bty=td’ u b=Dbtx—bsy=—asx —bsy = —sd’

oba genarcaHa d’, otkyaa d = |d'| = noz(a, b). Bropoe paBeHcTBO (1-18) MoKa3LIBaeT, YTO YKCIIO
¢/ = sa = —tb saBngeTCA O6MUM KPATHEIM a U b. YMHOXasA TpeThbe paBeHcTBO (1-18) Ha mo6oe obiee
KpaTHoe m = ka = £b uuces a u b, ybexgaemcs, uTom = mtx—msy = £btx—kasy = —c' (£x+ky)
pemurcs Ha ¢, oTkyza ¢ = |¢’| = HOK(a, b).

3AMEYAHUE 1.2. C BBIYHUCIUTENBHON TOYKM 3peHUs OThICKaHUe HO/(a, b) 1 HOK(a, b) IO anropuTmMy
EBxinza - laycca Heconocmasumo GbICTpee pas3ioKeHUs YUces d U b Ha TIPOCThie MHOXUTeH. YnTa-
TEJIO0 TpeJiaraeTcs yoOeJUThCS B 3TOM, IOMPOOOBAaB BPYYHYIO PAa3JIOKUTh HAa MPOCTHIE MHOXKUTEIH
yucia 10 203 u 4 687. Beruucienue 1o anroputMmy EBkinza —T'aycca 3aHuMaeT 6 CTPOK:

10203 1 O
<4687 . 1) D= 1D)=-2-@2)

829
829 5
< 287 —6 13) D= D+3-2)
v _17 37 (1-19)
< 287 - 13) @)= @=-9-1)
< 1 147 —320) D~ M+32-(2)

0 4687 10203
1 147 =320

oTKyzZa HOozA(10203,4 687) =1 =147 -10203 — 320 - 4687, Hok(10 203,4 687) = 10 203 - 4 687.
Eciy u3BeCcTHO IpOoW3BeZieHHE ABYX OueHb OOJBIINX IIPOCTHIX YUCEJI, TO U3BJIeYb U3 HErO CaMU 3TU
YuciIa 32 pa3yMHOE BpeMs He 10/ CUITY ke MOIHEIM KOMIIBIOTepaM. DTO 0OCTOATENbCTBO JIEKUT B
OCHOBe MHOI'HIX ITOIIY/IIPHBIX CHCTeM IMKU(pOBaHUA JaHHBIX.
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1.3. B3auMmHas IpPOCTOTA. BhIllle MBI BUZEIH, YTO B KOJblle Z ycioBue HoA(a, b) = 1 paBHOCUIBHO
Pa3peIrMOCTH B LEJbIX YUCIaX ypaBHeHUs ax + by = 1. Uucna a, b, obnagaromiye 3TUM CBOHCTBOM,
Ha3bIBAIOTCSA 83AUMHO NPOCMbLMU. B IPOM3BOIBHOM KOMMYTAaTUBHOM Koiiblle K ¢ eJUHUIIEN U3 pas-
PEIINMOCTH YpaBHeHUs ax + by = 1 TakKe BBHITEKAeT OTCYTCTBUE Y IEMEHTOB a ¥ b He06paTHUMBIX
obmux Aenuteneii: e a = da, b = df,unax + by =1, to d(a + B) = 1 u d o6bparum. OfHaKO, OT-
CyTCTBUE V a ¥ b HeOOpaTUMBIX OOIIUX JeUTeNIel, BOOOIe roBOpsl, He rapaHTUPYeT Pa3pelInMOCTH
ypaBHeHus ax + by = 1. Hampumep, B Koiblle Q[x, y] MHOTOWIEHOB C pallMOHAJIbHEIMU K03ddU-
I[MEHTaMU OT ABYX [TEPEMEHHBIX X, Y OJHOWIEHbI X U Y HE UMEIOT O6IIUX AeNUTeNel, OTIMYHBIX OT
KOHCTaHT, OJHAKO paBeHCTBO f(x,y) - x + g(x,y) - y = 1 HeBo3MO:KHO HU IIpU KakuX f, g € Q[x, y].

YIPAXXHEHUE 1.7. OOBSCHUTE IIOYEMY.

OkasbIBaeTcs, 4YTO UMEHHO pa3pelIMMOCTb YpaBHEHUI ax + by = 1 BieuéT 3a co60I0 HAIUYIHE Y
3JIEMEHTOB A, b MHOTMX MPUATHBIX CBOMCTB, KOTOPBIMH 00JI1a1al0T B3AMMHO IIPOCTBHIE IIeJTbIe YHCIIA.

ONPEJEJIEHME 1.2
DyeMeHTHI a ¥ b TPOM3BOJILHOTO KOMMYTAaTUBHOTO KOJIbIIA K € €ZIMHUIIEH HAa3bIBAIOTCA 83AUMHO NPO-
CMbLMU, €CJTA YpaBHeHMe ax + by = 1 paspemmmo B K OTHOCUTETBHO X U Y.

JIEMMA 1.3
B Ipon3BOIBHOM KOMMYTaTUBHOM KOJiblle K ¢ eJUHUILIEH 7151 J1t060T0 ¢ € K ¥ TI06BIX B3aUMHO TIPO-
CTHIX a, b € K crpaBeAIvBb UMIUIUKALIUN:

(1) ecu ac genuTcsa Ha b, To ¢ genuTcsa Ha b

(2) ecnu ¢ genuTea v Ha a, K Ha b, To ¢ AenuTcesa v Ha ab.
Kpome Toro, ecu a € K B3aUMHO IIPOCT C K&XKABIM U3 3JIEMEHTOB b, ... , b,,, TO OH B3aIMHO IIPOCT U
C X Ipou3BeZieHueM b, ... b,,.

JIOKA3ATE/IbCTBO. YMHOXas1 00e YacTH paBeHCTBa ax + by = 1 Ha ¢, mojlyJyaeM COOTHOLIeHNe
¢ =acx + bcy,

U3 KOTOporo BeITeKaroT obe ummtukanuu (1), (2). Eom Vi dx;,y; € K: ax; + b;y; = 1, To 11e-
PEMHOXKas BCe 3TU PAaBEHCTBA U PACKPhIBAsi CKOOKH, IMOJIyYHUM B JIEBOW YaCTU CyMMY, B KOTOPOU BCe
ciaraemsle, Kpome (b ... by,) - (¥4 ... ¥y,), AenATcA Ha a. BeIHOCA a 3a CKOOKY, IPUXOAMM K COOTHOIIe-
Huoa - X +(by ... by) - vy ... y) = 1. ]

YIPAXXHEHUE 1.8. [Tosb3ysack geM. 1.3, ZOKaXXUTe CIeAYIOIyI0 TeopeMy 06 OZHO3HAYHOCTH Pa3jio-
’KEHUS Ha IIPOCThle MHOXXUTEIN B KOJIbIle Z: BCAKOoe HeoGpaTuMoe Iiejioe uucio z # 0 aBngerca
TIpOM3Be/IeHneM KOHEYHOTO KC/Ia IIPOCTHIX , TPMYEM o6kIe IBa TAKMX IPe/ICTaBIeHHA

P1---Px=Z=(q1---qy

HMEIOT OMHAKOBOE YHC/I0 COMHOXUTENEH K = M, ¥ 3TU COMHOXUTEITN MOXXHO IIeEPeHyMepOBaTh
TakK, 4YTOOBI p; = =+q; /1A BCeX 1.

3AMEYAHME I.3. (HO/ M1 HOK B [IPOM3BOJIbHOM KOJIBLIE) B IIpOM3BOJIBHOM KOMMYTaTHUBHOM KoJibIle K
IPUHATO HA3BIBATh HAUOOALULUM 00WUM Oesilmeiem DIIEMEHTOB a, b € K moboii anemeHT d € K,

1HaHOMHI/IM, YTO HEHYJIEBOE HeOGpaTHMOG Jes10€ YMCI0 Ha3bIBAE€TCA NpOCmbsbiM, €CJIM OHO HE paCKJiaZbiBa-
€TCA B IPOU3BEAEHUE IBYX HeO6paTI/IMbIX LEJIbIX YHCEeII.
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KOTOPBIH ZIEJIUT @ U b U IeJIUTCS Ha BCe MX OOIIMe AeTUTENN. DTO ONpeZiesieHre He rapaHTUpPyeT HU
CYH_IECTBOBaHI/IF[, HU €JUHCTBEHHOCTU HaI/I6OJ'II)H.IeI'O O6H.[el"0 AeNUTeNnd, HU ero HpeﬂCTaBI/IMOCTI/I B
Buzle d = ax + by. AHaJOTUYHO, HAUMEHbLWUM 0OWUM KPAMHbLM DJIEMEHTOB a, b € K HasbiBaeTcs
Jt0001 31eMeHT ¢ € K, KOTOPBIH IeTUTCA Ha a U b ¥ IeSTUT Bce uX 00111e KpaTHble. TAKOTO 3/ieMeHTa
TOXE MOXKET He OBITh, 4 €CJIM OH €CTh, TO He 0053aTe/IbHO €UHCTBEH.

1.4. KoubIio Ber4eToB Z [ (n). HamomHio

JIFO M, YTO 3aMuchiBaeTcsA Kak a = b (mod n), ecnu ux pasHocTh a — b genurtcsa Ha n. CpaBHUMOCTD

, 4TO 4YMcCJja a, b € Z HaswmiBaioTCs CpasHumbMU T1I0 MOAY-

110 MOZYJIIO N SIBJIIETCS OTHOIIEHUEM 5KBUBAJIEHTHOCTU® U pa3brBaeT MHOKECTBO I[EJIbIX YKCENT Ha
HenepeceKaIlrecs KJIacChl CPaBHUMBIX 10 MOZYJTIO N YUcesl. DTU KJIacChl Ha3bIBAIOTCS K1ACCAMU Bbl-
uemos no Modyaio n, a UX COBOKYITHOCTb 0603HavaeTcs depes Z/(n). Mel Oyzem nucars [al,, € Z/(n)
Z7Is1 0003HAaYEHUS KJ1acca, coZiepKaiiero 4ncio a € Z. Takoe o603HaYeHNE He O[HO3HAYHO: Pa3HbIe
yncaa x € Zuy € Z 3a4aloT OAUH U TOT e Kiacc [x], = [y], ec1n u Tonpko eciu x = y + dn
211 HekoToporo d € Z. Beero B Z / (n) uMeeTca n pasnuyHbIX Kiaaccos: [0],,, [1],, ... , [(m — D)],.
Cro)keHre U YMHOXKeHYeE KJIACCOB BEIYETOB 33/Ia€TCS ITPAaBUIAMU:

[a]l +[p]1 = [a+b], [a]-[b]= [ab]. (1-20)

CoracHo ynp. 0.9 Ha cTp. 10, 3TN onepanuu OIpe/eeHbl KOppeKTHOS. OHU 0ueBUIHBIM 06pa3oM
VZOBJIETBOPAIOT aKCMOMaM KOMMYTaTHBHOTI'O KOJIbLIa ¢ efuHuLlel — dopmy:sl (1-20) cBOAAT onepa-
LIMY HaJ BEIYETaMHU K OIlepaliAM HaJ [eJbIMU YUCIaMU, A7 KOTOPBIX aKCOMBI BBIIIOJHEHHI.

1.4.1. [lenuTtesnu Hy/ A ¥ HIIBIIOTEHTHI. B Z/(10) mpousBeaeHue kinaccos [2] u [5] paBHO HyIIIO,
XOTA KaxcOblil U3 HUX OTVIMYEH OT HyJIs, a B Koiblle Z / (8) HeHyneBoil kiacc [2] UMeeT HyJIeBoi Ky0
[2]® = [8] = [0]. DemeHT a TIPOM3BOJILHOI'O KOMMYTAaTHUBHOTO KOJblla K HasbIBaeTcA desiumesiem
Hyns, ecnu ab = 0 711 HEKOTOporo HeHysneBoro b € K. TpuBUaNbHBIM JeIUTeNeM HyJd ABIAETCA
HyJIb. O6paTUMBI 371eMeHT a € K He MOXXeT OBITh JeIUTeNIeM HyJiA, TOCKOIbKY, YMHOKas 0be YacTu
paBeHcTBa ab = O Haa™*, Mbl HomydaeM b = 0. TeM caMbIM, KOJbI[O C HEHy/IeBEIMH eTUTe/IAMU HyIA
He MOXXeT ObITh TojieM. KoJblio ¢ eiuHuIel 63 HeHY/IeBBIX JeTUTe el HYJIs Ha3bIBAETCS UeJI0CTHbIM.

DneMeHT a Kosblla K HasbiBaeTcsa Huibnomenmom, eciv a™ = 0 a5 HekoToporo n € N. Tpusu-
QJIbHBIM HUJIBIIOTEHTOM SIBJIAETCS HY/Ib. BCAKUI HIIBIIOTEHT aBTOMAaTUYECKU AeNUT Hysb. KOIbIIo C
e/IMHUIIeN 6e3 HEHY/IEBBIX HWIBIIOTEHTOB Ha3bIBAeTCS NpusedéHHbIM. HanprumMep, KaX/j0e 1IeJI0CTHOE
KOJIbLIO TIPUBEZIEHO.

1.4.2. O6paTuMBbIe d/1eMeHThI KOJIbIia BbI9eToB. O6paTuMocTs kiaacca [m],, € Z/(n) o3HavaeT
cylllecTBOBaHUe TaKoro kiacca [x],, uro [m],[x],, = [mx],, = [1],. [locienHee paBeHCTBO paBHO-
CWIBPHO HaJIMYUIO TAKUX X,y € Z, yTo mx + ny = 1 B Z. Tem caMbIM, Ki1acc [m],, o6patum B Z / (n)
€CJIU ¥ TOJIbKO ecytu HoA(m, n) = 1 B KoJibIle Z.

TIpoBepUTDb, 06PaTUM JIU AAHHBIH K1acc [m],,, ¥ eciu Aa, BBIUCTUTD [m];, ", MOXHO py oMoy
anropurMa Eskimaa —Taycca®. Tak, npogenanHoe B dpopm. (1-19) Ha cTp. 25 BEYUCIeHNe IOKA3bIBa-
eT, uto knacc [10 203] o6patum B Z,/(4 687) 1 10 2031 = 147 (mod 4 687), a kiacc [4 687] o6paTum
BZ/(10203) 1 4687 ' = —320 (mod 10 203).

1Cm. pum. 0.4 Ha cTp. 10.

2Cm.n° 0.4 Ha ctp. 9.

3T. e. He 3aBHCAT OT cII0cO6a 3aIMKCH KJIACCOB M, 4TO TO 3Ke caMoe — OT BEI60pa MpeZicTaBuTeNel a € [a]
ub € [b].

4Cm. n° 1.2.2 Ha cTp. 24.



28 §1 ITosis1, KOMMYTaTHUBHEIE KOJIbIIA U a6e/IEBHI IPYIIIHI

O6paruMeble 31eMeHTH Koblia Z / (n) 06pa3yioT MyJIbTUIUIMKATUBHYIO abeneBy rpynmy. OHa Ha-
3BIBAETCA 2PYNNOil 06PAMUMbLX 8blUEMOE TI0 MOZYJIO N ¥ 0603HavaeTcsa Z/(n). [IopAfoK 3TOH IpymIIbl
paBeH KOJIMYeCTBY HATYPaTbHBIX YHCEJI, MEHBIINX N ¥ B3AUMHO IPOCTHIX ¢ n. OH 0603HaYaeTcs

L/ ()|

def
p(n) =
Y Ha3bIBaeTcs ghyHkyueil Jinepa yucian € Z.

[IPUMEP 1.6 (TEOPEMA DVJIEPA U ITOPAZJOK OBPATUIMOTO BbIUETA)
YMHOMXKeHMe Ha GUKCHPOBAHHEIH 06paTUMbIii BerdeT [a] € Z/(n)* 3azaéT 6uekmumio’

a:Z/m*>7Z/n)*, [x]~ [ax], (1-21)

o6paTHOI K KOTOPOii AB/IAeTCA yMHOXeHHe Ha BhrdeT [a] ~*. [TociezoBaTeIbHO IpUMeHsAs 0To6paske-
uue (1-21) K IPOU3BOILHOMY 3JIeMeHTY [z] € Z /(n)*, mony4aem LENoYKy ero o6pasos

[z] > [az] & [a%z] & [a3z] > ..., (1-22)

KOTOpbIEe HAUHYT MOBTOPATHCS, MO0 MHOXXECTBO BHIYETOB KOHEYHO. B cry OGMEKTUBHOCTH OTOOpa-
skeHud (1-21), caMbIM IEpBBHIM IIOBTOPHO BCTPETUBIINMCA 3JIeMeHTOM Lienouku (1-22) cTaHeT eé Ha-
YaJIbHbIM 2JIEMEHT [Z], T. €. lenouka (1-22) sBiseTcs UKIOM. B cuty Bcé Tol ke OMeKTUBHOCTH OTO0-
paxenwus (1-21) ABa TaKuX IIUKJIa, IPOXO/SAIINE Yepe3 Kiaccel [x] u [y], mubo He epecekaroTcs, 1160
MIOJTHOCTBIO coBNaZatoT. KpoMe TOTo, BCe IIUKIBI UMEIOT OAMHAKOBYIO JJINHY.

YOPAXKHEHUE 1.9. YOeUTeCh, YTO OTOOpaXKeHUA YMHOXKEHUS Ha [x]71 [y]una [y]_1 [x] cyTb B3auMm-
HO o6paTHBIEe OUEKINY MEXAY ITUKIaMU, TPOXOASIIUMHU Yepes3 Kiaacch [x] u [y].

M&I 3axtouaeM, 9to Z/ (n)* pacnagaercs B 06beJMHEHNE HellepeceKaoIuxcs HUKIoB (1-22) oduHa-
k0801l O1uHbL M, KOTOpas TAKUM 06pa3oM ABIAeTCA AeauTeneM ancia ¢(n) = |Z/(n)*|. Ymuoxasa obe
qactu paBeHcTsa [z] = [a]™[z] Ha [z]~!, monygaem [a™] = [1], otkyza u [a®?™] = [1]. UHbIMH cITO-
BaMH, U151 TEOOBIX B3aMMHO IPOCTHIX LIEJIBIX YHCEI a U N BhImosHseTcs cpasHenue a®™ = 1 (mod n).
OTOT aKT U3BECTEH KaK meopema Jilnepa. YUCI0 m OJHO3HAYHO XapaKTEPU3YETCS KaK HAaUMeHbIIlee
Takoe k € N, uto [a]k = 1, u HaswIBaeTca nopsdkom obparumoro Berdera [a] € Z/(n)*. Kak mbl
BU/IEIH, TIOPAZIOK KaXKA0ro o6paTumMoro Beruera B Z / (n)™ genut ¢(n).

1.4.3. Ilojsa BeIYETOB ]Fp = Z/(p). VI3 ckasanHoro B Havyase n° 1.4.2 BBITEKAET, YTO KOJIBIIO BBI-
4eToB Z / (n) ABJAETCA MONEM TOTZA U TOJIBKO TOTZa, KOTZA N ABIAETCS NPOCMbIM Yuciom. B camom
Jene, ecnu n = mk cocTaBHOe, HeHyeBbIe kiaccel [m], [k] € Z/(n) aenst Hynb ¥ He MOTYT OBITH 00-
paTuMbl. HanpoTus, eciu p mpocToe, To HoZ(m, p) = 1 A BceX m, He KpaTHBIX p, U 3HAUUT, KaXKAbIN
HeHyJeBol kiacc [m] € Z /(p) obparum. [lose Z / (p), The p IpocToe, IPUHATO 0603HAYATh F,.

[TPUMEP 1.7 (BUHOM HBIOTOHA IO MOZYJIIO D)
Brnone F, = Z / (p) BHINIOMHSIETCA 3aMeYaTeNlbHOE PABEHCTBO

1+14+--4+1=0. (1-23)
N
P pa3

W3 Hero BBITE€KAET, 4TO AJIA JIIOOBIX a, b e IFp BBITIO/THAETCA PAaBEHCTBO

(a+b)P =aP +bP. (1-24)

'Cm. n°0.5.2 Ha ctp. 14.
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p) __»p
k kl(p—k)!

HowieHoB a¥hP K, CcyMMa KOTOphIX paBHa (1+...+1)- akbP~* e BHYTPH CKOOOK CKJIaIbIBAIOTCS (Z)
eannun nos F,,. Takast cymma pasHa Hymo ipu 0 < k < p B CHILy CIIeAyIOLel TeMMBL.

B camoM ziefie, pacKpbiBast cKO6KHU B 6GrHOMe (a + b)P, MBI AJIs1 KaXK0T0 K [OTyduM ( oz-

JIEMMA 1.4
[Tpu pocToM p U 1r060M HaTypaabHOM k B mipefenax 1 < k < (p — 1) GuHOMUaNbHBIHN KO3bOUITH-
eHT (Z) Je/IUTCA Ha .

JIOKABATE/IBCTBO. Tak KaK YMCJIO p B3AUMHO IIPOCTO CO BCEMU YMcIaMHy oT 1 o p — 1, oHo o sieM. 1.3
B3aMMHO IIPOCTO ¢ Tpou3BezieHueM k! (p —k)!. [Tockonbky p! memutes Ha k!(p—k)!, u3 Toti ke em. 1.3

crenyer, uto (p — 1)! zemurea Ha k!(p — k)!, a 3HauwT, (z) = #ik), JIle/IATCA Ha P. O

CJEACTBUE I.I (MAJIASI TEOPEMA PEPMA)
Tl mo6oro a € Z u moboro npocroro p € N BrimosHAeTcs cpasHenue aP = a (mod p).

JloKA3ATE/BCTBO. Hazio mokasats, uto [aP] = [a] B mose IFp. Cormnacho (1-24)

[al? = ([1]+ ...+ [1)" = [1P + ..+ [1]P = [1] + ... + [1] = [a].

' ' ' I:l
a pas a pas a pas
YIIPAYKHEHUE 1.10. BEIBeiuTe Masyto TeopeMy depMa 13 TeopeMsl Jitnepa’.

n
YHPAXKHEHUE 1.11. [Tokakute, 4TO (";’; ) = m(mod p) Ana Bcex m,n € N u ipocTeIX p { m.

1.5. Tomomopdusmpl. OToOpaskeHUe abeyeBbIX TPYI ¢ : A — B Ha3bBIBaeTCA 20MOMOPHUBMOM,
ecu A mobbIX a,, a, € A B rpymile B BBIIOJHEHO COOTHOILIIEHNe

p(a; +a,) = g(ay) + p(a,). (1-25)

B 4acTHOCTH, 3TUM YCJIOBHUAM YZAOBIETBOPAET HYJ1e80l (WIN MpusUaibHblil) ToMOMOpuU3M, oToOpa-
JKaIOIIUM Bce 27eMeHTH A B Hy/IeBOli a7eMeHT B.

YIIPAXKHEHME 1.12. y6eZ[I/ITECI:, qTOo KOM]'IOBI/I]_II/I}:I2 I'OMOMOp(i)I/IBMOB — 9TO TOXE I‘OMOMOp(l)I/IBM.

Jlto60oii romoMopdusM ¢ : A — B EPEBOAUT HYJIEBOH 3JIEMEHT TPYIIIH A B HY/IEBOM 3JIEMEHT I'PYTI-
el B, Tak kak u3 paBeHcTB @(0) = ¢ (0 + 0) = ¢(0) + ¢(0) BriTekaeT, uto 0 = ¢(0). Beikiazaka

p(a) + p(—a) = p(a+(-a)) = p(0) =0

MMOKa3bIBaeT, uTo ¢(—a) = —@(a). Tem cambiM, 06pa3 im¢@ = @(A) C B moboro romomopdusma
¢ . A — B aBnsetcs abeneBoii MOATPYIIIOH B B.

1.5.1. fAapo. ITonHbIi Tpoobpas Hy/IEBOTO 3/IeMeHTa TPyl B pyu romoMopdusme ¢ : A — B
HasbIBaeTcsA s0pom romoMopdusMa ¢ v 0603HaYaeTCs

kero =@ 1(0)={a€A| p(a)=0} .
Anpo obpasyeT B A MOATPYIIIY, TAaK KaK U3 paBeHCTB ¢(a,) = 0 u ¢(a,) = 0 BLITEKaeT PaBeHCTBO

pla, +a,)=¢(a) +p(a,) =0+£0=0.

1Cm. mpum. 1.6 Ha cTp. 28.
2Cm. n° 0.5 Ha cTp. 12.
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[IPEZ/IOKEHUE 1.1
Kaxxaprit HelrycTo croit! romoMop¢u3aMa abeeBbIX TPYII ¢ . A — B BISETCA CABUTOM €ro AApa:

o Yp@)=a+kerp={a+a’|a’ Ekerg)ampcexa € A.

B 4acTHOCTH, BCE HEIYCThIE CIOW HAXOAATCA B OUEKIIUHU APYT C APYrOM, U UHbEKTUBHOCTH TOMOMOP-
¢dusma @ paBHOCWIbHA paBeHCTBY ker ¢ = {0}.

JIOKA3ATENBCTBO. PaBeHcTBa ¢(a,) = @(a,) u ¢(a; — a,) = @(a,) — ¢(a,) = 0 paBHOCWIbHBIL.
[TosToMy 57I€eMeHTH a,,d, € A IepexoiAT B OAUH U TOT 3Ke 3JIeMeHT U3 B Torza U TOJIBKO TOTAA,
Korza a; — a, € ker(¢). g

[TPMEP 1.8 (KBAJIPATHI B ITOJIE. IFp)

3adukcupyem npocroe p > 2. OTrobparkeHUe @ : IF; - [F;, x +— x?%, AaBnAeTcs ToMOMOPPUIMOM
MYJIbTUILUTUKATUBHOM T'PYIINBI HEHYJIEBBIX 3JIEMEHTOB ITOJIS F, s ce6s1. Ero spo COCTOUT U3 TaKUX
x € ]F;, gro x2 = 1. [TockoJbKY B I10JI€ pABEHCTBO x2—-1=(x+ 1)(x — 1) = 0 BO3MOXXHO TOJIbKO
s x = +1, MblI 3aKitodaeM, uTo ker ¢ = {+1}, u Bce HemycThle cior ToMOMOPGU3Ma ¢ COCTOAT
U3 JByX 271eMeHTOB. [loaTomy |im¢@| = (p — 1) /2, T.e. pOBHO IIOJOBUHA HEHYJIEBHIX 3I€MEHTOB

1oJIAg IFp SABJIIETCA KBaZpaTaMu. Y3HaTb, SIBJSIETCA JIM KBaZpaToM 3a[aHHOE YKCIO a € IF;; MOXHO
p-1

IIPY TIOMOIIK PYyroro roMmoMopdusma i : ]FIX] - IFIX,, X P X 2
(p — 1)/ 2 HeHyneBBIX KBaZpaTOB JIeXKaT B ero sape. [loatomy | imy| < 2.

. Tlo maoit Teopeme ®epma’ Bce

YIIPAYKHEHME 1.13. HOKa)KI/ITe, 49TO HeHyTIeBOﬁ MHOTI'OYIEH CTEIIEHN M C KOB(])(l)I/II_II/IeHTaMI/I B IIpOU3-

BOJIBHOM MoJie [k iMeeT B 3TOM IToJie He 6oJiee M pa3IUYHBIX KOPHEH.
p-1
V3 ynpa)kHeHUs BBITEKAET, YTO PABEHCTBO X z = 1 He MOXXeT BHIIIOJIHATHCA Cpasy AJsa Bcex p — 1

3JIEMEHTOB IPYIIITEI [F;. [Moatomy | im | = 2u | kery| = (p—1)/2. Mb1 3akitr09aem, uto ker i cocTout
B TOYHOCTH U3 HEHY/IEBBIX KBaZpaToB 1o F,,. IHBIMU croBamMy, a € IF; SBJIAETCSA KBaZ[PaTOM €CJTU

p=1
uTonbKO ecma 2 = 1. Hanpumep, —1 ABiseTcs kBagpaToM B ose [, ecii 1 ToIbKO eciut (p — 1)/2
YE€THO.

YOPAXKHEHUE 1.14. [TokaxuTe, yto imp = {+1}.

1.5.2. I'pynna romomopéusmos. i1 abesneBrix rpynm A, B yepe3 Hom(A, B) MbI 0603HavaeM
MHOXK€ECTBO BCEX 20MOMOpPHu3mMo8 A — B. DTO MHOKECTBO ABJIAETCS abeeBoli IPYIINOH OTHOCUTEb-
HO oIlepalluy IOTOYEeYHOr 0 CJIOKeHNUA 3HaYeHUH, T. e. o, +¢, . a = ¢,(a)+¢,(a). HyneBbIM anemMen-
ToM rpynnsl Hom(A, B) ABsieTcs Hysnegoll zomomop@usm, 0TOOpakalomuii Bce 31eMeHTHI IPyIInEl A
B HYJIEBOM 3JIeMeHT I'pyIIbl B.

1.5.3. Tomomopdusmsl kosen. OTobpaxkeHue Kojer ¢ : A — B Ha3bBaeTcs zomomopdusmom
KoJley,, ecJIy AJs JIFOOBIX a,, A, € A B KOJIbIle B BBIIOIHEHE! COOTHOIIEHNA:

fla; +ay) = f(ay) + f(a,)

(1-26)
fla;a,) = f(a)f (ay).

[TockosbKy roMoMopu3M Kosell ¢ : A — B ABnAeTcd roMoMOpGU3MOM aJANTHUBHBIX abeleBhIX
TPYIIT, OH 06JIaZiaeT BCEMU CBOMCTBaMU TOMOMOPU3MOB abesieBbIxX Tpymil. B wactHocTH, @(0) = 0,

1Cp. cn° 0.3 Ha cTp. 6.
2Cm. . 1.1 Ha cTp. 29.
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¢(—a) = —@(a), u Bce HEMyCTHIE CJIOU (@ SABJIAIOTCA CABUTAMU CJIOA HaJ HyNAEM: eciu ¢(a) = b, To
@ Y(b)=a+kero
Torza, korga kerp = {0}. figpo romomopdusma koser; @ : A — B BMecTe ¢ KaXK/IbIM 3JIEMEHTOM
a € ker @ coiepXuT U Bce KpaTHBIe eMy 37eMeHTH aa’, mockombky @(aa’) = @(a)p(a’) = 0. B
YaCTHOCTH, PO Ker ¢ sBsgeTcsa moaKoabiioM B A. O6pa3 romoMmopdusma kosell ¢ : A — B saBjseTcs
TIOZIKOJIBIIOM B B, HO OH MOXKET He coZlepKaTh eJUHUIILL, U 1 € A MoXXeT He nepelitu B 1 € B.

{a+a’'|a’ €kerg}.losToMy roMOMOPdU3M ¢ HUHBEKTUBEH TOT/IA M TOJIBKO

YIIPAXXHEHMUE 1.15. Yoeaurech, uto otobpaxkenue Z/(2) —» Z/(6), [0] — [0], [1] — [3], aBraeTcs
roMoMopdHU3MOM KOJIell.

[IPEZIJIOKEHUE 1.2
JIt060i1 HeHy/IeBOil TOMOMOP()U3M IIPOU3BOIBHOTO KOJIBIA C eMHUIIEH B TI060€E 1eTOCTHOE " KOJBIIO
MIEPEBOJIUT €AVHUILY B €VHUILY.

JloKA3ATE/NBCTBO. VI3 paBeHCTB (1) = ¢(1 - 1) = (1) - ¢(1) BBITEKaeT, 4YTO go(l)(l - go(l)) = 0.
B 11€/IOCTHOM KOJIbIIE TaKOe BO3MOXHO 6o mpu (1) = 1, mubo npu ¢(1) = 0. Bo BTopoMm ciyuae
pa@)=p(-a)=¢)-@p(a) =0a11Bcexa € A. [

1.5.4. Tomomopdusmsl moneii. Eciu konbua A v B ABIAIOTCSA MOJISIMU, TO BCAKUN HEHYJIeBOU ro-
MoMmop¢u3M Kosell ¢ : A — B aBideTcsa roMoMopdHU3MOM MYy/IbTUIUIMKATUBHEIX TPYIII 3THX MOJIEH.
B uactHocty, (1) = 1u ¢(a/b) = p(a)/p(b) Ans Bcex a uBcex b # 0.

[TPEAJIOKEHME 1.3
JIto60ti HeHyIEBOH TOMOMOPGU3M U3 TIOJIS B TIPOM3BOIBHOE KOJIBIIO SABIAETCS BIOKEHUEM.

JlokA3ATEbCTBO. Eciu ¢(a) = 0 ansa kakoro-Hubyzab a # 0, To AJia Kakaoro b

@ ((b)=¢ (bata)=¢ (ba™")p(a)=0.

[MToaTomy 060 HeHYIEBOM TOMOMOP(U3M U3 MOJIA UMEET HYJIEBOE SPO. O

1.5.5. Xapakrepuctuka. /7151 1060r0 Kosiblia K ¢ eIUHUIEH NMeeTCs KaHOHUYEeCKUEH roMOMOp-
¢dusm kosent % : Z — K, 3ajlaHHBIN TIPaBUIOM

w(xn)=+(1+...4+1), tme neN. (1-27)
——

n

Ero o6pas im » ABisgeTcsa HAMMEHBIINM I10 BKJIFOUE€HUIO TOAKOIBIIOM B K ¢ efuHUIEl, paBHOU eIHU-
e Kosbla K. Eciti romoMopdu3aM # MHBbEKTUBEH, TO FOBOPST, YTO KOJIBILIO K MMeeT xapakmepucmukxy
Hy/b. B IpoTHBHOM city4dae xapakmepucmukoii char(K) xosnbia K Ha3pIBaroT HauMeHbliee m € N, s
xoroporo 1+ 1+ .- + 1 = 0. PaBeHcTBO

m
T+14 = +1=1+1+ ~ +1D)-1+14 - +1)

V~ V~ V~
mn m n

'HamomHIo, 4TO yesocmHbIM Ha3bIBAETCA KOMBIIO C eAUHMIIeil 6e3 HeHy/IeBbIX AeTuTeNel Hynd, cM. n° 1.4.1
Ha cTp. 27.
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MIOKA3BIBAET, YTO XapaKTEPUCTUKA IIeJIOCTHOTO KOJIbIa IN60 paBHA HYIIO, TUOO ABJIAETCI IPOCTHIM
YUCIOM. JIJIS IIeIOCTHOTO KosbLia K XapaKTEPUCTUKU p > 0 roMoMOpOU3M ¥ MEPEBOAUT BCE YUCIIA,
KpaTHBIE P, B HYJIb 1 KOPPEKTHO GaKTOPU3yeTCs 0 TOMOMOpdU3Ma MOJIs BEIYETOB

Hy ! Z/(p) - K, a(modp)+ x(a). (1-28)

Mo mpez. 1.3 romomopdusm (1-28) UHBEKTUBEH, U 3HAYUT, im ¥ = im "y ]Fp. TakuMm 06pa3om,
HauMeHblllee coZiepKalliee eJUHUIY IIOAKObIIO 1IeJIOCTHOrO KoJblia K MOI0oKUTEeNIBHON XapaKTepu-
CTHKHU SIBJISIETCS TI0JIEM, U30MOPGHBIM MOJIIO BEIYeTOB Z / (p) 1o mpocToMy Moy p € N, paBHOMy
xapakTepucTuke char K.

1.5.6. Ilpoctoe noamoe. [Tycth Teniepp K = [ aBnderca noneM. Ero HauMeHbllee 0 BKJIIO-
YEeHUIO [TOATI0JIe Ha3bIBaeTcsA npocmaim nodnosiem B F. B cuity cBoero olipezienieHHs IPOCTOE MIOZTIONE
coziepkuT obpas im(x) romomopdusma (1-27). Eciu char(F) = p > 0, To mpocToe moAIioie COBIajaeT
cim = im », 1 ©30MOP}HO IOJIIO BHIYETOB Z/(p). Ecnu char(F) = 0, To romoMopdu3M ¥ UHbEKTUB-
HO BKJaZbIBaeT Z B [F. Tak Kak MPOCTOe MOAIONE COAEPXKUT OOpaTHbIe KO BCEM 3JIEMEHTaM U3 im ,
npaBwio p/q — x#(p)/x(q) IponoKaeT » 1o BIoxeHUs noseii » ©: Q — FF, 06pa3 KoToporo coBazaer
C IPOCTHIM IoAnoIeM. TeM caMbIM, IIPOCTOE IIOAIOJIE MOJIS XapaKTEPUCTUKH HY/Ib N30MOPQHO MO0

PpallMOHAJBbHBIX YU CEJT Q

YIIPAXXHEHMUE 1.16. [IOK&)XUTe, YTO A) KaKJBIH HEHy/JIeBOH TOMOMOPGU3M U3 IIOJIA B ce6s1 TOXe-
CTBEHHO JleficTByeT Ha IIPOCTOM IIOATIONE B) MEeX/Y ITOJIAMU pa3HOl XapaKTepUCTUKU He Cyllie-
CTByeT HeHy/IeBbIX TOMOMOP)U3MOB.

[TPUMEP 1.9 (ABTOMOP®U3MBI 10 R)

[TokaxkeM, 4TO KaXXZbIli HEHy/IeBOM romoMopdusM ¢ : R — R toxzectBeH. IIOCKOIBKY HepaBeH-
CTBO X; < X, PABHOCHJIBHO TOMY, 9TO X, — X; = G [JI1 HEKOTOPOTO @ # 0, MBI 3aKJIIOYaEM, YTO
ZUISl BeeX X, < X, BBIIOJNHAETCA HepaBeHCTBO @(X;) < ¢(x,), 6o ¢(x,) — ¢(x;) = @(x, — x;) =
= @(a?) = p(a)* > 0. TakuM 06pasoM, ¢ ABIAETCA CTPOTO MOHOTOHHOM GyHKIMeEH, coBmajaomieit
C TOXK/JIECTBEHHBIM OTOOpaXkeHneM ¢ (x) = x Ha mpocToM nozmone Q C R.

YOPAXKHEHUE 1.17 (110 AHA/IU3Y). [IOKaXXUTe, YTO CTPOro MOHOTOHHAsA pyHKkIMA R — R, coBmaza-
tomas ¢ GpyHkImen @ (x) = x Ha nogMHOXecTBe Q C R, coBnazaeT ¢ Hero BCIOAY.

[TPUMEP 1.10 (roMOMOP®13M PPOBEHUYCA)
B nose F xapakrepuctuku char(F) = p > 0 oro6paskeHre BO3BEZEHMU B P-TYIO CTENIEHD

F,: F—>F, x - xP, (1-29)

ABJIAETCSA TOMOMOPGU3MOM, TIOCKOJBKY V a, b € F BeimonustoTes paBenctsa (ab)P = aPbP u

p-1
(@+bP =aP +bP + D (1+1+ - +1)-akbP™* = aP + bP
-

k=1

()
(cp. ¢ mpum. 1.7 u sem. 1.4 Ha cTp. 29). Tomomopdusm (1-29) HasbBaeTcsa 2omomopdusmom Ppo-

6eHuyca. Kak v BCAKUI HEHY/IeBOM roMOMOpP(U3M U3 MOJIsA B ce0s1, OH TOXK/ECTBEHHO JEMCTBYET Ha
npocroM noamnose F,, C F, 4To ewé pa3 oKasbiBaeT MaIyio TEOPEMY depmal.

'Cm. cn. 1.1 Ha cTp. 29.
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1.6. IIpaMsle npousBeAeHu. [IpAMoe nponsBezieHNe abeneBbIX TPy A, ..., A,
T4 =41%x... x4, € ((a,.....a,)| a, €A, YV} (1-30)
v
COCTOUT U3 YIODPAZOYEHHBIX HA60POB (a4, ... , 4,,) JIEMEHTOB a, € A, U HajlelaeTca CTPYKTYpor

abesieBOH IPyMITbl HOCPEACTBOM IIOKOMIIOHEHTHBIX OIlepaIyii:
(@ys.ees@y)+ (byy... b)) € (ay +by,...,ay +byy). (1-31)

VIPAKHEHME I1.18. [IpOBephTe, UTO TaK ONpeAeIEHHAs Oepalysa KOMMYTaTUBHA U aCCOI[MAaTHUBHA,
HYJIEBBIM 3JIEMEHTOM /IS Heé siByiAeTcss HaGop Hyeii (0, ..., 0), a IpOTUBOIIOIOKHBIM K HAGOPy
(ay, ..., a,,) AnAeTca HAGOD (—ay, ..., —0y,).
Abenesa rpynmna (1-30) HasbIBaeTCs nPAMbLM npoussedeHuem abeneBbIx IpyI A;. Eciii Bee rpyimst 4;
KOHEYHBI, IIpsiMoe TpousBegenue (1-30) Toxke KOHEYHO U UMeeT TIOPSIIOK

|HAi =114l

[IpsiMoe mpoM3BeAE€HNUE UMEET CMBICI HE TOJIBKO I KOHEYHOTO Habopa, HO U /IS IPOU3BOJIHHOIO
ceMelicTBa abesIeBEIX IPYIII A,,, 3aHyMePOBaHHBIX JJIeMeHTaMH X € X KaKoro-HuOyzap MHOXecTBa X.
Takoe npousBeZieHHe 0603HadaeTcs depes [ [,cx Ay-

AHanornyHbIM 06pasoM, s TI060r0 ceMeHcTBa KOMMYTATUBHBIX KOJIEI] {Kx}x <x OTPE/ieNIEHo
npsimoe npousBeseHye || K,,, ameMeHTaMu KOTOPOTo SIBJIAIOTCS ceMeicTBa (a, xex> A€ KaKzpli
JIeMEHT @, JIEXXUT B CBOEM Koiblie K,.. Omepanuu cloKeHUA U YMHOXEHUA OIpeZeAIoTC TakxkKe
ITOKOMITOHEHTHO:

def . def .
(ax)xex + (bx)xex - (ax + bx)xex > (ax)xex (bx)xex - (ax bx>xeX :
VIIPAYKHEHUE 1.19. YOeJUTeCh, YTO H K, ABIAeTCA KOJIBLOM, IPUYEM eC/IH Bece Kosblia K, UMeroT
eIUHHUIIBI, TO H K, Toxxe umeet eaununy (1, ..., 1).

Hanpuwmep, ecin X = RuBce K, = R, T. e. IepeMHOXaeTcs KOHTHHYyaJIbHOE CeMeUCTBO OZAMHAKOBBIX
9K3eMIUIApOB Mo R, 3aHyMepoBaHHBIX JeMCTBUTENbHBIMU YKcIaMu X € R, To mpsAMoe npou3sse-
nenve [[,cg R, usomopdHO Kombiy GyHKImit f © R — R ¢ 0GBMHEIME ONEPalMAMH HOTOYEYHOTO
CJIOXKEHUSA 1 YMHOXEHUSA 3HAaYeHUH QYHKIINN. DTOT U30MOP(U3M ITepEBOJUT CEMENCTBO BEIeCTBEH-
ueIx uucen (fy) € [[,eg Ry, 3aHyMepoBaHHOE BeleCTBEHHBIM YHCIOM X, B pyHKImio f : R — R,
3HaueHUe KOTOPOIi B TouKe X € R paBHO x-TOMy a/leMeHTy ceMelcTBa: f(x) = f,.

B npsiMoM npou3BeeHUH KoJIel] I060i HeHY/IEBOH 2JIeMeHT, IMEIOLTHIH XOTs OBl OZHY HYJIEBYIO
KOMIIOHEHTY, ABJIAeTcA JenuTeneM Hynd. Hanpuwmep, (0,1, ..., 1) 7e1uT Hynb:

0,1,...,1)(1,0,...,0) = (0, ..., 0).

[ToaToMy mpou3Be/ileHre HECKOJbKUX KOJIell HUKOT/Aa He sBJsgeTcsa mosieM. Harmpumep, mpousBese-
nue F,, X F, xoHeunbix mosneit IF,, u F, u3 p u q anemenTos cocrout u3 (p — 1)(q — 1) o6paTumbix map
(a, b), 06pasyroImyX My/IETUILTUKATUBHYIO Tpynmy [y X Fy, up + q — 1 genurerneit nyna suga (a, 0)
wim (0, b).

B o61eM ciydae aneMeHT a = (a4, ... , 4yy,) € Ky X ... XK, 06paTiM eCiv 1 TONBKO €CITU KaKAast
€ero KOMIOHeHTa a,, € K, o6paTma B cBOéM Koublie K,,. [109TOMy rpynna o6paTUMBIX 3JI€EMEHTOB
kosbla [] K, siBsieTcs IpsAAMBIM IPOU3BEEHUEM IPYIII 0GPATUMBIX JJIEMEHTOB KoJtel K, :

<H K,,)X =[] x> (1-32)
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1.7. Kuraiickas TeopeMa 00 ocTaTKax. HYCTB Oejaoe Yucjaon = n, ... Ny, ABIAETCA IIPON3BEACHUEM

MIOIIApHO B3aMMHO IPOCTBIX YUCENI N4, ... , Ny, € Z. OToOpakeHNe, lepeBoAsAllee BrIyeT z (mod n) B
Habop BBIUETOB Z (mod n;) :
L)) > L)) X ... XL/ (), 2]y = ([2] .00 2], ) (1-33)

KOPPEKTHO OIIpeZie/IeHO, TOCKOIbKY TP BEIOOPE APYroro IpejCTaBUTeNd z; = Z, (mod n) pa3HOCTb
Z, — Z, AEJINTCA Ha IIPOU3BEJEHUE N = N, ... Ny, U [Zl]ni = [Zzlni IpU BceX i. JIeTKO BUAETD, 4TO @
IIepecTaHOBOYHO CO CJI0XKeHUEeM:

o(lzl, + wl,) = o([z+wl,) = ([z+w]n1,...,[z+w]nm) =
= ([2ln, + Wl > -5 2], + W, ) =
= ([zln,» o> 215 ) + (Wl s o WD, ) = @([2],) + @(IW],) -

AHaNIOTUYHO IIPOBEpsAeTCs, YTO ¢ IePecTaHOBOYHO C YMHOXEHHUEM, T. €. ABJAeTca TOMOMOPOH3MOM
konen. Ecmu [z],, € ker ¢, To z AenuTes Ha KaKzAoe n;, a 3HAYUT, 110 jieM. 1.3 Ha cTp. 26, genuTcs
U Ha UX IPOU3BeZleHHue N = N, ... MN,,, oTKyza [z],, = 0. Tak kak roMoMopdu3M C HyJIeBBIM AAPOM
MHDBEKTHBEH U B Kosbliax Z/(n) u [ | Z/(n;) osvHAKOBOE YKCIIO 37IEMEHTOB N = N ... N,,, OTOOpake-
Hue (1-33) 6uekTHUBHO. DTOT GaKT U3BECTEH KaK Kumaiickas meopema o6 ocmamkax.

Ha »xuTtelickoM f3bIKe OH O3HA4aeT, 4To AJsA M060ro Habopa OCTATKOB 1y, ... , 1y, OT AeJeHUd Ha
IOIIaPHO B3aMMHO IIPOCTHIE YUCAA N4, ... , Ny, BCETAA HAHAETCA YUCIIO Z, UMeloIliee OCTaTOK T OT Jie-
JIeHUs Ha n; OAHOBPEMEHHO /7 BeeX i, IpU4YEM JIto0ble /IBa TAKUX YKCTIA Z, , Z, PA3/IUYaloTcsA Ha Ilejioe
KpaTHOE YMCJIa N = N, ... N;. [IpaKTU4YecKoe OTBHICKaHUE TAKOT'O Z OCYLIECTBJIAETCS C IOMOIIBIO ajl-
roputMa EBkimza—Taycca ciaefyromumM o6pasoM. 113 B3auMHOM IPOCTOTHI YKCIA N; C OCTAJIBHEIMU
YMCTaMU N, BHITEKAET ', 4TO 1; B3AMMHO IPOCTO C IPOU3BEICHIEM M; = 11, £i Ny [IoaTOMY 217151 KaK-
Jloro [ HaliAyTcs Takue X;, y; € Z, 9To n;x; + m;y; = 1. Yucno b; = m;y; faét ocraTok 1 oT AeneHus
Ha n; ¥ JeJUTCA Ha Bce N, ¢ v # i. Yucno z = by + ... + 1, by, pemaet 3agauvy.

[TPUMEP I.1I

Haiizém HauMeHblIee HaTypaJbHOE YUCIO, UMEIollee OCTaTKU T, = 2,7, = 7 U 13 = 43 OT Ae/ieHus,
COOTBETCTBEHHO, Han; = 57,1, = 91 uny; = 179. CHauana HaiaéM 4ncio, obparHoe k 91 - 179
mo Mozy:ro 57: 3amedaeM, uro 91 - 179 = 34 - 8 = —13 (mod 57), npumeHsiem anroputMm EBkmzia —
Taycca? k a = 57 u b = 13 u npuxoauM K paBeHcTBy 22 - 13 — 5 - 57 = 1. Takum 06pasoM, YHCIIO

b, =-22-91-179 (= 22-13(mod 57))

Zaét npu genenun Ha 57, 91 u 179 ocratku (1, 0, 0). AHATIOTMYHO HAXOAUM YHCIIA
b, =-33-57-179 (=33 -11(mod 91))
b; =—-45-57-91 (=45-4(mod 179))

Jatonye mpu Aenenuu Ha 57, 91 u 179 ocratku (0, 1, 0) u (0, 0, 1) cooTBeTcTBeHHO. TpebyeMbie
octaTk (2, 7, 43) UMeeT YHCIIO

Zz=2b, +7b, +43by =—(2-22-91-179+7-33-57-179 + 43 - 45 .57 - 91) =
= (716716 + 2356 893 + 10 036 845) = —13 110 454,

TTo Bcé Toit sxe em. 1.3 Ha cTp. 26.
2Cm. n° 1.2.2 Ha cTp. 24.
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a TakKe Bce YMCJIa, OTIMYAIOTCA OT Hero Ha Iiejble KpaTHbBle yucnan = 57 - 91 - 179 = 928473.
HanMmeHBbIINM ITOJOKUTENBHBIM CPeJU HUX ABJAeTCA Z + 15n = 816 641.



OTBeThI U YKa3aHUA K HEKOTOPBIM yIIPpaXXHEHUAM

yop. 1.2. OtBeTBl: 1 + XU XYy +x + .

Yip. 1.3. EC/IM yMHOXUTB YUCTUTENH U 3HAMEHATEb JTF000# po6u B JIeBoi yacTu paBeHCTB (1-11) Ha c,
YUCIUTENb U 3HAMEHATEJb TPABOM YacTH TaKKe YMHOXUTCA Ha ¢. OTCIo/ia cieflyeT KOPPEKTHOCTb.
[TpoBepka akcoM 6eCXUTPOCTHA.

ymp. 1.5. IlycTts ax, + by, = k. Torza a(x, +nf) + b(y, — na) = ax, + by, + n(af — ba) = k npu Bcex

n € Z. Ecm ax + by = k, 1o a(x — x,) = —b(y — y,) Aemtca Ha HOk(ab) = affd. Tem caMbIM, 9HCIIO
n=x-x))/B=—-O—-y))/a €L ux=xy+nf,ay =y, —na.
yip. 1.6. [TycTb yuciia TabauIb! (m }t} > VZOBJIETBOPAIOT paBeHCTBAaM m = xa + by, n = as+btu
n
ml x/ y/
xt — ys = 1. [Ipubapnsasa Kk 1-# cTpoke 2-10, YMHOKEHHYIO Ha Kk, TIOJTydaeM TaGIuIry < ] >,
n s

BkoTopoiim’ = m+nk,x’ = x +ks,y’ =t + kt. Toraa

m’ = ax + by + k(as + bt) = ax’ + by’
x't—y's=xt—ys+kst—kst=1.

VYmp. 1.7. TlogcTtaBbTe B 3TO paBeHCTBO X =y = 0.

Vmp. 1.8. CyllecTBOBaHUe pa3ioykeHUA. EC/IM YMCIO n IPOCTOE, TO OHO CaMO U OyZIeT CBOUM PasJioKe-
HueM. Eciii n cocTaBHOe, TPeICTaBUM €T0 B BU/IE IPOU3BE/ZIEHUSA CTPOTO MEHBINUX 10 abCOTIOTHOMN
BeJIMUMHE YHCeN, KaXZ0e U3 KOTOPHIX B CBOIO Oo4Yepeb WIK IIPOCTO WU SBJIAETCA IIPOU3BeJeHUEM
CTPOTO MEHBIIUX TI0 a6COMOTHOM BETUYNHE YHUCET U T. . [IOCKOIBbKY MOAYJ/Ib IIEJIOTO YHCIa HETb3s
6GECKOHEYHO /JIOJITO YMEHBIIIATh, MBI B KOHIIE KOHIIOB TIOJIYYUM TpebyeMoe pasjioKeHue.

EauHCcTBEHHOCTD pasioxkeHus. st TF060ro IIPOCTOTO YKcIa p 1 JII0OOTO 1eIoro Z UMEeTCs alb-
TepHaTUBa: nbo HOA(Z, p) = |p|, u Torga z genurtcs Ha p, b0 HOA(Z, p) = 1, U TOTZA Z B3AUMHO
npocr ¢ p. [TycTb B PaBEHCTBE P, ... P = ¢ ... G,y BCe cOMHOXUTENH npocThl. Tak Kak [ | q; Aenures
Ha p,, YUCJIO P, He MOXeT OBITh B3AUMHO IIPOCTO C KaXABIM @; B culy JeM. 1.3 Ha cTp. 26. Comac-
HO YIIOMSHYTOH a/IbTepHATHUBe, XOTA 6Bl OAVH U3 MHOXUTeNeH q; (6yAeM cuuTaTh, 4TO q,) AeNUTCA
Ha p, . [lockonbKy q, TIpocT, q,; = +p,. CokpaljaeM nepBble MHOKUTEIH U IOBTOPSIEM pacCy:KAeHue.

yrp. 1.9. Ilpu mo6om k € N ymHOxeHHe Ha knacce [x]~*[y] mepeBoauT kiacc [akx] B KJIacc [aky], a
YMHOXXeHMe Ha KJacc [x][y]_1 TIepeBOJUT KJIacc [aky] Ha3zaz B [akx].

n n
yre. 1.11. Kiace (";fl ) (mod p) paBeH KoaddunmenTy Ipu xP | BO3HUKAIOIIEMY IIOC/IE PACKPHITHUA CKO-
n
60K U IpUBeAeHYs MOAOGHEIX caaraeMbx B 6uHome (1 + x)™P maz monem F,. llociepoBarenbHo

npumMeHssa popmynay ¢opm. (1-24) Ha cTp. 28, monydaem

n-2

A+0P ™M= (1+20P)" "=(1+27)7 "= (A+2PP)’ "= (14x7) "=
= (1 + xpn)m =1+mxP" + crapume cTeneHu

Yop. 1.13. Ecmm unero a € k siBnsiercss kopHeM MHorowrieHa f (x), To f(x) gemutes Ha (x — ) (paszenu-
Te f(x) Ha (X — @) C OCTATKOM U TIO/ICTaBbTE X = ).

vmp. 1.14. Tlo Manoii Teopeme ®Pepma’ Kax LI 2MeMeHT X € im 1) YAOBIETBOPAET ypaBHeHHIo x2 = 1.

'Cm. cn. 1.1 Ha cTp. 29.
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Yp. 1.16. HeHyneBoii romoMopdu3M mosieli ”HbeKTUBEH, TIEPEBOAUT €IUHUITY B €IMHUILY U TEPECTaHO-
BOYEH CO CIOXKEHHEM, BhIYUTaHIeM, YMHOXeHUEM U JeneHneM . [IpocToe MOATIoNe COCTOHT U3 3Je-
MeHTOB Buzga +(1 + - + 1) /(1 + -+ + 1), KaKABII U3 KOTOPBIX OCTaéTcs Ha MecTe. Ectu umeercs
HeHyseBoi romoMopdusm k — [F, To paBeHCTBO MJIM HEPABEHCTBO HYJ/IO CYMMbI HEKOTOPOTO KO-
JIMYeCcTBA eUHUI] B 1Tosie [k BIeY€T TOYHO TaKOe XKe PaBEHCTBO WIM HepaBeHCTBO B noe F, oTkyza
chark = charF.

yop. 1.17. BOCHOJILByfITECB TE€M, 4TO R sABIsI€TCA MHOXKECTBOM Jle/IeKUHAOBBIX ceuyeHUM TUHENHO yrnops-
AOYEHHOI'O MHOKECTBA Q

1Cm. n° 1.5.4 Ha cTp. 31.
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