§11. Kommno3unoHHbIe GpaKTOPBI, IPOU3BEAEHUS U CIIOBCKHE ITOATPYIIIIbI

11.1. IIpocTsie rpynmnsl. ['pymna G Ha3pIBAETCS NPOCMOlL, €CIV OHA HE COJEPXKUT HOPMATbHBIX MO/ -
I'PyII, OIMYHBIX OT {e} u G. Hanpumep, yto6as rpymna mpocToro nopsaKa MpocTa, MOCKOIbKY IO
TeopeMe JIal"paH}Ka1 BOOOIIIe HE COAEPKUT HUKAKUX TOArpym KpoMe {e} u G. Cornacho ci. 10.1 Ha
ctp. 174 mpocToTa rpymnmsl G paBHOCWIbHA TOMY, YTO BCAKUYM roMoMopdu3M G — H 1160 UHBEKTHU-
BeH, MO0 OTOOpaKaeT BClo rpymnmy G B eAnHUIly. OZHUM 13 BBIAAONUINXCS AOCTIKEHUN MaTEMaTUKN
XX Beka ABJAeTCA epedrceHre BceX KOHEYHBIX IIPOCTBIX IPYIIL. DTOT CIIMCOK COCTOUT U3 HECKOJIb-
KuX 6€CKOHEYHBIX cepuil U 26 TaK Ha3bIBAEMBIX CHOPAOUUECKLX 2pynn, He BXOAAIINX B cepuu. becko-
HEYHbIe CEPUU JIeJIITCA Ha TPU CeMelcTBa: IUKINYecKue rpymnsl Z / (p) IpoCcToro mopsika, 3HaKO-
IepeMeHHBIe TPYIIHI A, ¢ n # 4 ¥ IpocThle IMHeHHble anrebpardecKye TPYIIIbI Ha/l KOHEYHBIMU
IOJISIMH?, TAKKE KaK PSLn(IF‘q), PSOn(IFq), PSpn(IFq) U T. 1. OnrcaHue KOHEYHBIX [IPOCTHIX IPYIII CTa-
JIO UTOTOM COTEH paboT JECATKOB aBTOPOB TI0 PA3IMYHEIM, HAIPSMYIO He CBSI3aHHBIM JPYT C JPYyTOM
HalnpaBJIeHUsIM MaTeMaTUKu. HUKaKoi yHUBepCaIbHOM KOHIIEIIHHY, TTO3BOJIAIONIEH eJUHO06pa3HO
KJIacCUPUIMPOBATDh BCE KOHEYHBIE TPOCTHIE IPYTIITBI HE U3BECTHO.

11.1.1. IIpocToTa 3HaKOIIepEMEHHBIX rpyIil. [Ioka)keM, 4To 3HaKOIlepeMeHHas rpymna A mpo-

cta. Tak Kak IepeCTaHOBKH COIIPAXKEHBI €CJIN U TOJIBKO €CJIN Y HUX OZLI/IHaKOBHﬁ LII/IK]'IOBOI‘/JI TI/IHS, KJj1ac-
ChbI COHPH)KéHHOCTI/I YETHBIX II€EpeCTaHOBOK B 55 COCTOAT U3 II€EPECTAaHOBOK NUKJIOBBIX THUIIOB

- HE\ u (11-1)

(5-1MKJIBI, 3-I[UKJIBL, TIAPbI HE3ABUCHMBIX TPAHCITO3UIUI U TOXK/ECTBEHHOE Tpeobpa3oBaHue), KOUX
uMmeerca’ cooTBeTcTBeHHO 24 = 5!/5,20 =5!/(3-2),15=5!/(2%-2)u 1.

YIPAXKHEHME I1.I. IIOK&XXHTe, 9YTO KJIAcC CONPXKEHHOCTH YETHOM ITEPECTaHOBKU g B S, MO0 COB-
IaZaeT C e€ KIacCcoM COIPSDKEHHOCTH B A,,, 1160 ABJIsIeTC 00beJUHEHNEM JBYX KJIACCOB COIPS-
KEHHOCTHU B A,,, TPUYEM BTOPOE IIPOUCKOAUT €CJIU U TOIBKO €CJIU BCE IIMKJIBI IIEPECTAHOBKY ¢
HUMEIOT Pa3Hble HEYETHBIE JJINHBI.

MBI 3aKI04aeM, 9YTO 3-I[UKJIbI, Tapbl HE3aBUCUMBIX TPAHCIIO3UIIMH U TOXKJECTBEHHAs TIepecTaHOBKa
ABJIAIOTCA KJIaCCAMU CONPSKEHHOCTHU B Ay, a 5-IIMKJIBI pa30bUBalOTCA Ha /IBA KJIacca CONPSKEHHOCTH
B A;, cocrosmye u3 12 IKKIIOB, CONPsDKEHHBIX |1, 2, 3,4, 5), 1 12 UKIIOB, cCONpXEHHBIX |2, 1, 3,4, 5).
[Tockonpky HopMasbHasd noarpynna H < A BMecTe ¢ Kak/0l lepecTaHOBKOU COAEPXKUT U Bee el co-
npsx€HHbIe, e€ TopAAok |H| = 12e; +12¢, + 20&5 + 15¢, + 1, rae kaxablii €; paBeH mbo 1, m6o 0,
IIpY 3TOM II0 TeopeMe Jlarpamka |H| genur [Ag| = 60 =3 - 4 - 5.

YIIPAXKHEHMUE I1.2. YOeAUTech, 4TO TaKOe BO3MOXXHO POBHO B /IBYX CIydasx: Korza Bce &; = 1 wm

Korga Bece g; = 0.

Tem cambiM, B AS HET HETPpUBHUAJIbHBIX CcOOCTBEHHBIX HOPMAaJIbHBIX ITOATPYIIII.

TEOPEMA II1.I
Bce 3HakonepeMeHHbIe TPYNIEl Ay, €7 > 5 IPOCTHL.

1Cm. Teop. 10.3 Ha cTp. 183.

20mucaHuIo TAKKMX TPYIN HOCBANEHH! CHEIKYPCH [0 JMHEHHEIM aire6pamdecKuM U apiudMeTHYecKUM
rpymnmnaM, HanpuMmep, cM. KHury Joc. Xam@pu. TuHeliHble anzebpauueckue epynnst. M., «<Hayka», 1980.

Scm. npum. 10.15 Ha cTp. 180.

4Cm. ymp. 10.8 Ha ctp. 169.
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JOKA3ATENBLCTBO. VHAYKIMs 1o n. Ciy4ait n = 5 6pu1 pa3obpaH Belllle. PacCMOTPUM HOPMAaJIbHYIO
noarpynny N < A,,. Tak kak crabuimsaTop aneMeHTa 1 B rpymme A, usomopdeH A,,_;, ero nepe-
cegenue ¢ N, 6yZy9r HOpPMaJbHOH IIOATPYIIION B A,,_;, 1160 coBnaaer ¢ A,,_;, 1160 TPUBUAIBHO.
[ToCKO/IbKY CTaOMIM3aTOPBI BCEX 3JIEMEHTOB COTIPsDKEHBI, TToArpynna N ubo coaepKUT cTabuimsa-
TODHI BCEX 3IEMEHTOB, TH60 AeiicTByeT cBo60AHO . B mepBoM ciyyae N COEPKUT BCe 3-IIUKJIBI U 110
ynp. 10.31 Ha cTp. 186 coBnazaer c¢ 4,,. PaccMoTpuM BTODPOIi cilydail ¥ JOIyCTUM, 4TO N COAEepKUT
HETO)XX/JECTBEHHYIO IIEPECTAHOBKY g. Tak KakK OHa JeHCTBYeT O6e3 HellOABIDKHBIX TOYEK, IPU N > 6
HaWJyTcsA Takye pas3ndHble ameMeHTH {1, 1, j, k,£,m}, uto g(1) = i u g(j) = k. Conpsaras g UUKIOM
|k, €,m) € A,, nonydaem nepecranosky h € N ¢ h(1) = i u h(j) = £ # k. [lepecranoska gh~* € N
He TOXKJeCTBeHHa U ocTaBideT 1 Ha MecTe. [IpoTuBOpeune. U

11.1.2. IIpocrora rpynn PSL,, (k). ®axTop nmonHoI IMHENHHOM IpyNNbl KOOPAUHATHOTO BEKTOD-
Horo mpoctpancTBa k™ mo eé 1eHTpy, cocTosAIeMy U3 CKaIsIpHBIX MaTpull AE, e A € k*, Hasbl-
BaeTCs NPoeKmueHoil auHeiinoil epynnoii u o6osnadaercs PGL, (k) € GL, (k) /k* - E. Dta rpynma
€CTECTBEHHBIM 06PA30M ZIEMCTBYET Ha MHOXKECTBE OJHOMEPHBIX BEKTOPHBIX moAnpocTpaHcTs B k™,
KoTopoe o6osHavaetcs P, _, (k) u HassBaeTcs (n — 1)-mepHbiM NpoeKmMuUBHbIM npocmpancmeom® Ha

nosieM k. Cocrosimas U3 K1accoB IPOMOPIMOHATBHBIX MAaTPHI] onipeAenuTens 1 noarpymnmna
PSLy, (k) = SL, (k) / Py () - E C PGL,(Io),

rae 1, (k) C k* — mynsTUIUIMKaTUBHAs TPyIIIa KOPHEH n-Toii crenenu us 1 B mose Kk, HasbiBaeTcs
cneyuanbHol MPOEKTUBHOM TMHEWMHOU I'PYTIIION.

o 3
YIPAXKHEHME 11.3. YOoeauTech, uTo PSL,, fieficTByeT 2-TpaH3UTUBHO® Ha P,_,.

Ecmnk = F, cocTONT U3 q 27eMEHTOB, TO MY/IBTUILUINKATHBHAS IPYIIIa [Ff; IUKINYeckas nopazaka g—1
Y KOPHU ypaBHeHus x"* = 1 06pasyioT B Hell IUKINYECKYIO MOATPYIIY mopsaaka Hoa(q — 1,n).

YIPAXKHEHUE 11.4. Y6eauTech, KOpHU ypaBHeHUsa nx = 0 B Z /(M) cOCTaB/IAIOT UKINYECKYIO MOA-
TPYHILy NOpsiiKa HOZA(m, n).

Taxum o6pasom, | PSL,(F,)| = | SL,(Fy)|/Hoa(q — 1,n) = szo(q" - qk)/((q — 1) noa(qg — 1, n)).

TEOPEMA 11.2
Bce rpynmer PSL,, (k) npocTsl, 3a HCKITIOdeHHeM” PSL,(F,) = GL,(F,) ~ S; u PSL,(F;) ~ A4,.

OKASATEJILCTBO. O603HaunM dyepe3 P C PSL, cTabwin3aTop 0ZHOMEPHOI'O IIOANPOCTPAHCTBA, II0-
n
0K/IEHHOT'O TIepPBBIM BEKTOPOM CTaHZapTHOTro 6asuca e, , ..., e, B k™. I'pynmna P COCTOUT U3 KJIaCCOB
1 n
MPOIOPILIMOHATBHBIX MAaTPHI BHU/a

(11-2)

IT. e. HUKAKOH OTIMUYHEL] OT eZIMHULIBI 27IeMeHT He MMeeT HellO/BIDKHBIX Touek, cM. n° 10.4 Ha ctp. 177.
2Cm. cTp. 204 1 222 kypca http://gorod.bogomolov-lab.ru/ps/stud/geom ru/2122/lec total.pdf.
T.e. TPaH3UTHBHO ZIeHCTBYET Ha YIOPAZOYEHHBIX ITapax To4ek, cM. n° 10.4 Ha cTp. 177.

4Cm. ymp. 10.33 Ha cTp. 186.


http://gorod.bogomolov-lab.ru/ps/stud/geom_ru/2122/lec_total.pdf
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conpezenuTesneM 1 ¥ cofepXUT HOpMabHYIo abeseBy HOArpynity A <|P MaTpull, TPOIOPUNOHAIBHEIX

1 az cee an
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KoTOpas ABIAeTcs AZpoM romoMopousma P — PGL,,_,;, nepeBogamero Marpuly (11-2) B eé mpaByio
HIDKHIOIO YIVIOBYIO IoAMATpUIly pasmepa (n — 1) X (n — 1).

YMPAXKHEHUE I1.5. Y6eAUTeCch, 9TO 3TO U B CAMOM Jiejie TOMOMOPGU3M I'PYIIIL.

Tak kak noarpymnmna A cofep kKUt Bce TPaHCBeKIMH Buja T }-(a), conpsKEHHBIE el ToATPYyIIE g A g‘l,
rae g € PSL,,, cogepxar BOOOII[e BCE TPAHCBEKIIUY U r[opoxc;;amT1 PSL,,.

-1
YIPAXXKHEHVE 11.6. Yoeautecs, uto T;j(a) = gT, j(@)g™ ", tAe g € SL,, mepeBoAuT €, Bey, ae; B —ey,
OCTaBJIsIAl BCE OCTAJIbHBIE Oa3HCHBIE BEKTOPHI Ha MECTe.

MBI 3aKJTF0OYa€eM, YTO TIPOM3BE/IeHHsI 3JIEMEHTOB Buja gag ~,a € A, g € PSL,, ucuepneiBator PSL,,.

PaccMoTpuM Teneph OTIMYHYIO OT €AMHUYHON HOpMasibHyto noarpynmy N < PSL,,. IIpocTpaH-
ctBO P,,_, ABNAETCA AU3BIOHKTHBIM 00beJUHEHUEM OPOUT OoATPYNIIEL N, U B CHTy HOpMaabHOCTU N
KaX/bIl a71eMeHT g € PSL,, nepeBoauT N-opOUTY TOYKH X B N-OPOUTY TOUKH gx, 10O

y=hx < gy=(ghg Hgx.

Taxum obpasom, rpynna PSL,,, c o1HOM CTOPOHEL, He MOXKET IlepeBEeCTH I1apy ToUeK, TeXKaIlHX B OZHOH
N-opbuTe, B Iapy TOYeK, JIeXXalluX B pa3HbIX N-opOUTax, a ¢ Apyroil CTOPOHEI, ZieicTByeT 2-TpaH3u-
TUBHO 10 y1p. 11.3 Ha cTp. 188. Takoe BO3MOKHO, TOJIBKO ec/ivi N-0opbuTa BCero ofiHa, T. €. AJIs1 II000To
g € PSL,, cymectsyer Takoe h € N, 4o ge, = he,, oTkyaah™*g € P u g € hP. Mbl 3aKmo4aem,
uyTto PSL,, = NP = PN. IlocKo/IbKY COIpsKEHMe 3IeMeHTaMu U3 P octasiaer noarpyny A <1 P Ha
MecTe, KaXk/Iblii 3/1eMeHT u3 PSL,, B/seTcs Ipou3BeieHneM 3eMeHToB Buaa hah ' ca € A,h € Nu
B cuy paBeHcTBa AN = NA nexut B AN. B ipum. 10.23 Ha cTp. 186 MBI BUZieI, 4TO BCe IPyHIIbI SL,,
3a UCKJII0YeHNEM JIBYX, YKa3aHHBIX B YCJIOBUU TEOPEMEI, COBIIAAAI0T CO CBOUMH KOMMyTaHTaMu. Ho
KOMMYTAaTOp JIeMeHTOB Buza ah ca € A, h € N B cwy abeneBoctu A v HopManbHOCTH N JIEXUT B N.

VIIPAYKHEHUE I1.7. YOEIUTECh B 9TOM.

[Moaromy PSL,, = PSL;L = N BO BceX cJIy4ax, KpoMe JBYX UCKJIIOUUTENbHBIX. U
11.2. Kommno3suiuoHubie pakTopsl. KoHeUHass CTpOro yobIBarolasi ocjaef0BaTeIbHOCTh ITOATPYIII

6§=6,2G6G,2G6,2...2G,_; 2 G, ={e} (11-3)
Ha3bIBAETCA KOMNO3UYUOHHBIM psidom Wiu psidom JKopdaHa — I'énvdepa Tpynmbl G, eCIU IPU KOKAOM {
nogrpymua G;, ; HopMajabHa B G; ¥ dakTop G;/G;, ; IPOCT. B 3TOH cUTyalH HeyOpsAZAOYEeHHBIN HA60p
HPOCTEIX rPym G;/G;, ; (B KOTOPOM BO3MOKHBI IOBTOPEHNA) HAa3BIBAETCA HAOOPOM KOMMO3UYUOHHbIX
daxmopoe (wiu pakmopos XKopdara —[enwdepa) TPy G, a YUCJIO N HA3BIBAETCSA ONUHOL KOMITO3H-
nuoHHoro psiza (11-3).

1Cm. ymp. 10.34 Ha cTp. 186.
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[TPUMEP II.I (KOMIIO3MLIMOHHBIE ®AKTOPBI S, )
Beliie MBI BUZIeIM, 4YTO CUMMeTpHUecKas Ipymna S, uMeeT KOMIIO3ULIMOHHBIN PAf,

S, A >V, >Z/(2)> (e},

B KOTOpoM A4, <1 S, — NOArpyMIa YéTHHIX IlepecTaHoBoOK, V, <1 A, — noarpynna KieiiHa, cocroAmasn
13 TOXK/eCTBEHHOM [TlepecTaHOBKU U TPEX ITepeCcTaHOBOK I[UKJIOBOT'O TUIIA Hﬂ, a

2/(2) <1V, ~L/2)DL/(2)

nr06as U3 TPEX UUKINIECKUX MOATPYIII BTOPOTO MOPSIZKA, TOPOKAEHHBIX HEeJMHIYHBIMY dJIEMeHTa-
Mu. TakuM 06pa3oM, CMMMeTpHUYecKas Ipymnna S, UMeeT KoMIo3unuoHHble dakToprl Z/(2) = S, /A,,

Z/(3)=A4/Vs L/ (2)=V,/(Z/(2) uZ/(2) =L/ (2)/{e)}.

YIIPAXXHEHHE I1.8. Yoeaurecs, uto A, /V, ~ Z/(3).

TEOPEMA 11.3 (TEOPEMA JKOPZIAHA — 'E/TLIEPA)

Eciu rpymima G uMeeT KOHEUHBIH KOMITO3UITMOHHBIH P, TO HEYIIOPSAAOUYEHHbIN Habop ero GpakTopoB
He 3aBUCHUT OT BEIOOpa KOMIIO3UI[MOHHOTO psiZia. B uacTHOCTH, Bee psagbl JKopzaHa — ['ébaepa UMeoT
OZVHAKOBYIO JUIVHY.

JIOKABATENBCTBO. I1yCcTh y rpynnbl G €CTh ABa KOMIIO3UIIMOHHBIX PAAa

G=P,2P, 2P

2P 2. 2Py 2P = e} (11-4)
G = Qo 2 Q1 2 Q

2 Qs 2 Q= e} (11-5)

[}
U

N

MbI cobupaeMcsi BCTaBUTb MeXK/Y MOC/IeA0BaTENbHBIMU WIEHAMU 3TUX PSZAOB ZOMOJHUTENbHEIE Tie-
TIOYKY HECTPOTO YOBIBAIONIUX MOATPYIII TaK, YTOOBI MOMYUUBIINECS YAJUHEHHBIE DA/ CTATKU PaB-
HOWU JIIMHBI, M YCTAaHOBUTb MEXK/Y UX MOC/Ie0OBaTENbHBIMYU GaKTOpaMUu OGUEKIIHIO, TIPU KOTOPOM CO-
OTBETCTBYIOIIHe APYT APyTY GakTopsl 6yAyT n30MopdHEL. [7iA 3TOro 3aMeHHUM KaxJoe 3BeHo P;[> P,
BepxHel nenouku (11-4) 1enoykoit

P,2(Q NP)P,; 2 (QuN PPy D ... 2 (Quy NP)Piyy D P,y s (11-6)

KOTOpas IoJIy4aeTcs llepecedyeHrueM HIDkHel Lenouku (11-5) ¢ mogrpynmnoi P; 1 yMHOXKeHHeM Bcex
IIOJIyYE€HHBIX TPYII Ha HOpMaJbHyIo B P; moarpymmy P;, ;. B ipezut. 10.5 Ha cTp. 185 MBI BUAETH, YTO
ecau noArpymmna H HopmanuayeT noarpynmy N, To NH = HN Toxe fABIAeTCA MOATPYIIION, TPUIEM
NHD>N,H>(HNN)uHN/N ~ H/(H n N). [IpuMeHsIs 3TO K IOATPyIIIIaM

H=QynP u N=(Qr NPIPyyy,

mbl nonydaeM HN = (Q N P)P; ., W H NN = (Qpyq N P)(Q) N Pipq).
YIPAXXHEHME I11.9. YoeauTech, 4To H HopManusyeT N, U IpoBepbTe [oc/AeJHHe Ba PABEHCTBA.

Takum 06pasom, (Q N P)P;yq > (Qpiq N PP, 1

QN PPy (@ N Py)

~ . (11-7)
Qrs1 NPIPy Qs NPI(Qx N Pyyy)
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I'pynmna P;,, ABIAETCA HOPMaJbHOM IOATPYIIION BO BCEX TPpymmax Uenodku (11-6). ®akropusys mno
Hel, Moly4aeM LEeMoYKy GaKTop TPy

Pi D(anpi)Pi+1[>(anPi)Pi+1>_,.ZME{E}, (11'8)

Pi+1 Pi+1 Pi+1 Pi+1
B KOTopof/'I KakZas noArpyIia HopMajabHa B Hpeabmyl_uef/'l, a rnocjezoBaTeIbHbIE (baKTopr

(Qr N PP /Piyq o (Qx N P)Piiq N QN Py)
Q41 N PP /Piva Qiya NPIPy (Qpya NP)(Qp N Piyy)

coBragaror ¢ (11-7). Tak kak rpymnna P; / P, , mpocTa, MBI 3aK/II09aeM, 49TO B 1eniouke (11-8) umeerca
POBHO OZJHO HECTPOT'O€e BKJIIOUEHME, a BCe OCTaNbHbIe BKIFOUEHUA — pPaBeHCTBA. TeM caMbIM, POBHO
ozuH U3 GpaxkTopos (11-7) oTardeH oT eAUHHULE! U u3omopder P; /Py ;.

Te ke caMble paccyXJeHus ¢ 3aMeHOoU P Ha ( TTO3BOJIAIOT BCTABUTh MEX/Y IOCIeZ0BaTeIbHBIMU
rpynnamu Q, > Qy, KOMIO3UIIMOHHOrO psAza (11-5) yOrIBaIonIyIo IeoYKy IOATPYIII

Qr 2 (PN Q)1 2 (P NQp)Qkyq 2 -+ 2 (P N Q) Qpeir 2 Qpeyr (11-9)
KaXzaada nu3 KOTOPBIX HOpMaJIbHa B Hpeﬂ]ﬂﬂymeﬁ, a rnocjieoBaTeJIbHbIE (baKTOpr HNMEIOT BI/

(P; N Qp)Qpki1 N QNP
(Pi+1 N Qk)Qk+1 B (Qk+1 n Pi)(Qk n Pi+1)

(11-10)

Y U30MOPQHBI COOTBETCTBYIOIKM dakTopaM (11-7). Takum 06pa3oM, BCTABJIAA MEXKAY MOCIe0Ba-
TeJIbHBIMU 3/IeMeHTaM{ KOMIIO3UIIMOHHOTO paza (11-4) nenouku (11-6), a MeXXAy Iocaej0BaTeIbHEI-
MU aneMeHTamMu psaga (11-5) — nernouku (11-9), MbI TOJIYIUM PSAABI OAUHAKOBOU JTMHBI, B KOTOPHIX
He BCe BKJIIOUEHUS CTPOrHe, HO GaKTOPhI HAXOAATCS B ONEKTUBHOM COOTBETCTBUH, COITOCTABIIAIOIEM
ApyT Apyry usoMmopdHele dakTopsl (11-10) u (11-7). ITockonabKy Q. , ABIAETCA HOpMaIbHO HOJ-
TPyIIIOH BCexX IPyIN Henoyky (11-9), Te xe apryMeHTHI, YTO IPUMEeHSUIMCh BEIIIE K IOATpyIIe P; | U
nernouke (11-6), MOKa3bIBAIOT, YTO MpU GUKCUPOBAHHOM k cpeau pakTopoB (11-10) umeeTcss poBHO
OZIVH OTIMYHBIM OT eAMHUIBI, ¥ OH U3oMopbeH Qp / Q.1 - 0

3AMEYAHME I1.I. HempocTasi rpyIina MOKeT UMETh HECKOIBKO Pa3HbIX KOMIIO3UI[UOHHBIX PAZIOB C OJ[U-
HaKOBBIM Hab0poM (paKTOPOB, a TPYIIIIEL C OAMHAKOBEIMU HabopaMu dpakTopos ¥opaaHa-T'énbaepa He
006s13aTeIbHO U30MOPQHBL.

[TPEAJ/IOKEHME I1.1

Ecs rpynmna G o61azaeT KOHEYHBIM KOMITO3UIIMIOHHEIM PSZIOM, TO BCe €€ HOpMaJsbHble TOATPYIIIIEL U
¢dakTOp rpynnsl ToXe 06/1aJal0T KOHEYHBIMU KOMIIO3UIIMOHHBIMY PsZIaMU, IPUIEM Habop GaKTOpOB
KaKZIOTO U3 HUX SBJIAETCS I0AHA60pOM B Ha60pe KOMITO3UIIMIOHHEIX GaKTOPOB I'PYIIIHL .

JTOKA3ATE/ILCTBO. [lepeceueHrie KOMITO3UIIMOHHOTO PsiZia TPy G ¢ moATpymnoi H <1 G uMeeT BU,
H2G NH2...2G,_;NH2{e}, (11-11D)
rze (G; N H) > (G4, N H) , Tak Kak G; > G4, 1 (G; N H) /(G;y N H) ~ (G; n H)G;,, / G;,, TIO

npez. 10.5 Ha cTp. 185. [Tockonbky G; 2 (G; N H)G;,, 2 G;,, ¥ dakTop G;/G;,, TIPOCT, OFHO BKJIIO-
JeHHe CTporoe, Apyroe — paseHcTso. Ecmu (G;NH)G ., = Gi 4, To (G;NH)/(G  NH) ~ G;/G; . Ecrm
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(G;nH)G;,, = Gy, T0(G;NH) = (G;4 NH). TakuM o6pasoM, youpas us nenodku (11-11) Bce paBeH-
cTBa, nory4yaeM psaz XKopzaana - T'énpaepa, pakTopel KOTOPOTO cofiep)KaTcs CpeAr KOMIIO3UIIMOHHBIX
daxTOpoB rpynnsl G. AHaJTOTMYHO, IPUMeHAA K KOMIIO3ULIMOHHOMY DAy TPyInbl G anuMopdusM
m: G » Q, monyyaem nenouky Q 2 m(G,) 2 ... 2 m(G,_,) 2 {e}, B xoTOpO#i (G;) > (G}, ). OTpa-
HUYUM 7T Ha G; 1 0003Ha4nM yepe3 H = 7T|Ei1(7T(Gi+1)) HOJIHBIH Tpoo6pas noarpynms (G, ,) C m(G;)
OTHOCHUTEJIBHO 3TOro orpanudenus. Tak kak G; 2 H 2 Gy, u daxTop G; / G;,; IPOCT, OZHO BKIIIO-
JeHue CTporoe, Apyroe — paseHcTBo. Ecmu G; = H, 1o m(G;) = m(Gy,), aecmm H = Gy 4, TO
m(G;) /m(Gyyqy) = Gy / Gyyq O y1ip. 10.30 Ha cTp. 185, IPUMEHEHHOMY K ¢ = Tt . |

[TPE/IJIOXKEHUE 11.2

[lyctb N <G, Q = G /N, u rpynnsl N, Q 0671a7al0T KOHEYHBIMYM KOMITO3UIIMOHHBIMY psiaMu. To-
IZla y TPynnsl G TOXKe eCTh KOHEYHBIH KOMITO3ULIMOHHEIHN psJZl, HA00p (paKTOPOB KOTOPOTO SBJAETCS
JU3BIOHKTHEIM 00beIUHEHEM KOMITO3UIIMOHHEIX GakTopoB rpynn N u Q.

JlOKA3ATEBCTBO. ITycTh rpynmel N ¥ Q UMEIOT KOMITO3UIIIOHHBIE PSZIBI

N>N,>...>N,_, > {e}
Q> Q> ...> Q> {e}.

O6o3Haunm 4epes P; = 7~ '(Q;) monHbI MPoo6pas rpymmsl Q; mpy roMmoMopdusme aKTopU3ayu
m: G » Q cagpom N. llernnoyka nmoArpymnm

G>P>...>P, >N, >..>N,_, {e}
angerca pagoM JKopzaana — 'énpaepa ¢ TpebyeMbIMU CBOMCTBAMH. U

CAEZCTBUE II.I
Kaxzas koHeuHas rpytna ob1aiaeT KOHEYHBIM KOMIIO3UI[OHHBIM PSZIOM. |

YIIPAYKHEHUE 11.10. [10CTpOiiTe KOMIIO3UITUOHHBIN DA/l aIUTUBHOM rpymmsl Z / (p™), Tae p — mpo-
cToe.

11.3. Ilonynpsameble npousBeaeHus. [ napsl noarpymni N, H rpynmsl G oToOpaXkeHue
NxH— NH, (x,h)— xh,
6uexTUBHO ecyu U Tosbko eci N N H = {e}. B camoM gene, ipu x, h; = x,h, 271eMeHT
x;'x; =h,hi* €ENNH,

necmuNNH = {e},Tox, =x,uh, = h;,aeciuB N N H ecTb a/IeMeHT Z # e, TO pa3Hble Naphbl
(e,e), (z, z_l) € N X H mepeliayT B OAWH U TOT Ke meMeHT e € NH. ByzeMm Ha3bpIBaTh HOATPYIIIEL
N,H C G dononnumensvHomu, ectu N N H = {e} u NH = G. B aToMm ciry4ae rpynma G Kak MHO-
JK€CTBO HaXOAUTCS B OMEKIWH C IPAMbIM pousBegenrieM N X H. Eciu moarpymmna N <| G TIpu 3TOM
HOpMaJIbHA, TO KOMIIO3UIINA 57IeMEHTOB g, = X, h,; U g, = X, h, MOXeT ObITh BEIpaKeHa B TepMUHAX
nap (x,, h,), (x,,h,) € N X H. A UMeHHO, Tak Kak

9192 = x1hyx;hy = x1(h1x2hI1) ~hih, u h1x2hI1 EN,



11.3. TosympsiMble IPOU3BEAEHUSA 193

rpymiy G MOXXHO onucams Kak MHOXecTBo N X H ¢ omepanuei
(Xl, hl) : (xz’ hz) = (x1 Adhl(xz)s h]_hz)a (11-12)

rae gvepe3a Ad, : N = N, x — hxh™!, o6o3naueHO MIpUCOeANHEHHOE JIeficTBUE 3leMeHTa h Ha HOp-
MasbHOM nogrpynie N. B 3To# cuTyaliiy roBOPAT, YTO IpyIina G ABIAETCA NOJLyNnpAMblM npousgedeHu-
em HOpMasbHOM moArpymnisl N <] G ¥ IOTIONMHUTENbHOMN K Hell noArpynnel H C G ununyt G = N X H.
Ecnu conpskeHue ajleMeHTaMy U3 ToATpynnsl H felicTByeT Ha noArpymnie N TpUBUAIbHO, YTO PaB-
HOCWIBHO IIePECTAHOBOYHOCTH Xh = xh JIOOBIX BYX 3/IeMeHTOB X € N u h € H, To monynpsamoe
IIpon3BeZieHHe HasblBaeTca npambM. B aToM ciydae (x4, hy) - (x5, h,) = (x,x,, hyh,) A4 Bcex nap
(x4, hy), (x5,h,) ENXH.

ITpumep 11.2 (D, = Z/(n) X Z/(2))

I'pynna guszapa D, conep>XUT HOPMaJIbHYIO IIOATPYIIITY IIOBOPOTOB, U30MOPGHYIO aIfUTUBHOMN I'PyII-
e Z/(n). [logrpymia BToporo Nopsifka, MopoxXAEHHAs II0ObIM OTpaXeHHEM, JOIIOTHUTENIbHA K IPYII-
Ie TOBOPOTOB U M3oMopdHa aganTHBHOM rpymie Z /(2). [IpucoefuHEHHOE AeHCTBIE OTPAXKEHUS Ha
I'pyIIe IIOBOPOTOB MeHsIET 3HAK y yIvia HOBOPOTA. [Ipy OTOXKeCTBIEHNH I'PYIIIEI IOBOPOTOB € Z /(1)
3TO ZIeliCTBYE IIpeBpalaeTcs B yMHOXXeH e Ha — 1. Takum obpasom, D,, = Z/(n) X Z/(2) u B TepMHUHAX
map (x,y) € Z/(n) X Z /(2) KOMIIO3UIKs Ha TPYIIIe AU3APa 3aJaETCA TPABUIOM

(xla%) : (xzaY2) = (x1 + (=125, 3, +YZ) s XX ELZ/(M), Y1.Y, EL/(2).

[TeumMeP 11.3 (Aff(V) = V X GL(V), MPOIO/KEHUE ITPUM. 10.20 HA CTP. 183)

Addunnas rpymmal Aff(V) copepxuT HOpMaTbHYIO TIOATPYIITY ApaUIebHbIX IePeHOCOB, KOTOPas
usomMopdHa afIUTUBHOU I'PYIIIIe BEKTOPHOTO MPOCTPAHCTBA V U ABJIAETCS SAPOM CIOPbEKTHBHOTO
romMomop¢u3Ma rpyT

D: Aff(V) » GL(V), ¢~ D,, (11-13)

conocTasistomero apdunHoMy npeobpasosanuio ¢ @ A(V) — A(V) ero zuddepeniuan

D,: V=V, pGdr o@eq).

Ecim 3adukcupoBath B A(V) Kakyro-HUOY/b TOUKY p, TO orpaHudeHue romomopdusma (11-13) Ha
crabunusarop Stab,, C Aff(V) sagact usomopdusm Dy, : Stab,, = GL(V). O6paTHbIii u30MOpdU3M
COIOCTaBAET TUHeltHOMY onepaTtopy f : V = V adpdunHoe mpeobpasoBaHue

@r: AWV) = AV), x-p+fpx),

OCTaBJISIIONIee Ha MeCTe TOUYKY p. [ToCKONMbKY KaXk0e Tpeobpa3oBanue ¢ € Aff(V) packnagsiBaeTcs B
KOMITO3UIIUIO ¢ = T,,°(T_,, ° ) Tapa/UIeJIbHOr'O IlepeHoca T,, Ha BEKTOP V = W U Tpeo6pa3oBaHus
T_y o ¢ € Stab(p), rpynna Aff(V) = V X Stab,, ~ V X GL(V). Cornacto npum. 10.20 Ha cTp. 183,
kxomro3unusa B rpytie V X GL(V) 3agaércsa npaswioM (u, ) - (w, g) = (u + f(w), fg).

1Cm. mpum. 10.20 Ha cTp. 183.
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11.3.1. MomympsMoe npousBezeHue Irpymir. [IpeAbIAyIyo KOHCTPYKIIMIO MOXHO IPUMEHUTh K
ABYM abcTpakTHeIM rpynmnaM N u H Kak TOJIbKO 3aZiaHo JefcTBue rpymmel H Ha rpynme N, T. €. ToMo-
MopdU3M I'pymniisl H B rpymily aBToMOpGU3MOB I'PyIIIEL N:

Y: H—-AutN, h-y,: N=>N, (11-149)
ITo ananoruu ¢ popm. (11-12) Ha crp. 193 3agagum Ha MHOXKecTBe N X H ollepanuio mpaBuIoM

(%1, ) - (g, By) & (xq¥p (%), Ryhy). (11-15)

YMPAXXHEHUE I1.11. [IpoBepbre, yTo dopmyna (11-15) 3agaér Ha N X H CTPYKTypy I'PYIIIHI C e1U-
HULel (e, e) u obpamennem (x,h)™" = (Y'(x™"),h™), e Yi' = P2 — aBTOMOPOU3M,
obpatHBII K YPp, : N = N.

[MosnyyeHHass TAKUM 06pa30M TPyIINa Ha3bIBAeTCA NOyNpsmbiM npouseederuem rpyni N u H 10 feii-
ctBuo Y . H — AutN u obo3navaetca N Xy H. Iloo4epKHEM, YTO pe3yJIbTaT 3aBUCUT OT BBIOOpA
Aeiicteus . Eciu geiicTBue TpUBUANBHO, T.e. Y, = Idy A1 Bcex h € H, MBI NolTydaeM IIpsMoe
npousBefienrie N X H ¢ TOKOMIIOHEHTHBIMY OTIEPaIIUIMU.

YIPAKHEHUE 11.12. Y6eauTech, uTo noamuoxectBo N £ {(x,e) | x € N} aBagerca uzomopdHoit
rpymne N HOpMaabHOM MOATPYyNmnoi B G = N Xy, H u daxTop G /N' ~ H, a moagMHOXeCTBO
H' ¥ {(e,h)| h € H} apngerca usomopdHoii H u somomuuTenbHol K N/ moarpymmoii B G,
npuuém G = N’ X} H' aBnserca nomynpsaMbIM IpousBeieHrneM cBoux noarpynn N/ u H' .

[TPEA/IOKEHME 1.3

s mo6b1x romoMopousma i : H — Aut(N), h — ¢, u aBTomoppusmoB @ : H = Hupf: N = N
oTobpaxenus (n, h) — (n,a *h) u (n,h) = (Bn, h) 3agar0T U30MOPU3MbI TIOMYIPAMEIX TIPOU3BE-
AeHuit N Xy, H = N Xy, .o HUN Xy H = N ><1Ad5(w) H,tae Adpg(¥): H — Aut(N), h — BB~ .

JIOKA3ATEIBLCTBO. OToOpaxkenue (n, h) — (n, @ *h) HepeBOAUT COMHOKUTENH U3 JIeBOH 4acTu pa-
BeHCTBA (N, hy)(Ny, hy) = (NP Ny, hihy) B (ny, a 'h,) u (n,,a *h,), npousBeieHNUE KOTOPHIX B
N X H paBHO (nllphlnz, a:_l(hlh2 )). OTobpakenue (n, h) — (fn, h) IePeBOJUT Te Ke caMble CO-
MHOXUTeNU B (fn,, hy) u (fn,, h,). Ix npoussesenue B N ><1Adﬁ(1,,) H paBHO (,B(nlzl)hlnz), hihy). O

[TPUMEP 1I.4 (TOJIOMOP®)

['pymia aBToMmopdraMoB Aut G IPOM3BOJIBHO IPYIIIIEI G TABTOJOTUYECKHU AeicTByeT Ha G . [Toympsi-
moe nipoussegenre Hol G £ G X Aut G 110 3ToMy e CTBHIO Ha3bIBaeTCA 2010MOP@HOM TPYTIHL G . Bio-
skeHre G < Hol G 3ameuaTebHO TeM, YTO JTH060t aBToMOp(U3M IPYIIIIEL G ABISETCA Cy)KeHreM Ha G

BHyTpeHHero aBToMopdusma obbemtomiedi rpymimsl Hol G.

[TPUMEP I1.5 (CIIJIETEHUE)
s mro6eIx ABYX rpymn H, N MHOXecTBO N H peex ¢byukuuii f : H — N UMeeT eCTeCTBEHHYIO CTPYK-
TYpBI IPyIIbL, B KoTOpoii f;f, : H — N, x = f;(x)f,(x). OTy IpylIy MOXHO BOCIPUHUMAThb KaK
TIpAMOe IIPOU3Be/IeHNe OMHAKOBEIX KOIHiA rpymIsl N, 3aHyMepOBaHHEIX S/eMeHTaMu’ x € H. [pym-
na H peiicteyer Ha N 1o cnezyromemy npasury: anement h € H nepesoaut dynxrmio f : H — N B
byukuumo hf @ x — f(xh).

YIPAXXHEHME 11.13. Y6egutecs, uto h(f; f,) = (hf;)(hf;) 1 (h h,)f = hi(h,f).

'Cp.cn’ 1.6 Ha cTp. 34.
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TNonynpsamoe mpousBegenrie N 2 H &£ N¥ 5 H o aTomy geiictuio HaspiBaeTcs cruiemeniem’ rpyr-
bl N ¢ rpymmoit H. CiieTeHue 3aMedaTeIbHO TeM, YTO Jitobas rpyina G ¢ HOpMaabHOM MOATPYIIIOH
N <1 G u daxrop rpynmnoiit H = G /N gomyckaet romomopdHoe gnoxceHue Ppoberuyca ¢ : G <> N UH.
Yrobbl 3a71aTh ero, 3adpuUKCUpyeM KaKoe-HUOY/Jb TEOPETUKO MHOXXECTBEHHOe ceyeHue o . H & G
romomopodusma dakTopuszanuu . G » H = G /N, BeiGuparoliiee B kaxkzoM Kiacce h € G / N HeKo-
TOpBIi pezicTaBuTeNb 0(h) € G. Toraa ana mobsix g € G u h € H anement a(h)go(hm(g))™* € N,
nockonbky (o (h)go(hn(g))™t) = hn(g)(hn(g))™* = e. PaccmoTpuM GyHKI[HIO

6,0 H= N, hw a(hygo(hn(g)™,
xaK anemenT rpymnsl N u momosxum ¥s(9) = (04, m(9)) € NH > H.

YIPA’KHEHMUE I1.14. YOeIUTeCh, UTO ¢ (g1 9,) = 05(91)Ps(9,) B NH ¢ H i uto 06pask! Byx BiosKe-
HUlt @, @, : G S NUH, moCTPOEHHBIX IIPH IIOMOIIX PasHBIX cedeHUn 0,71 H & G, CONpsKeHBb
Brpymnme N 2 H.

11.4. p-rpynnsl u Teopembl CuioBa. I'pymna nopsazgxa p™, rme p € N — mpocToe, HasbIBaeTCa p-
2pynnoti. [ToCKOJIbKY Bce HETPUBHUATIbHBIE IOATPYIIIIHI P-TPYTITEI TAKXKE SBISIOTCA P-TPYTIIaMH, AJTHHA
JIt000# OPOUTHI P-TPYIIIBI IIPU JIFOOOM €€ ZIeHiCTBUM Ha JII0O60M MHOXKECTBE JIMOO0 JeUTCs Ha p, Tub0
paBHa efuHUIle. MBI TIOTy4aeM IIPOCTOE, HO TIOJIE3HOE

[IPEAJIOXKEHME 11.4
[ycTs p-rpynna G geicTByeT Ha KOHEUHOM MHOXKeCTBe X, 4MCJIO 37IEMEeHTOB B KOTOPOM He JIeJIUTCA
Ha p. Torza G uMeeT Ha X HEMOABUXHYIO TOUKY. O

[TPEZ/IOKEHME I1.5
Jlrobas p-TpyIina MeeT HeTPUBUABHBIH IIEHTP.

JTOKABATEJILCTBO. PacCMOTPUM IPUCOEANHEHHOE IeHCTBYE IPYTITEI Ha cebe. LIeHTp TPYIITIH ABJISeTCs
MHOJKECTBOM OJHOTOYEYHBIX OPOUT 3TOrO AeHCTBYs. TaK KaK YMCIO 3JIEMEHTOB B IPYIIIE M JJIAHBI
BCEX HEOJHOTOYEYHBIX OPOUT JEJIATCA Ha P, OAHOTOUYEYHbIE OPOUTHI HE MOT'YT MCYEPIIBIBATHCSA OLHOM
opbuToii aeMeHTa e. O

YTIPAXKHEHUE 11.15. [TOKa)KUTe, 4TO JI06ast Tpyna G mopsaaka p2 (rme p mpocToe) abeneBa.

OIPEAEIEHUE I1.I (CUJIOBCKUE ITOATPYIIIIBI)

I[TycTs G — NPOU3BOJIbHAA KOHEeYHas TPyIa. 3anuiieM eé MopsaAoK B Buge |G| = p™m, rae p —
npocToe, 1 > 1, ¥ m B3aMMHO IIPOCTO ¢ p. Beskas noarpymma S C G nopsagka |S| = p™ HasbiBaeTca
cunosckotll p-nodepynnoti B G. KOIMYECTBO CHIOBCKUX P-TIOATPYI B G o603HaaeTcs yepes Ny (G).

TEOPEMA 11.4 (TEOPEMA CHJIOBA)
s mo6oro npocToro p | |G| cHIOBCKYE p-TIOATPYIIEL B G CYIIECTBYIOT. Bce OHM CONPSKEHBI APYT
ZpYTY, ¥ T00ast p-MoArpymIa B G COAEPKUTCA B HEKOTOPOH CHIIOBCKOH p-IIOATPYIIIIE.

JOKA3ATENLCTBO. ITycTh |G| = p™m, rae m B3auMHO IpocTo ¢ p. O603HaYMM Yepe3 £ MHOXKECTBO P -
3JIEMEHTHBIX TIOAMHOXECTB B G ¥ PACCMOTPUM ZleicTBUe G Ha £, UHAYIIMPOBAHHOE JIEBBIM PETYIIAP-
HBIM ZlelicTBueM G Ha cebe. CTabuin3aTop TOUKU F € £ COCTOUT U3 BCeX JIEMEHTOB g € G, JieBoe

o anrnuiicku wreath product.
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YMHOXXEHHE Ha KOTOPHIE TEPEBOAUT MHOXKeCTBO F C G B cebs: Stab(F) = {g € G| gF C F}. Tak
KaK g,X # g,X IpU g, # g, BIpyune G, rpynna Stab(F) cBoboAHO JeHCTBYeT Ha MHOXeCTBe F 1 Bce
OpGUTHI 3TOT'O AEUCTBUA COCTOAT U3 |Stab(F)| Touek. [TosTomy |F| = p™ aenutca Ha |Stab(F)|, oTkyza
|Stab(F)| = p¥, n umeercs creayrowmas anprepHaTHBa: 1160 k < M, 1 B 9TOM CIy4ae yIMHA G-OpGUTEL
aneMeHTa F € € aenuTcs Ha p, ubo0 k = n, ¥ B 3TOM ciydae moArpymma Stab(F) C G cuioBckas, a
G-opbuTa snemeHTa F € £ coCcTOUT U3 M 37IeMeHTOB. Bo BTopoM ciiy4ae 1o npegi. 11.4 kaxzaas p-
moarpynna H C G (B 4aCTHOCTH, KaXZasi CHJIOBCKas TIOATPYIINA), UMeeT Ha G-opbute ameMeHTa F
HeTOABIKHYIO TOUKY gF, a 3HaUMT, COZIepXKUTCA B CUIOBCKOI moArpyme Stab(gF) = g Stab(F) g%,
compskéHHOM K Stab(F) (u coBmagaeT ¢ Hel, eciu H cuiioBckast). TakuM 06pa3oM, AJs JoKa3aTesb-
CTBa TEOPEMBI OCTAETCS YOEAUTHCS, YTO B MHOXKECTBEe £ eCThb G-0pOUTa, IJIMHA KOTOPOU HE JIeTUTCSA

Ha p. JTO cienyeT us jeM. 11.1 Hxke. 0
JIEMMA II.I
€] = (pp,:n) = m (mod p) He AeUTCS Ha P.

n n
OKA3ATEJILCTBO. Kitacc BEIUETOB pm mod dBE€H KO3 NINEHTY IIpU Xp BO3HUKaIOUIIEM
p" ’

npy packpbiTiM 6uHOMa (1 + x)P ™ Hag mozeM F, = Z/(p). Tak xax nan F, BosBeseHue B p-
TYIO CTEIIeH SB/eTCs aaauTUBHEIM romoMopdusmoM, (1 + x)P = 1 + xP", otkyza (1 + x)P' ™ =

m
= (1 + xpn) =1+mxP" + crapume crenenu. O

CJIEACTBUYE I1.2 (IOTIOJTHEHUE K TEOPEME CUJIOBA)
B ycnoBusix Teopems! CiitoBa 41eio Ny, CUIOBCKUX P-IIOATPYIII B G I€/IUT M U CPABHUMO C e/UHULIEN
10 MOZYJIIO P.

JOKA3ATEILCTBO. O603HAYMM MHOXKECTBO CHJIOBCKUX P-TIOATPYIII B G Yyepe3 § U pacCMOTPHUM Jel-
cTBUe G Ha §, MHAYIINPOBAaHHOE MPUCOeANHEHHEIM JeficTBueM G Ha cebe. [To Teopeme CrioBa 310
JeficTBre TPAaH3UTUBHO, OTKyZa |S| = |G|/ |Stab(P)|, rme P € S — mpou3BOIbLHO B3ATast CUIOBCKas
p-noarpymma. ITockoneky P C Stab(P), mopsagok |Stab(P)| aenurces Ha |P| = p™, a sHauwT |S| gemur
|G| /p™ = m, 4To AOKA3BIBAET IEPBOE YTBEPKACHUE.

Jlns JokasaTesnbCTBa BTOPOTO YTBEPXKAEHUS JOCTaTOYHO NIPOBEPUTD, UTO P, 1eHCTBYA CONpsiKe-
HUSAMU Ha §, UMeeT TaM POBHO OJHY HEIIOABIKHYIO TOUYKY, 8 UMEHHO, caMmy cebs1. Torza nopsagku Bcex
OCTaJIbHBIX P-0opbuT OyZAyT AemUThCA Ha P, ¥ MBI TonyduM |S| = 1 (mod p).

[TycTh cmioBckas noArpynna H € S§ HeNnoJABIIKHA IIPH CONIPSKEHUH MOATPyIIoi P. 3To o3Ha-
qaet, yTo P C Stab(H) = {g € G| gHg™* C H}. Ilockomeky H C Stab(H) C G, mopamok
|Stab(H)| = p™m’, rae m’|m B3aumHo npocTo ¢ p. Takum 06pa3om, U P, u H ABIAIOTCA CUTOBCKHU-
MU p-nioarpynnamu B Stab(H), nmpuyém H HopMasbHa B Stab(H ). Tak Kak Bce CUIIOBCKHE TIOATPYIIITEL
COTIPSDKEHBI, MBI 3aK/It04aeM, 9To H = P, 4To u Tpe6oBajoCh. ]

[TPUMEP 11.6 (TPYNIIBI IOPAZKA Pq C IPOCTBIMU P > q)

ITycts |G| = pq, roe p > q mpoctsle. Torga B G ecTh POBHO OZIHA, aBTOMAaTHYeCK! HOpMaJbHas CHIOB-
ckad p-nioarpynna Hy, ~ 7 /(p). PaccMoTpuM JITO6YI0 CUJIOBCKYIO q-TTOATPYIIY H ¢ =L /(q). Tlockob-
Ky Hy, u H, mpoctsl, H,NH, = en G = H,H,. Cornacion’ 11.3 G = Z/(p) Xy Z./(q) Anst HEKOTOPOTO
romomopousma Y : Z/(q) —» Aut(Z/(p)).

YIPAXKHEHMUE 11.16. Y6eauTech, 4to Aut(Z / (p)) =~ IF; ~Z/(p-1.
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Tomomopduam P : Z/(q) — Aut(Z/(p)) ~ IF; O/THO3HAYHO 3a/1aéTCsI CBOMM 3HaueHneM Ha 06pasyio-
wieit [1],, KoTopast ABJAETCA S/IEMEHTOM NOpsAAKa q. [Toatomy anement 1) = YP([1],) € py(F,) C IF;
ABJIAETCSA KOPHEM (-1 crerneHu u3 1 B mone F,. Ilo ymp. 11.4 Ha cTp. 188 rpynna p,(F,) mukmm-
yeckas nopsaaka Hoa(q,p — 1). Mel 3akiatovaeM, uto eciv ¢ 4+ (p — 1), To BcAkuii romoMopdu3m
Z/(q) — Aut(Z /(p)) TpuBUAJIEH U, CTANO OBITH, €AMHCTBEHHOM TPYIITION TIOPSZAKA Ppg B 9TOM Ciydae
sapnserca Z/(p) X Z /(q). Ecmu xe q | (p — 1), TO cyliecTByeT HETPUBUAIBHBIN TOMOMOPGU3M

Y = Au(Z/(p), [1lg~ 7, (11-16)

rmen € IF; NOPOX/AeT MyJIbTUIUIMKATUBHYIO rpymiy fg(F,). Tomomopdusm (11-16) comocrapiusaeT

KaXZIOMYy 97IeMeHTy [y], € Z / (q) aBToMOpdu3m Yy Z/(p) > Z/(p), [x], — [nyx]p, U 3aJa€éT
nonynpsmoe npousseaenue Z /(p) Xy, Z/(q) ¢ onepaupmeit

([xl]ps [yl]q) ° ([xz]p’ [yZ]q) = ([xl + nylxz]p, [)’1 + yZ]q) . (11'17)

JIro60ii Apyroit HeTpuBHanbHbINA romoMmopdusm Z/(q) — Aut(Z/(p)) nmeet Bug ™ : [1] q™ n™, rme
1 < m £ q — 1, u aBngerca komno3unyei romomopdusma (11-16) ¢ aBToMOpPU3MOM YMHOXKEHUS
Ham: Z/(q) > Z/(q), [ylq = [myl,. o npean. 11.3 Ha cTp. 194 3azaBaeMoe MM IONyIpPsIMOe
npousBezenue Z / (p) Xapom Z/(q) ~Z/(p) Xy Z/(q). M=l 3axmtouaeM, uyto ipu q | (p — 1) kpome
abeneBotii rpynmsl Z/(p) X Z/(q) cyliecTByeT eANHCTBEHHAsI C TOYHOCTHIO ZI0 u30MOopdu3Ma HeabeneBa
rpymma nopszaka pq. Ona usomopdua Z/(p) X Z/(q) c oneparnueii (11-17). B yacTHOCTH, A1 IPOCTOTO
p > 2 eAWHCTBEHHOU C TOYHOCTBHIO 10 M3oMopdusmMa HeabereBoH IPYIION MOPsSAKA 2p SABIAETC
rpynna zmaapal D,.

lcm. npum. 11.2 Ha cTp. 193.



OTBeThI U YKa3aHUA K HEKOTOPBIM yIIPpaXXHEHUAM

yop. 1n.1. Ilyetb g € A, h € S, \ A,,. Bcakas nepecTaHoOBKa, CONPKEHHAA g B S,,, CONPOKEHa B A,
m6o g, 1160 Ady g. PaseHctBo Ady, g = Adp, g paBHOCWIBHO paBeHCTBY Ady-1p g = g. TloaTO-
My CyllleCTBOBaHHe YETHOM IepecTaHOBKU p YAOBIETBOPAIOIIEH IepBOMY PaBEHCTBY PaBHOCKUIBHO
CYIeCTBOBAHUIO HEYETHOM MepecTaHOBKU p~ -h, KOMMYTHpYIOIIel ¢ g, T. e. KIacc CONPmKEHHOCTH
IIEPECTaHOBKU ¢ B S, He pacliaZaeTcs Ha JBa Kjlacca CONPKEHHOCTU B A,, €CJI U TOJIbKO €CJIU LeH-
Tpanusarop Z(g) cofepKUT He4y€THYIO IlepecTaHOBKY. Korza B IMKIOBOM THIIE g eCTh CTPOKA YETHON
JJIMHBI WIK [Be CTPOKH OJVHAKOBOMN HeUETHOU AJMHBI, TO TaKas IlepecTaHOBKA eCTb, a eC/IU g ABJA-
eTcA [IPoH3BeZleHreM IIONIapHO Pa3HBIX IIMKJIOB HEUETHOM /UIMHBL, TO — HET.

Ymp. 11.2. IIpaBas 4acTb paBeHcTBa |[H| = 12¢; + 12¢, + 20&5 + 15¢, + 1, npuBe€HHAA 110 MOAY/IAM
3,4 u 5, paBHa, COOTBETCTBEHHO, 1 — &5, 1 — ¢, u 1+ 2(g; + &,). OHa MOXeT Jie/IUThbcA Ha 3 UK Ha 4
TOJIBKO ecu €; = 1w €, = 1. B ob6oux ciyyasx |H| > 16, Tak uTo |H| He MO)XeT OBIT HU 3, HU 4,
HU3-4,Hu 3 -5.Ecnu |H| genurcaHa 5, To £, = &, = 1u |H| > 25, Tak uro |H| He MoxeT OBITh HU 5,
HU 4 - 5. OcTatoTcs poBHO AiBe BO3MOXXHOCTH: |H| =1u |H| =3 -4 -5.

Ymp. 11.3. UTOOBI IEPEBECTU OJHOMEPHBIE MOAIIPOCTPAHCTBA, TOPOXKAEHHBIE HEMPOIOPIIMOHATBHBIMU
BEKTOpaMHU e, €,, B OJHOMEepHbIEe IIOANIPOCTPAHCTBA, NOPOXKAEHHbIE HEIIPOIIOPLMOHAIbHEIMU BEKTO-
pamu v, , V,, JOTIOJHUM 3TH [1aphl BEKTOPOB A0 6a3ucoB e = (e, ..., e,) uv = (v, ..., v,). MaTpuna
nepexozna C,, UMeeT HeHyJIeBOoi ompeeuTeNb §. YMHOXas eé MepBhlil cTonber Ha 61 motydaem
marpuny F € SL,. Oneparop x — Fx mepesoaut e; BS ‘v, a e, Bv,.

ymp. 11.4. [yets 1 < k < m. Knace [k] € Z /(m) yaoneTBopsieT ypaBHeHuto n[k] = 0 ecau U TOIBKO
ecmum | kn. Tlonaras m = y Hoza(m, n), n = v Hoa(m, n), rae HoA(u, v) = 1, 3akiaiodaem, ytom | kn
ecii v TobKOo ecu U | k, otkyna k = iy, tnei = 1, ..., HOoA(M, n).

Ve 11.7. a;n,a,n,nyta; ny tayt = (aynga;t)(a an,nytarta; ) (ayn; tayt). Tak kak N Hopmass-
Ha, a A abesieBa, 3aKJIIOYEHHbBIE B CKOOKH Cllaraemsle eskar B N.

ymp. 11.8. IIpu snumopdusme S, Ha IpyIIly TpeyroabHUKa U3 npuM. 10.9 moArpymmna 4€THHIX IepecTa-
HOBOK A, C S, epeXoAUT B I'PYIIINY BpallleHUH TpeyroJbHUKa.

Yrp. 11.9. He BriosiHe o4eBUAHO, pa3Be 4To MOC/IeHEe PABEHCTBO

(Qk N Pi) n ((Qk+1 n Pi)Pi+1) = (Qk+1 N Pi)(Qk n Pi+1)-

JleBas 4acTb COAEPXKMT IIPABYIO, OCKONBKY Q1@ C Qp u P;P;,, C P;. IlpaBas 4yacTb COAEPKUT
JIEBYIO, TaK KaK €CJIA 2JIEMEHT ¢ € Q) N P; umeer Bug ¢ = ab,taea € @y, NP, b € Py 4, TO
b = a~'c nexur B Q, a 3sHAUMT, U B Q) N Py ;.

vre. 110, Z/(p™) 24, 2 ... 24,4 2 0,tne A, = {[zp* 1 € Z/(p™) | z € Z).

Y1Ip. I1.II. HpOBepKa aCCOIMAaTHUBHOCTH!

((x1’ h1) - (x,, hz)) - (x3, h3) = (x11ph1(x2)s h1h2) - (x5, h3) = (xllphl(xz)lphlhz(xs) s h1h2h3)
(xq,hy) - ((xzvhz) - (x3, h3)) = (x4, hq) - (lephz(’%) > h2h3) = (xﬂzbhl (lephz(xs)) > h1h2h3) .

Ho ¢, (le,l)hz (x3)) =Py, ()P, oYy, (x3) = Yp, (X)) i, (x3). CyliecTBOBAHME €IMHUIIBL:

(x,h) - (e, e) = (x,Pp(e), he) = (x,h),

198
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HIOCKOJIBKY Y, (€) = e B CuiIy TOro, 4To 1), roMoMopdusM. CymiecTBOBaHHe 06paTHOTO:
(Wr' ™D, T Gy = (Y TR (T, R TR = (eve).
ymp. 11.12. Takkaky : H — Aut N — romomopdusm, ¥, = Idy u

(xl’ e) : (Xz, e) = (xlll)e(xz)’ e) = (x]_st e) s

T. €. JIEMEHTHI (X, ) 06pa3yIoT MoArpyImy, usoMopdHyro N. OHa HOpMaIbHa, IIOCKOJIBKY

. h) - (x,e) - (V' ™) hTY) = PR, h) - (V7D T = (ypR(oyhe)

DieMeHTH (e, h) 04eBHAHO 06Pa3yIoT JOMOTHUTEILHYIO IIOATPYIIIY, H30MopdHYIo H, 1
Ad py(x, €) = (Pp(x), e).

ymp. 11.15. [lycts nentp Z(G) = C. Ecmu |C| = p, 0 C ~ Z/(p) ~ G /C. Ilyctb a € C — obpasy-
folas 1eHTpa, a b € G — TaKol 3/IeMeHT, YTO CMeXHBIH ki1ace bC sBsieTcs obpasyioieii B G / C.
Torza 060§t a7eMeHT rpymsl uMeeT B b*a™. Tak Kak a meHTpasieH, To6ke Ba TAKUX dIeMeHTa
KOMMYTHPYIOT.

Yrip. 11.16. AZAUTHBHEBIE aBTOMOPGU3MEI IpyIsl Z / (p) CyThb JUHEHHbIE aBTOMOP(GU3MBI OZHOMEPHOTO
BEKTOPHOTO IIPOCTpaHcTBa Haz rojeM [Fp,. OHu 006pasyoT rpymiy GLl(IFp) ~ IF; HeHYJIeBbIX 3JIeEMeH-
TOB 1osA [Fp, o ymHOXeHuIo. Kak U BCsAKasa KOHeYHas My/IBTUIUIMKATUBHAs [OATPYINa [0, OHa
IUKJTIYecKasn .

1Cm. c1. 2.3 Ha cTp. 52.
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