§8. I'paccMaHOBBI MHOT'OYJIEHBI U OIIpeA e uTeNn
8.1. [nuHa, 3HaK ¥ YETHOCTh ITIePeCTAHOBKHU. BUEKTUBHbBIE OTOOPAKEHUS

g:{1,....n} = {1,....,n}, ieg;,

Ha3BIBAIOTCS NepecmaHoskamu n aiemenmos. [lepectaHoBKY 06pasyroT IPYIIILy TpeobpasoBaHuii MHO-
xecTBa {1,...,n} B cMbicsie n° 0.6 Ha cTp. 16. Ota rpynna obo3Havaercs S,, = Aut({l, . n}) U Ha-
3bIBaeTcA N-moii cummempuueckoil epynnoil. [lepecTaHOBKY g € S,, IPUHATO 3aMIUCHIBATh CIOBOM

9= -->9n)>
i-ras 6yKBa KOTOPOT'O paBHa 3HaueHMIO g; = g(i) oToOpakeHUA g Ha aneMeHTe . Harmpumep, coBo
(2,4,3,5,1) € S

3az1aét otobpakenue 1 - 2,2 —» 4,3 — 3,4 — 55 — 1. Komno3unus fg nepecTaHoBoK f, g
JleficTByeT 1o mpaBwiy fg: i — f ( g(i)). Hanpumep, B rpyme Sy B€ BOSMOXXHBIX KOMIIO3UIIUU T1€e-
pecTaHoBOK f = (2,4,3,5,1)nug =(3,2,1,5,4)cyrs fg = (3,4,2,1,5)u gf =(2,5,1,4, 3).

Hasoséwm mapy Bo3pacTamomux yucesn i < j UHBepcHoll AJis IIepeCTaHOBKYU g, eClU g; > ¢ j- Ta-
K1M 06pa3oM, Kakzas IlepecTaHOBKa g € S,, pa3buBaeT MHOXeCTBO Bcex n(n — 1)/2 Bo3pacraromumx
map 1 € i < j < n Ha /Ba HellepeceKaloUINXcs TOAMHOXXeCTBa — MHBEPCHBIE NTapbl 1 HEMHBepC-
Hble apsl. KoluecTBO MHBEPCHBIX IIap IIepeCcTaHOBKU g Ha3bIBAETCS UUCIOM UHBePCUTl WIN ONUHOT
TepecTaHoOBKYU g M obo3HavaeTcs £(g).

YrpAxHEHUE 8.1. HalizuTe max £(g) o BceM g € S, ¥ yKaXXUTe Bce lepecTaHOBKU Ha KOTOPBIX OH
JOCTUTAeTCA.

f . o

Yucnosgn(g) € (—1)"(9 ) Ha3BIBAETCS 3HAKOM TepecTaHoBKU g. [lepecTaHOBKA g Ha3bIBaeTCA UEMHOLL,
ecim sgn(g) = 1 u HeuémHoii, ecu sgn(g) = —1.

[TepecTaHOBKa, MEHAIOIIAsA MECTaMU KaKUe-T100 ZIBa 3JIeMeHTa i, j ¥ OCTaBJIAIOIIAst BCE OCTAJb-

HbI€ 3JIEMEHTHI Ha MECTE, o603HavaeTcs O'ij 1 Ha3bIBA€TCA mpchnoauuueﬁ i-TO I/Ij-l"O JJIEMEHTOB.

YIIPAKHEHME 8.2. Y6eAuTech, 4TO KaXK/as IlepecTaHoBKa g € S,, ABIAeTCA KOMIIO3ULIMeH TpaHCIIo-
3UIINH.

PasnoxeHue nepecTaHOBKH B KOMIIO3UIIUIO TPAHCIIO3UIIUI He e IMHCTBEHHO: HallpuMep, TPaHCIIO3U-
nuio 0,3 = (3,2,1) € S; nHaUe MOXHO 3aMUCaTh KaK 0;,0,30,, WIA KaK 0,30,,0,5. 1eM He Me-
Hee YETHOCTb KOJIW4YeCTBa TPAHCIO3UIINM, B KOMIIO3UIIUIO KOTOPBIX PacKIaAbIBaeTcs JaHHas Iepe-
CTaHOBKA g, He 3aBUCUT OT cIIocoba pasIoKeHHs U COBIAJAeT ¢ YETHOCTHIO YMCIa MHBEPCHBIX Iap
IepecTaHoOBKH g, T. €. BCe YETHBIE IIepeCTaHOBKU ABJIAIOTCA KOMIIO3UIIUAMU YE€THOTO YHCJIa TPAHCIIO-
3ULINH, a He4€THbIe — He4YETHOr0. DTO BEITEKAET U3 ciIeAyomlell 1eMMBbl.

JIEMMA 8.1
sgn(go;;) = —sgn(g) Ans J1060¥ IIepecTaHOBKU g € S, ¥ JIT060H TPAHCIIO3ULINH 0 i € Sn-

JIOKA3ATEJIbCTBO. HepeCTaHOBKI/I

9= (91> 9ic1> Gi> Giv1s > Gic1> Gj» Gjsrs -+ In)

(8-1)
90i; = (91. -+ 9i-1- 9j> Gis1» - Ji1> Gi> Gjsas - Gn)
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OTIMYAIOTCA APYT OT APyra TPAHCIIO3ULMEH 2JIEMEHTOB g; U g, CTOAIMX Ha [-TOM U j-TOM MeCTax
IIepecTaHOBKU g. B aTux AByx nepecraHoBKax napa (i, j), a Taxxke 2(j — i — 1) map Buga (i, m) u (m, j)
C IPOU3BOJILHBIM M U3 TIPOMEXYTKa | < M < j UMEeIOT MIPOTUBOMOJIOKHYI0 NHBEPCHOCTD, 8 HBEPC-
HOCTBb BCEX OCTAJIbHBIX I1ap OAWHAaKOBa. D

CNEJCTBUE 8.1
Ec/iu TiepecTaHOBKa g ABJIAETCA KOMIIO3UIUENH M TpaHCIo3uImii, To sgn(g) = (—1)" u uéTrHoCTh
IepeCTaHOBKM COBIAZAET C YETHOCTBIO YHCIA M.

JOKA3ATE/IbCTBO. TOXX/IECTBEHHAS IIEPECTAHOBKA HE MEET MHBEPCHBIX Tap U, CTAJIO OBbITh, YéTHA. B
CHJIy JIEMMBI, ITlepecTaHOBKa IIOIydarollasaca U3 TOXK/AECTBEHHON YMHOXXeHMEeM Ha m TPaHCIO3UIINY,
umeeT 4éTHOCTh (—1)™. O

CJEACTBUE 8.2 (3HAKOBBI TOMOMOP®U3M)

Orobpaxenue sgn: S, » {+1,-1},g — (-1)"9)| apnseTca MyTBTHIIMKATHBHBIM TOMOMOP(H3-
MoM, T. e. sgn(gh) = sgn(g) sgn(h) ana Bcex g, h € S,,, ¥ MHOXeCTBa YETHBEIX U HEYETHBIX IlepecTa-
HOBOK CyTh ITOJIHBIE IPO0Opa3kl 37ieMeHTOB 1 1 —1 mpu 3ToM romoMopdu3me. [l

[TPMEP 8.1 (ITPABU/IO HUTOYEK)

VInTepnpeTaiysa 4€THOCTH ITepeCTAaHOBKY KaK YETHOCTU YHMCJ/Ia MHBEPCHBIX Map JaéT MpaKTUIeCKUN
croco6 OTHICKaHUA YETHOCTH MTEPECTAHOBKYU — HE CAMBIN 61,1c1"pt>11711 , HO TIOJIE3HBIN B psAJie CUTYaIlUi,
C KOTOPBIMH MBI Iajiee CTOJMKHEMC . HamuiiieM UCXoZHbIe YK C/Ia U UX TIEPECTaHOBKY JPYT IO JPYTOM,
Kak Ha puc. 801, ¥ COe[UHUM OZITHAKOBBIE YMCJIA HUTSIMU TaK, YTOOBI HU O/[HA U3 HUTEH He BhUIe3asia
3a IIpeJeJTbl IPSMOYTOJIbHUKA, 06pa30BaHHOTO YETHIPbMSI YITIOBRIMU YMCIAMHU, ¥ YTOOBI BCE TOUKU IIe-
pecevyeHuUsI HUTEN ObUTA TIPOCTBIMU ABOMHBIMEUZ. Torza YETHOCTD YUCIIA WHBEPCHBIX TTap 6yzeT paBHa
YETHOCTH YHCJIa TOUYEK IepecevyeHrss HUTeH.

2 9 6 1 8 3 5 7 4
Puc. 801.sgn(2, 9, 6, 1, 8, 3, 5, 7, 4) = +1 (Bcero 18 nmepeceueHuii).

YMPAXKHEHWUE 8.3. JIOKa)KUTeE 3TO U yOeAUTECh IPU MOMOIITY TIPaBIIa HUTOYEK, YTO 3HAK macyoulell
nepecmaHo8ku (iy, ..., i, jis---»Jjm), IA€ 062 HA6Opa HOMEPOB i, ..., i, U j;, ... , j,,; BO3PACTAIOT
C/leBa HATIPaBO, PABEH SZN(iy, --. » igs Jqs -+ s Jjm) = (—D)MHREFD2 e 1) &5 4+ -

1O6EuHO GEICTpee GHIBAECT PA3IOKHUTE MEPECTAHOBKY B KOMIIOSHIIMIO HellepeceKaIoNUXCA [IUKIOB U BOC-
MOJIb30BAThCA TEM, UTO IIUKJIbI YETHOI AIUHBI HEYETHEI, a IIUKIBI HEYETHOM JATUHBI YETHEI.

2370 03HauaeT, UTO B KaXKA0i TOUKE NepecedeHns BCTpedaeTcs POBHO Be HUTH, IPHYEM IlepecedeHHe po-
WCXOAUT TPAHCBEPCAIBHO: X, a He TI0 KacaTeIbHOM: X.
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8.2. OmpepennTenb. PaccMOTpUM TTPOM3BOIHHOE KOMMYTAaTHBHOE KOJbIO K ¢ eANHUIIEH, TPOU3-
BOJIbHYIO KBaApaTHyro Marpully € = (¢;j) € Mat,, (K) 1 0603HaunM 4epe3 vy, ..., v, € K ™ eé cTonG-
1161. MHOTOUYIEH
_ def
detC =det(vy,...,v,) = desn sgn(g) - €g,1€g,2 - Cg.n (8-2)

HasbIBaeTCA onpedesumesiem MaTpulsl C wiu Habopa BEKTOPOB Vg, ..., V,. Popmysna (8-2) npeanu-
CBIBAeT BCEMH BO3MOXKHBIMU CIIOCO0aMU BEIOMPATh B MATpPHUIIE N 3JIEMEHTOB TaK, YTOOBI B KOXKIOH
CTPOKE U B K&XKJOM CTOJIOLIE BEIOMPAJICS POBHO OJVH 27eMeHT. Kaxxple Takye n 2J1eMeHTOB HaZio Tie-
PEMHOXXUTB, a OJMy4deHHble n! Ipou3BeZieHu CI0XUTD C HaJJIeXXallluMU 3HaKaMU, ollpeZieiieMbIMU
TaK: MHOXXEeCTBO KJIETOK, I7le CTOAT BEIOPAHHBIE N JIEMEHTOB, IIPEACTABIAET COO0I0 TpaduK GHeK-
TUBHOI'O OTOGPAXEHUA j > g 13 MHOKXECTBA HOMEPOB CTOJIOL0B B MHOXECTBO HOMEPOB CTPOK, T. €.
IlepecTaHOBKU n HOMepoB {1, ...,n}, u 3Hak paBeH 3HaKy 3Tol IlepecTaHOBKU. Hanpumep, ompeze-
JIUTEJIU MaTPHL, pasMepoB 2 X 2 1 3 X 3 UMEIOT BU/,

c c
11 €12\ _
det ( ) =Cy1Cpp — C15Cp1 (8-3)
€21 C22
€11 €12 Ci3
det|cyy  Cpp  Cp3| = C€11Cp2C33 + C13C31C32 + C12C23C31—
c c c
31 782 "33/ —11Cy3C35 = C13C23C31 — C13C21C33 (8-4)

(BO BTOpOM paBEeHCTBe CHavasa BBHITUCAHBI TOXKAECTBEHHASA U /IBE IMKJINYECKUX ITEPECTAHOBKH, TI0-
TOM — TPU TPAHCIIO3ULINH).

I[IPEZIJIOKEHUME 8.1

Ompegnenurens det C = det(v,, ... , V,) IHHEEH 10 KAXX/JOMY CTOJIOITY v; MaTpULL C, KOCOCUMMETPH-
veH (T.e. det(v,,...,v,) = 0ecuv; = v j AL HEKOTOPBIX i # j) ¥ He MeHseTcsA IPU TPAHCIIOHUPO-
BaHUU ManHLu,I1 (T.e. det Ct = det C,rnoe ct = (citj) uMeeT cfj = cjl-).

JIOKA3ATE/IbCTBO. Tak Kak Kakoe u3 n! mpousBeieHuH, KOTOPhIE CKJIaZBIBAlOTCA B hpopmysie (8-2),
COZIEPKUT POBHO IO OJHOMY COMHOKUTENIO U3 KayKJOTO CTOIOIA, OHO JIMHEHHO 10 KayKJOMY CTOJIO-
11y, a 3HAYUT JIMHEHHA U UX cyMmMa. Eciu i-Thii cTonber MaTpuiibl C COBIAZIAET C j-THIM, TO Cg,i = Cg,j
Mg j = Cg.iAMA m060#i TepecTaHOBKH g € S,,. MHOXeCTBO BCeX IIepeCcTaHOBOK pa3bMBaOTCA Ha
He IlepeceKarolyecs napel Buza (g, go; ]-), ITOCKOJIBKY KOMITO3UIUA C TPAHCIO3ULUEN 0; it Sn = Sy,
g P goyj, sABIseTcs WHBOJIIOTUBHON? GHeKI¥ell 6e3 HelOABIKHBIX TOUeK . B cymme (8-2) ciarae-
MBle, OTBeJarolliye KaxA0H nape g 1 go;; UIMEIOT BUJ

C

gij...C

SgN(g) - Cg 4 -+ Cgyi -+ Cgj+ Cgn B sgN(goyj) - €g. 1 -+ Cg g

j"

Y pa3jIM4arOTCsA TOJBKO 3HAKOM, COKpalas Apyr Apyra. [IoaToMy cymMMa NoIyduTcs HysaeBas. Hako-
eIy, paseHcTBO det C* = det C BeITeKaeT U3 TOTO, YTO HAGOP MPOM3BEICHMUIT N-0K MATPHYHBIX dJTe-
MeHTOB B pasoxenusax det C u det C* ofuHAKOB, a 3HAKM, C KOTOPBHIMHU KaXI0e TPOU3Be/IeH e BXOIUT
B det C u det C*, cyTh 3HAKU 06PATHBIX PYT APYTY MePECTAHOBOK.

YIIPAXKHEHUE 8.4. [ToKa)XuTe, 4TO 3HAKU OOPATHHIX APYT APYTY IIEPECTAHOBOK COBIIAJAIOT.

TeM caMbIM, pasioxeHud (8-2) ana det € u det Ct cocToAT U3 OAHMX ¥ TeX Xe cIaraeMBIX C OFHUMH U
TEMH Ke 3HaKaMHU. O

1CM. o6y eHre Iepes Ipest. 5.4 Ha cTp. 95.
2T. e. o6paTHOii camoii cebe.

*PasenctBo g = go; j HEBO3MOXKHO, TaK Kak yMHOXas Ha g~ ! cneBa, nomyyaem Id = g;;, 4TO He Tax.

ij>
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C/JE/ZICTBUE 8.3
Omnpenenutens sIBASETCA TOTWIMHERHON KOCOCUMMETPUYHON QYHKIMEHN OT CTPOK MaTPUIIbL. |

CJIEACTBUE 8.4
OmpenenuTesb MEHAET 3HAK IIPU JIF000L TPAHCIO3UI[UN CTPOK UIH CTOIOIOB ManI/IL[bll.

JIOKABATEJIbCTBO. B CHTy KOCOCMMMETPUYHOCTH U TIOJWIMHEHHOCTH
0 =det(...,(v; + vj), e, (U + v]-), ) =det(..., v, ... V5 L)+ det(...,vj, v Vg ),
4TO U yTBEPXK/IAeTCs. O
YOPAXKHEHUE 8.5. YoeauTech, uTo eciu 1 + 1 # 0 B K, To KaXkast 3HaKomepeMeHHass GyHKIIUS OT 1

BEKTOPOB KOCOCMMMETpPHUYHA.

[TPUMEP 8.2 (3HAKOITEPEMEHHBIE MHOTOYIEHBI, OIIPEJIEJUTE/bL BAHIEPMOH/IA U BA3SUC IITyPA)
MnorouneH f € Z[x,, ..., X, ] Ha3bIBaeTCA 3HAKONEPEMEHHBLM €CIIU /I BCEX IIEPeCTAaHOBOK g € S n

flxg, - nxg ) =580(g) - (a1, ..., %)

Tak KaK pY TPAHCIO3UIINH JIFOOO0T Maphl TepeMeHHBIX 3HAKOIIEPEMEHHBIN MHOTOWIEH f MeHseT 3HaK,
B KQX/IOM MOHOME X; ... Xy, MHOTOWIEHA f BCE CTEIIeHH V; TIONIAPHO Pa3/IMYHBI, U BMECTE C TAKUM
MOHOMOM B f BXOZAT n! MOHOMOB xgi x;Z, rae g € S,, IpuuéM Ko3$PUIHEeHTH IPU MOHOMAX
Xyh.. xp" xgi .o x;ﬁ MOJTy4aroTCs APYT U3 Ipyra yMHOXKeHHEM Ha 3HaK sgn(g). Mbl 3akiodaeM, 4To
3HaKoIlepeMeHHble MHOT'OWIEHbI 00pa3ytoT CBOGOAHEIN Z MOZAY/Ib ¢ 6a31COM M3 MHOTOWIEHOB

v v v
xll x21 vee xn1
X102 xy? xn?
v v V;
4, € 2 sgn(g) xg. ... Xgr = det(x;') = det 1 2 ", (8-5)
gES, v v v
xln xzn X"

KOTOpbIe HyMepyloTcs Auarpammamu KOHra v U3 n cTpok NOMAapHO pasHBIX UIMH V; > ... > Vv, = 0.

MuHUMaIbHOU TaKoM! AuarpamMmme § = ((n -1,..., 0) oTBevaeT onpedenumesb BandepmoHoa
Ot At
Ag = det(x?) = det = [Jei-xp- (8-6)
Xy . X i<
1 1

ITocneanee paBeHCTBO BHITEKAET U3 TOT'O, YTO IPU MOACTAHOBKE X; = X jc j # i ompezaenuTens BaH-
JEPMOH/Ia, KaK U BCAKUI 3HAKOMEpeMeHHbBIH MHOTOWIEH, o6paiiaeTcs B Hy/Ib, U MO3TOMY AETUTCA
B Z[xy,...,x,] Ha x; — x;j. Tak Bce TaKue PasHOCTU HENPUBOAVMBI, & KOJIBLO Zlxq, ..., x,] dakTo-
pHaJIbHO, OIpe/ieNnTeNb BaHaepMoHza Aenurcs Ha [ [ ;. i (x; — X}), @ IOCKOJIBKY JIEKCUKOTpapuIecKn
CcTaplIvie MOHOMBI OTIPeZIe/TUTEIA U IPOU3BeIeHUs PABHbL X) 1 x5 2., x,,_, MuuMeloT koaddurumenr 1,
YyacTHOe OT JeJieHus paBHO 1. DTO paccyxAeHue MOKa3bIBaeT, YTO 000 3HaKOTepeMEeHHbBIN MHO-
rowieH f genutcs B Z[x4, ..., X, ] Ha olpeAenuTenb BaHAepMOH/a, U YaCTHOE ABJIAETCA CUMMETDPU-
YeCKUM MHOTOWwIeHOM. MBI 3aK/If04aeM, 4YTO 3HaKOIlepeMeHHbIE MHOTOWIEHbI 06pa3yIoT CBOOOJHBIHN
Mozyb paHra 1 ¢ 6asucoM 4 5 HaZy KOJIbIIOM CUMMETPHUYECKUX MHOTOWIEHOB, 8 CHMMEeTPUYeCKUe MHO-
eounensvtIllypa o) = Ay, 5/As, T A = (A4, ..., A,,) IpoberaeT Npou3BoIbHEIE AUarpaMMel FOHra 13 n
cTpok, adl+ 68 = (4, + (n —1),4, + (n — 2),...,4,), obpasyioT 6a3uc Z-Momy/1Ia CHMMETPUIECKUX
MHOTOWIEHOB.

1q>yHKHI/II/I C TAaKMM CBOMCTBOM HAa3bIBAIOTCS 3HAKOnepemeHHbvIMU.
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8.3. I'paccMaHOBBI MHOTOWIEHBI. Asrebpa 2paccmanosbix mHozownenos K (&, ..., &, ) OT nepeMeH-
HBIX {4, ..., &, c KOapdUIeHTaMU B IPOM3BOJILHOM KOMMYTaTHBHOM KoJblie K ¢ eAnHuUIel onpese-
JIeTCA TOYHO TaKKe, KaK are6pa 0ObIYHBIX MHOTOWIEHOB, HO TOJIBKO I'PACCMAHOBHI IIeEpeMEHHEIE ¢;,
B OTVIMYHE OT OOBIYHBIX, HE KOMMYTHUPYIOT, 8 AHMUKOMMYMUPYIOM APYT C APYTOM, T. €. TOAYUHAIOTCS
COOTHOIIeHUAM |

Vi,j §AS==5A8 1 Vi §GAEG=0. (8-7)

CUMBOJ « A» 37IECh U Jjajiee UCITOMb3yeTCs A 0603HaUeHUsA rpacCMaHoBa (aHTUKOMMYTAaTHBHOTO)
YMHOK€EHWUSI, YTOOBI OTIMYATh €ro OT 0OBIYHOTO (KOMMYTAaTUBHOTO). KOoHCTaHTH U3 K TI0 omnpezerie-
HUIO [TePECTAHOBOYHEI C 'PACCMAHOBBIMY IIEPEMEHHBIMU, Y1 YMHOKEHVE TIePeMEHHBIX Ha KOHCTAHTBI
3anuceIBaeTcsa OOBIMHBIM obpasoM: aé; = &;a, Ana Beex { M Bcex a € K. [l Kak/ol cTporo Bospac-

Talolllel cleBa HallpaBo IOCAeJ0BaTelbHOCTH HOMePOB [ = (i, ..., i), TAe i; < ... < iy, IOJOXXUM
& 8-8
1=S, A NG (8-8)
Kaxnaa nepecranoska g = (g4, ..., 9m) € S;, I€pPEMEHHBIX B 3TOM MOHOME MeHsAET ero 3Hak Io
IIPaBUILy
Eig(l) Ao A fig(m) =sgn(g) - §; A A . (8-9)

[TockonbKy KBaZpaThl 'PaCCMaHOBBIX IIepeMEHHBIX PaBHBI HY/I0, MOHOMBI (8-9) ncuepnbIBalOT BCE
MHOXXECTBO I'PACCMaHOBBIX MOHOMOB, T. €. OZHOPOAHBIE I'PACCMAaHOBBI MHOTOWIEHBI CTENIEHU M OT N
IIepeMeHHBIX ¢, ... , &, T0-OlIpeZie/IeHHI0 06pasyloT CBOOOAHBIN K-MOZY/Ib paHra (:l) c 6asucom u3
MOHOMOB (8-8). ToT MoAyab 0603HadaeTca A™. Bea rpaccManoBa anre6pa kak MoAy/ab Hag K aBia-
eTcs KOHeYHol npaMoit cymmoit K (&,,...,&,) = A° @ A* @ A* @ ... & A™, rae mnaamee ciarae-
moe A" ~ K COCTOWT M3 KOHCTAHT U UMEET B KauecTBe 6a3ruca MOHOM ¢ ¢ 1, oTBevaromMii MycTO-
My Habopy | = @ ¥ cIyXaluii eJMHUIIEN rpacCMaHoOBOM anre6psl, a crapuiee ciaraemoe A° ~ K
UMeeT B KavyecTse 6asuca §; ) = §; A ... A §, — €AVHCTBEHHBI MOHOM CTEIIEHHU N, OTBEYa-
fomuit Habopy I = (1,...,n). Obparure BHUMaHUe, 9YTO 3TOT MOHOM aHHYJINPYETCs YMHOXeHUEeM
Ha 1060 rpacCMaHOB MHOT'OWIEH C HyJIEBBIM CBOOOZHBIM WIEHOM. YMHOXKeHUe 6a3HCHBIX MOHOMOB

¢ = fil A ... /\Eik us; = Ejl A /\fjm TIPOXCXOZAUT I10 IIPaBUIY

sgn(l,)) ¢y ecmlIn] =@

SINS = (8-10)
J 0 ecmlnN] # 3,

rae sgn(/,J) — 3HaK Tacymolel nepecTaHOBKH, yIopsAzodnBaomeii Habop (iy, ..., ik, ji, --- »jm) IO

Bo3pacTaHmio>. TaK KaK /I 6a3HCHBIX IPACCMAHOBBIX MOHOMOB BHITIOJIHAETCH PAaBEHCTBO"

km
G Ao NG A A NG = (CDRE A AE DA G A AL,
OHOPOZIHBIE IPACCMAaHOBBI MHOTOWIEHB KOMMYTHUPYIOT APYT C IPYTOM TI0 TIPABUIY

w AN =(-1)%804B M Ao, (8-11)
'Ecnu 141 He aenuT Hysb B K, To cooTHomteHus §; A€; = 0 MOTYT 6BITh OMyLIEHbI, TOCKOIbKY OHU BHITEKAIOT
U3 COOTHOWEHNH §; A §; = —§; A §;, ecym monoxuTh B HUX | = j. Ecm ke —1 = 1, TO aHTUKOMMYTHPOBaHHe
§inEj = —&;A&; He OTIMYaeTCs OT KOMMYTHPOBAHUA §; A& = §;A&;, 1 BOTON CUTyalliy IMEHHO COOTHOLIEHNE

&, A §; = 0 omImuaeT rpacCMaHOBHI IIEPEMEHHEIE OT OOBITHBIX.

ZBomIuj] ={1,...,n},108g0(iy, ..., ig> Jy»-er»Jm) = (=DIHREFD2 1o yip. 8.3 ma crp. 128.

3 A mpoHOCa Kax10# M3 M MepeMeHHbIX & j BJIEBO 4epe3 K epeMeHHBIX §; HY’KHO COBEPIIUTD K TPAHCIIO-
SUIIAH.
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KOTOPO€E Ha3BIBAETCS KOULY/Ie8bLM NPABLIOM 3HAKO8. B 4acTHOCTH, 1060 OAHOPOAHBIN MHOTOWIEH
4y€THOU CTeleH! KOMMYTHPYET CO BCEMH I'pacCMaHOBBIMU MHOTOWIEHAMU.

YIPAXXHEHUE 8.6. OIUIINTE yeHmp IPacCMaHOBOM anrebpsl

Z(K<§19 En>) « {T € K(fl?""fn> |V(J) € K(fl,---,fn> TAW= (J)/\T}.

8.3.1. I'paccmaHoOBa anre6pa cBo6oaHOro Mozy/sa. O6o3HauuM yepe3 V cBoGOAHEIN K -MOAy/Ib
panra r. Eciv BeKTOpHI e, ... , e, € V 06pasyioT 6a3uc Mozayns V, To anrebpa rpacCMaHOBBIX MHOTO-
wieHoB K (e, ..., e,) OT IepeMeHHBIX e, ... , €, 0b03HavaeTca AV 1 Ha3bIBaeTcA epaccmaHosoll (Viam
gHewHell) anre6poii cBO60AHOTO MOAysA V, a IOAMOAY/Ib OAHOPOAHBIX IPACCMAHOBBIX MHOTOYWIEHOB
crenenu d obosnauaercsa AV C AV u HaswiBaeTcs d-it sHewrell cmenenblio cBoGogHOr0 Mogyna V.
OTu He amneJUTUpyOLINe K BEI6opy 6a3rca Ha3BaHUA U 0003HAYEHHUA CBA3AHBI C TEM, YTO IIPU KXKZ0M
d =0,1,...,n moaMozayib A% =A%y c K (e4, ... ,€,) ONHOPOAHBIX MHOTOWIEHOB CTeneHu d He 3a-
BUCUT OT BbI60pa 6asuca B V. B camoM ziefte, moaMozyib KoHetanT A°V ~ K moposkzaercs euHMIIeH
rpaccMaHOBOW anre6psl, MoAMOAYIb AV 0OHOPOAHBIX rPaCCMAaHOBBIX MHOTOWIEHOB CTEMeHH 1, T. .
MHOXECTBO BCEBO3MOXKHBIX K -JTMHENHBIX KOMOUHANI 6a3UCHBIX BEKTOPOB €4, ... , €,., KAHOHIMYECKU
OTOXKJECTBJISIETCS C MOZAYJIEM V U TOXe He 3aBUCUT OT BBIOOpa 6asuca, a AJil MpoYux d MOAMOZIYb
A% C K (e, ..., e,) ABNAETC TUHEHHOH 0GOIOIKOM BCEBO3MOXHBIX IPOM3BEJICHHH V; A ... A Vg,
COCTaBJIEHHBIX U3 d IPOU3BOJBHBIX BEKTOPOB ¥; € V U OmATh TaKW He 3aBUCHUT OT BbIOopa Haswuca.
Taxum obpasom, Bcs anrebpa AV = @g=0 A%V apnsercsa TIpAMOM CyMMOI MozyJeii, He 3aBUCAMIINX
oT BhIOOpa 6asucaB V.

VIIPAXKHEHME 8.7. YoeauTech, 4TOVA UV =0 U AW = —W A U It Bcex u, v,w € V.

8.3.2. JluHeiiHbIe 3aMeHbI IEPEMEHHBIX U MUHOPBIL. [IycTh B 0003HAY€HUSAX UX MPEAbIAYILETO
pasziesia n OAHOPOJHBIX IPACCMAHOBBIX IMHEWHBIX GOPM 7], ... , 1,, € A’V IuHeliHO BbIpaXkaeTcs de-
Pe3 M OZIHOPOAHbIX TPACCMAHOBLIX GOpM &, , ... , &,,, € AV no dopmyre

(n17""r]n) = (519'-'95771) : C:

rae C € Mat,,,,(K). Torga npu xkaxkgom d = 1, ..., min(m, n) Ha6op MOHOMOB ny =M A AT,
CTelleHU d JIMHEHHO BhIpakaeTcs yepe3 Habop MOHOMOB &; = fil A A Eid crenenu d 1o popmysie

=M, A AT, = (Z filcim) (Zfzz 1212) (Zfld ldjd) =

= Z fil A... /\Eid . Z sgn(g) Cisis ** Cigala ZE, Crys (8-12)

1< <...<ig<m gES,

rae | = (iy,...,i;) npoberaeT HabGopH! U3 d BO3pACTAIOIINX HOMEPOB, a C; = det C; ] obo3HayaeT
onpezemmTens d X d-nopmarpusl C; C C, COCPEAOTOIEHHOH B IIepeCeIeHUAX CTONOLOB C HOMe-
pamu U3 J 1 CTPOK ¢ HoMepaMmu u3 [. OnpefenuTens Cyy ¢ detC, 7 HasblBaeTcs [J-ThIM MUHOpOM d-
TOTO TopsiiKa B MaTpuiie C. Takum o6pa3oM, []-ThIi aJileMEHT MaTPHUIIbI, BhIpaKartollei rpaccMaHoB
MOHOM 7] 4epe3 rpacCMaHOBbl MOHOMEI §; PaBeH [/-ToMy MUHODY d-TOT'O IOPsAKa B MaTPULIbl BbIpa-
JKarollell nepeMeHHEbIe 7] Yepe3 nepeMeHHbIe . MaTpuiia pa3mepa (Z) X (Z
PYIOTCA IEKCUKOTpadUIeCcKU YIIOPSAI0ueHHBIMY Habopam¥ [ 13 d BO3pacTalouux HOMEPOB U KOTopast
VIMeeT B KJeTKe (I]) MUHOD ¢;; MaTpuLpl C, o6o3Hauaercs A%C v HasbBaeTcs d-il 8HewHell cmeneHbio

maTpuusl C.

), KJIETKH KOTOpOfI HyMe-
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[TPEAIOKEHME 8.2 (MY/IBTUIIMKATUBHOCTD BHEIIHWX CTEIEHEN)

Jna mobeix Matpunt A € Mat,, . (K), B € Maty,,(K) HaJ Ipou3BOIbHEIM KOMMYTaTUBHBEIM KOJIb-
oM K mipu Bcex 1 < d < min(m, n, k) BHIIOTHAETCSA paBEeHCTBO /ld(A -B) = A%A-A%B.B YaCTHOCTH,
IUIsT KBaZipaTHBIX MaTpull A U B oquHakoBoro pasmepa det(AB) = det(A) det(B).

JIOKABATE/IBCTBO. PaccmoTpuM B cBo6osHOM K-Mozyne V ¢ 6asucom e = (e, ..., €,,) HA60pHI BEKTO-
poBa = (a,,...,a,) =eAub = (b;,...,b,) = aB = e AB. O60o3HauuM 4epe3 e; C A%y Habop
u3 (T;) rPacCMaHOBBIX MOHOMOB €; = €; A ... Ae; ,adepes by, ay C A%V — Habops! U3 (Z) u (Z)
rpaccMaHOBBIX MHOTOWIEHOB by = b; A ... Ab; map = a; A ... A ap, coorBeTcTBeHHO. Habop
MOHOMOB e, ABJIAeTCs 6a3UCOM B A%V, a HaBoOp MHOTOUIEHOB b, BrIpaxkaeTcs uepe3 Hero, ¢ OHOMN
CTOPOHBL, Kak by = ey A%(AB),ac Apyroi CTOPOHH — Kak by = a A%B = ey A%A A4B. ITockosnbKy
MaTpHuIa epexoa OT IPOM3BOJIBLHOI0 Habopa BEKTOPOB K 6a3UCy OHO3HAYHO OIPeAesseTcs: STUM
HabOPOM, MBI 3aKJIFOYaEM, YTO Ad(A -B) = A%4 - A9B. Il

ITPUMEP 8.3 (IETEPMUHAHTHAS ®OPMVJIA /1/11 UHBAPUAHTHBIX MHOXXUTEJIE!N)

W3 mpeas. 8.2 BBITEKAET, YTO CTOJIOIIB MATPHI[BI Ak(AB) ABJISIIOTCA TMHEHHBIMU KOMOMHAIIUAMU CTOJIO-
1I0B MaTpHUIIBI AkA. [MosToMmy sto6oe uncio x € K, nendiree Bce k X k MUHOPBI MaTPUIIBI A, IETUT U
Bce k X k MuHOpBI MaTpuLbl AB 77151 060K MaTpUIE! B, Ha KOTOPYIO A MOXXHO YMHOXUTbH CIIPABA.
Eciu matpuna B o6patuma, To A = (AB)B™! mony4aetcs us MaTpuIibl AB MpaBEIM YMHOMXKeHHEM Ha
MaTpuULly B_l, U 3HAYUT, yuciio x € K, nensaiiee Bce k X k muHopsl matpuiiel AB, aenut ui Bce k X k
MUHODPBI MaTpHUIlbl A. MBI 3aKI04aeM, YTO HauOOJbIINN 06U JenuTenb k X k MUHOPOB JI060H
MaTpHUIIBl A He MeHSeTCs TPU YMHOXKEHUU MaTpHUIbl A cipaBa Ha 06paTUMble MaTPUIIb. AHATOTHY-
HO TIPOBEPSIETCS, YTO HAUOOBINNI 06U AenuTenb k X k MUHOPOB MaTpHIIB A He MeHsSeTCs TPy
YMHOXXEHUU MaTPHUIIB A Ha 06paTUMbIe MaTPUITHI cieBa. O603HAYMM HaUOOJIBIIUHI OO AeTUTETh
Bcex k X k muHOpoB Matpulisl A gepes 4, (A).

Eciu kosbiio K siBsieTcss 06/1acThio TIaBHBIX W/eaioB, TO 1Mo Teop. 6.1 Ha cTp. 103 s o6oi
MaTpulbl A HalizyTea Takye o6paTuMble MaTpHLLL L 1 R, uTo y Marpuiisl D4, = LAR Bce aneMeHTH d; j
ci # juynesble,udy | djjnpui < j.Ilockonbky Ay(Dy) = dyq ... dgy 1 4(A) = Ap(Dy), MBI
3axmodaeM, uto d;; = A;(4)/A;_1(4),ecmud;_;(4) # 0,aecmu 4, (A) = 0 Ipu KaKOM-TO k, TO djj=0
TIpY BcexX j = k. DTO ZaéT HOBOE I0KA3aTeNbCTBO HE3aBUCUMOCTU HOPMAaJIbHON GOPMEI Cmutal D 4
Y MHBapUAHTHBIX MHOXHUTeNEeH d;; MaTpUIEl A OT crnocoba eé€ IprBeZieHNA K HOPMaIbHON dopMe
CMmura.

ITPUMEP 8.4 (IMCKPUMUHAHT COU3MEPUMOM ITOJPEIIETKY U ®OPMVJIA [THKA)

[ycts Z-nioamoxyab U C Z™ takos, uro daktop Z" /U xoHeveH. O603HAYNM Yepe3 e KaKoU-HUOYIb
Gasuc B Z", a yepe3 u = e C,,, — Kaxoii-HubyAb 6azuc B U. AGCOMIOTHAS BEIUYNHA OIPEAeTUTENT
MaTtpulsl C,,, Ha3bIBaeTCsa OUCKPUMUHAHIMOM cousmepumoii’ ¢ Z™ mogpeméTku U 1 o603HadaeTCs

Dy £ | detC,

eul -

YrpA>KHEHUE 8.8. TlokaxuTe, uTo ecim Marpuna C € Mat, (K) obpaTtuma, To det C obpaTum B K.

U3 ynpaxHeHUs BBITEKAET, YTO JUCKPUMUHAHT He 3aBHCHUT OT BbI6Opa 6a3MCOB € U U, TaK KaK /A

n -1
mobsIx Apyrux 6asucoB v = eC,, BZ" uw = u(,, B L marpuns nepexogos C,, = C,, u Cy,,
OyZydu 06paTUMbIMU HaZl Z, UIMEIOT OIpeZie/IUTeNH +1, oTKyza

| det C,,,, | = | det(CpeCop Cyp)| = | det(C,,.) det(Ce,,) det(Cy,,)| = | detC,,|.

1Cm. n° 6.1.1 Ha cTp. 103.
2Cm. npejii. 7.2 Ha cTp. 124.
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Beps kayecTBe e U U B3aUMHBIe Oa3UCHL V4, ..., VU, U A €y, ..., A, e, 3aKI04aeM, 9YTO AUCKPUMUHAHT
Dy = A, ... A, paBeH unciy anemeHToB B bakrope Z" /U ~Z/(A) & ... B L/ (Ay).

Ha reomeTrpuyeckoM sAspike! AuCKpuMUHAHT Dy pemétku L C Z™ C R™ paBeH eBKINIOBY 00B-
émy? mapautenenuneza [1, HATAHYTOTO B IpocTpaHcTBe R™ Ha Kakoi-HUOY A Gasuc pemétku U. Ta-
KOH Iapajulesieniunes; HasplBaeTcsa PyHOaMeHmManbHbim napaiienenunedom pemétku U. Ero capuru
Ha BEKTOPHI PEIIETKYU MIOKPBIBAIOT BCE MPOCTPaHCTBO R™, He Mes [Py 5TOM O6UIKMX BHYTPEHHUX TO-
yek. Kaxzapiii anemenT dpaxropa Z" / U mpeAcTaBasSeTca TOUYKOM, exkameli B I1. TIpu sToM Kaxaas
BHYTPeHH:A TouKa [] He cpaBHHUMa 110 Moy o U HU ¢ KaKMMU IPYTUMHU TOuKaMu U3 I1, KaxJasa BHYT-
PEHHSAA TOUKa Jt060# (n — 1)-MepHo# Tuneprpanu Il cpaBHUMa elllé POBHO € OZHOM TOYKOM u3 I1,
JieXxalei Ha mapauleJIbHOM TUINeprpaHy, KaX/as BHYTPEHHsA TOYKa JI060H (n — 2)-MepHOoU rpa-
HY [] cpaBHMMa POBHO C TpeMs TOYKaMU U3 [1, JeKaluMu Ha TPEX MapaUIeTbHbIX (N — 2)-MepPHBIX
rpaHsx, u T. /. Kaxzgas BepuinHa [T cpaBHUMA ¢ ocTaibHbiMK 2" — 1 BepimvHaMu. MBI 3aKJII04aeM,
4T0 06béM 1, paBHBIN YMCITY 3/IeMEHTOB B dpaxTope Z" /U, MoKeT GbITh BHIYHCIIEH 110 hopmyae [Tuka:

n —
Vol Il = Zdzopd/Z" @,

rie py Ipu d < 1 00603HAYaeT YUCIIO TOYeK, JIeXXaIluX BHyTPH d-MepHHIX rpaHeli [1, a p,, — 4HCIO
BHYTPEHHUX TOYEK caMoro [].

8.3.3. CooTtHouenus Jlamnaca. [[Jis1 KaXkZoro Habopa 13 m BO3pacTalolyuX UHAEKCOB

J=ysennjm) C {1, ...,n}

nonoxum deg] & m, |J| € j, + ... + j,, u 0603HAUKM Yepe3 | = (j1,...Jp_m) = {1,....n} NJ

JOIOJHUTENBHBIN K | HA6Op U3 N — M BO3PACTAIONIUX WHAEKCOB. I MPOU3BOIbLHOM KBaApaTHOM
marpuusl A = (a;;) € Mat,(K) paccmorpum B rpaccmanoBoi anre6pe K (g, ..., §,,) Habop u3 n
JIMHENHBIX GOPM

(Xj=61a1j+62a2j+...+fnanj, rae 1<]<T, (8'13)

WIY, B MATPUYHBIX 0003HAUEHMAX, (A, ..., &,) = (§;,...,&,) A. JU1A aByX HaGOPOB WHAEKCOB I, |
oavHaKoBOU AyinHb! deg | = deg ] = m mpousBegeHUs

a]:ajl/\.../\a-

im u a;=a: /\.../\(ZE

1 L n-m

VIMEIOT ZIOTIOJTHUTEIbHBIE CTeTIleHH m U n — m. [lepeMHOXas ux o popmye (8-10), momyuum®

m(m+1)

(- a;A...ANa, npul=]
0 mpul #J

ay Aa; = (8-14)

[MozacTasas B paBeHCTBO (8-14) pasnoxenus (8-13) u nmosb3ysick opmynamu (8-12), B ieBO YacTu
paBeHCTBa MOIYYUM

(%‘, Sy ) A (ZL‘, §,07) =D G AL AL, 2, May g,

ICm. Jexnuro http://video.bogomolov-lab.ru/gorod/ps/stud/geom ru/2122/lec_08.pdf.

2Cm. pasgen 1.2.1 Ha cTp. 133 neKnuu
http://video.bogomolov-lab.ru/gorod/ps/stud/geom ru/2122/lec_10.pdf.

33Hak COOTBETCTBYIOIIEH Tacyoliel mepecTaHOBKY ObLT BHIYMCIEH B yIIp. 8.3 Ha cTp. 128.
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rae M ipoberaeT Bce MHAEKCH AnHbl deg M = m, a B ipaBoii yacTu ipu [ # | mo-tipexxkHemy 6yzeT 0,
anpul = J noayuuresa (— 1)w+|]I detA-&; A... A&, MBI 3aKiIIOuaeM, /I IOOBIX AByX HA60POB /, [
M3 m CcTONOLOB IIPOM3BOIBHON KBaZpaTHOH Marpuiel A € Mat,(K) BBIIOTHAIOTCA COOMHOUEHUS
Jlannaca
S nMHle, an = detd mpul=J, (8-15)
M 0 npu [ # J,
IZie CyYMMUpPOBaHUe UET 110 BceM HabopaM M 13 m CTpOK MaTpuIis A.

[Ipu I = ] cootHowtenwue (8-15) paét dopmysty A BEIYUCIEHUA onpeenuTes det A yepes Bce-
BO3MOJKHBLE MUHODBI d ) ; TIOPAZKA M, COCPEAOTOYEHHBIE B M PUKCHPOBAHHBIX CTONOLAX MATPULBL A
C HOMepaMH J, ¥ 0onosiHume bHble K HUM MUHODBI @37 TIOPAZIKA 1L — ™, PABHbIE OTIPe/IeTUTENIAM MaT-
DHLI, TIOJyYaIOUIMXCA U3 A BBIYEPKUBAHUEM BCEX CTPOK M CTOJOLOB, COAEPYKAIIMX MUHOD Ay

detA =Y ()M, ars. (8-16)
M

M|+J|
[IpousBeseHue (—1)I I+ |aM 7 HasbIBaeTcs aneebpauveckum 0onoHeHUeM K MUHODY Ay, ] Ipul # ]
cooTHoIIeHue (8-15) ¢ TOYHOCTBIO 0 3HaKa UMeeT BUJ,

Y (Ml g =0 (8-17)
M

U Ha3bIBAETCSA MmeopeMoll 06 YMHOMCEHUU HA dyXcue anzebpaudeckue 0ONONHeHUs, TIOCKOJIbKY JieBas
4yacTb B (8-17) ominyaeTcs oT (8-16) TeM, YTO MUHOPEI Ay, 7 YMHOJKAIOTCsT HE Ha CBOU anrebpanyeckue
JOIIOJIHEHNA, a Ha JOIIOJIHEHUA K COCPeJOTOUEHHbBIM B ZIpyroM Habope cTonO1oB | # | MUHOpaM d ;.

YTIPAXKHEHHUE 8.9. YcTaHOBUTE TPaHCIIOHUPOBAHHBIM BapuaHT cooTHolIeHuM Jlamiaca

detA mpul =]
T DMl o = ; P (8-18)
M npul #J.

Ecim 0603HaunTh yepes A™AY matpuily pasmepa (:L) X (::1) , KJIIETKY KOTOPOWH, Kak Uy MaTpuiibl A™ A,
HyMEPYIOTCS M-3JIeMEHTHBIMH ToAMHOXKecTBamu I, ] C {1,...,n}, Ho B kietke (I]) crouT anzebpau-
yeckoe 00NOJIHeHUE K]I-MI/IHopy1 MaTpHULHI 4, T. €. (—1)|I|+|]| @37, TO BCE COOTHONIEHUS (8-15) u (8-18)

MOXXHO CBEPHYTb B OTHO MaTpUYIHOE paBE€HCTBO
AMA - AMAY = AMAY . A™A = det(A) - E, (8-19)

rae E — efyHUYHAA MaTpPHIy pasMepa (3) X (Z) Marpuna A™AY HazsBaeTcsa npucoedUHEHHOI K
MmaTpuiie A™A.

ITPIMEP 8.5 (COOTHONIIEHUE ITIOKKEPA)
Pacemorpum 2 X 4 MaTpully
A= <a11 A2 Q43 a14>
Az1 Ay Q33 Qpy

lO6paTuTe BHMaHMe, YTO MHAEKCH | U | TIPeCTABIIIICH!
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caneMeHTaMu U3 Kombla K = Z[ay 4, ... , ,,] MHOTOWIEHOB OT BOCbMU [IEPEMEHHBIX &; ; U 0003HAYMM
uepe3 A;; = a,;4,j —Aqdy;, TAe 1 < I < J < 4, €€ 2 X 2 MuHOp, 06pa30BaHHBIH i-M U j-M CTONOLAMH.
PackiagpiBas HyneBoi onpesenuTeNnb

0 = det <A> — det Az1 Az Qa3 Aoy
A

I10 IIEPBBIM IBYM CTPOKaM, 3aKJIFOYa€M, 4YTO LIECTb MUHOPOB Al] CBA3aHBI COOMHOWeHuUem HJl}OKKepa

AjpA34 —Aj3Ay, + A14A53 =0, (8-20)

YIPAXKHEHVE 8.10. Y6eaunTech, A o6oro noss k n mo6bix mectn uncen 4;; € k, yaosaersopsito-
KX cooTHomeHUIo (8-20), cymecTByeT MaTpuna A € Mat,, , (k) ¢ 2 X 2 muHOpamu 4; i

MbI 3aK/IH09aeM, YTO WECTb Yuces A; j U3 rosist kK AB/ISI0TCS MUHOpaMu 2 X 4 MaTpHULibl C 3/eMEHTaMu
u3 [k ecii ¥ TOJIBKO eC/Iv OHU YZIOBJIETBOPSIOT COOTHOIIeHUO [Tmokkepa (8-20).

[TPuMEP 8.6 (ONIPEAEJUTE/D IYYKA MATPULI)
PaccmoTpuM kBazZpaTHBIe MaTpullbl A, B € Mat, (K) 1 napy KOMMyTUPYIOLIUX [IepeMEHHBIX X, V.
Marpuua x A + y B umeer anemeHTH B K [x, V], 11 eé onpezenuTens det(x A + y B) ABIsgeTCA O4HOPOA-

HBIM MHOTOWIEHOM CTEIIeHH N OT X U V. [TokaskeM, 4To ero kosdduument npu x "y ™ pasen

ma . Ampvy _ _+ g )
tr(A™A - A™B )_ZU( D*Vla, b, (8-21)

rZie CyYMMHPOBaHUe WJET 110 BCEM M-3JIeMEHTHBIM ToAMHOXXecTBaM [, /] C {1, ..., n}. g aToro pac-

CMOTPUM HabOpEI TUHEHHBIX GopM (aq, ..., ) = (§1,.... ) A (By,....Bp) = (§4,.... ¢ ) Bor
rpaccCMaHOBBIX IepeMeHHEIX &4, ..., §,,. Toraa

det(xA+yB) - & AN ANE, =(xa, +yB)Axa, +YB) A oo Axa, +YB).

Monom x™y™ ™™ BosHUKaeT pH BbIGOPE [IEPBOTO C/IATAEMOTr0 B KAKUX-THO0 M CKOOKaX, CKaXkeM, C
HOMepaMHu i, ..., i,,, 1 BTOPOTO cjIaraeMoro BO BCeX OCTalbHBIX CKOOKax. Bkaz Takoro npousse/se-

HYA B Ko3dduuenT mpu x 'y paBeH

SNy, oov s by Lgsoeeslpgn) @ Ao Ay, /\,B-i1 A /\,B-in_m =

m(m+1) m(m+1)

=(-1) z tlg, ABr=(-1) - +|I|(Z &ray) A (Z Embyi) =
7 M

m(m+1) I
=1 My by G ady = (DM Vay by) g AL A,
M J
Koadpduuuent npu x™y™ ™ B det(x A + y B) paBeH cymMMe 5THX BKJIa/I0B 110 BceM HabGopam [ U3 m
BO3PACTAIOIINX HOMEPOB, YTO U aét popmyy (8-21).
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8.4. IlpucoeaunénHaa matpuna. [I[pum = 1 B BeruncIeHusax u3n’ 8.3.3 Ha ctp. 134 Haboprr I = (i),
J = (j) cozepxar 1o oAHOMY UH/EKCY I MUHOPBI 4;; = @;; IPEBPALIAIOTCSA B MATPUYHbIE SJIEMEHTBHL,
takuTo A*A = A. [Ipucoesunénnas Matpuna A*AY B aToM ciyuae o6o3HavaeTcs mpocto AY = (az/j) u
Ha3bIBaeTCA npucoeduHEéHHOI K MaTpuile A. OHa uMmeeT B KieTke (i, j) onpeaenurens (n — 1) X (n— 1)-
IIOAMAaTPHUIIBI, IToMyJaronelica U3 A BEIKMAbIBAHUEM KpecTa C LIEeHTPOM B KJeTke (j, i), T. e.

Y. = (=1)H -
a;j (-1 as; -

CootHotueHus Jlamraca u3 opm. (8-19) Ha cTp. 135 B 3TOM CiTydae mpeBpaLialOTCs B paBEHCTBA
AAY = AYA = det(A) - E (8-22)

B anrebpe matpur Mat,, (K).

8.4.1. ®opmyna Ana obparHOii MaTpunsl. Eciu onpegenurens marpunel A € Mat,,(K) obpa-
M B K, To 1o (8-22) maTpuna A Toxe obpartuma, u A~* = A" /det A. Hao6opoT, eciu MaTpuna A
obpaTtuMa, To 1 = det E = det(AA™ ") = det(4) det(A™?), u det A o6paTtum B K. Mbl Iony4aem

IIPEN/IOKEHYE 8.3
KsazpaTtHaa matpuua A € Mat, (K) ¢ anemeHTaM4 13 IPOU3BOJIbHOIO KOMMYTaTUBHOTO Kosblia K ¢
eauHUIEl o6paTMa ecyi 1 Tobko eciv det A o6paTuM B K, 1 B aToM ctyyae A~* = AY /detA. [

[TruMEP 8.7
Jia matpull pa3mepa 2 X 2 u 3 X 3 c onpezenureneM 1

En =5

-1
a1 Q12 Q43 (a32033 — Ap303;) —(a12033 — Aq3a34) (a12073 — a13055)
Az1 Ay 33 =|—(az1a33 — ay3as4) (a11a33 — a43031) —(a11055 — A43a54)
Q31 A3y Q33 (a31a3; — Ap2031) —(a1103; — A4,0a3;) (a11z; — A12051)

B O6I.HEM CiIydae BCe 2JIEMEHTBI MaTPUI] B IIPABBIX 9aCTAX HAAO IIOZE/IUTh Ha det A.

8.4.2. PasnoxkeHUe ONpeAETUTENS IO CTPOKE WIH CTOJIOIY. BEIUMCIAa 37IeMeHT B MO3UIUY ii
TIepBOTO IPOU3BeZieHUs B (8-22), TIolyyaeM paBEeHCTBO

detd =Y (- ayay (8-23)

KOTOPOE HA3bIBAETCS PA3Jl0XceHUeM onpedesiumes no i-moil cmpoke. CHMMETPUYHBIM 00pa30M, BBI-
YUCJIEHHE jj-TOTO 3JIeMEeHTa BTOPOTO Ipou3BeieHUsA B (8-22) AaéT pasioxceHue no j-my cmoabyy

detA = Z:l:l(_l)l-'—]al]AU . (8'24)

Hanpuwmep, pasioxeHue onpezenuTesa 3 X 3 110 IEPBOMY CTOJIOIY UMeeT BUZA:

a1 Q1 Qg3
detfay; ap, ax|=

a3y A3z dzg

=0aq; (‘122‘133 - a23a32) —Qyy (‘112‘133 - a13a32) +as, (‘112‘123 - a13a22) .
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8.4.3. IIpaBwio Kpamepa A5 cucTeM OJHOPOAHBIX IMHEWHbBIX ypaBHeHU. PaccMoTpum cu-
CTeMy N JTUHEHWHBIX OAHOPOJHBIX YpaBHEHUH HA N + 1 HEU3BECTHHIX

Ay9Xg + Ay, + ... +a3,%, =0
a,0Xg +ayx; + ... +a,,x, =0
20%0 21%1 2n¥n (8-25)

ApoX, + ApaXy + .o Fappx, =0

¥ nocrpouM 1o mMarpurie A = (a;;) €€ KoapdULNeHTOB BeKTOp @ = (4y, 4, ..., 4y) € K™y
KOTODOTO i-1 KOOPAIMHATA PaBHA YMHOKEHHOMY Ha (—1)" ompezietuTesnto KBaZipaTHOM N X N-MaTpPHIIbL,
nostyvatoirerics u3 n X (n + 1)-maTpuiibl A BRIKUABIBAHUEM [-TOTO CTOJIONA:

Q10 - G141 Qagyr - G
i a N ¢ S a, ; e a
Ai — (_1)1 det 2‘,0 2,'1 1 2,'l+1 2.,77. (8-26)
Ano -+ Qni-1 Aniy1 -+ Ann

[TokaxkeM, 9YTO BEKTOp a ABJIAETCA peleHreM crucTeMHl (8-25). JonuceiBas Kk MaTpulle A cBepxy elé
OJIVH 3K3eMIUIP €€ [-TOM CTPOKH, MBI IIOJIYYMM KBaApaTHYIO MaTpully pasmepa (n+ 1) X (n+ 1) c Hy-
JIeBBIM oIlpeZiesiuTesieM. PackiazipiBad aTOT Ollpe/ieIuTeNb 110 BepXHell CTpPoKe, oIydaeM paBeHCTBO
ajplo + ... + a;pA, = 0, cipaBeyINBOE MIPU KAXK/OM .

YIPAXXHEHUE 8.11. IIpoBepbTe, uTo eciu Koublio K = Kk siByiseTcs moseM, To ypaBHeHu (8-25) yu-

HEeHHO He3aBUCHMBI €CJIU U TOJIBKO eCii @ # 0, U B 3TOM CJIydae pelieHus cucteMsl (8-25) obpa-

]kn+1

3yIOT B OZIHOMEPHOE BEKTOPHOE MOZIIPOCTPAHCTBO, TOPOKAEHHOE BEKTOPOM «.

Hanpumep, B BekTopHOM npoctpancTse k* nmepecedenue He coBnajaroluX II0CKOCTeH

a;x +a,y+azz=20

bix+b,y+b;z=0

ABJIAETCA IPAMOM ¢ HallpaBIAIIUM BeKTopoM (a,b; — azb,, —a,b; + azb,, a, b, — a,b,).

8.4.4. IIpaBwio Kpamepa fjid crcTeM HEOZHOPOAHBIX ypaBHeHuU#. [1o npea. 5.6 Ha cTp. 97

CTONOLEL V,, ... , U, KBagpaTHOM MaTpuusl C € Mat, (K) o6pasytor 6asuc mozyns K™ eciu 1 Tojb-
KO ecyii MaTpuiia C obpaTuma, 4To 1o mpeii. 8.3 paBHOCWIBHO 06paTUMOCTH B K eé onpeenuTesns
det(v,, ..., v,) = det C. Ecau 3T0 Tak, To KO3bPUIINEHTH! pasIoKeH!A

W =XV + ...+ X,V

TIIPOM3BOJIBHOTO BeKTOpa w € K™ 10 6asucy vy, ... , V,, BBIYUCIAIOTCA 110 npasuty Kpamepa
det (vl, Vil W, Vg, e ,vn)
xX; = , (8-27)
det(v,,...,vy)
TaK Kak
det (vl, e Vil W, Vi, e ,vn) = det(vl, e Vilgs Zv Xy Uy, Viggs oens vn) =

= vav det (171,... s Vie1s Vys Vigqs - ,vn) = x; det (vl,... s Vil Vi Vigqs -+ ,vn) .
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8.4.5. ToxzectBo l'amuiabroHa — Kamu. /st 11060ro KOMMyTaTUBHOTO Kojblla K ¢ equHUIIEN
KOJIBIIO KBaZIpaTHBIX MaTpul, Mat,, (K[t]) c aneMeHTaMu U3 KoJblia MHOro4wIeHOB K[t] coBmazaet ¢
KoJIbIJoM MHorouwleHoB Mat,, (K)[t] oT mepemMeHHOI1 t ¢ koadduirnenTamu B Mat,, (K ), HOCKONbKY KaK-
Y0 MaTpPUILy, B KJIETKaX KOTOPOU CTOAT MHOTOWIEHHI OT t, MOXKHO 3aIucaTh KaK MHOTOWIEH OT ¢ ¢
MaTpUYHBIMU K03 duITneHTaMu U Hao60poT. Hampuwmep,

3t% + 2t t3 -1 _ 3 0 1 42 30 4t 2 0 + 0 -1
2t+3  t3+t-1) 0 1 00 2 1 3 -1)°
ONPEAEJEHUE 8.1 (XAPAKTEPUCTHYECKHI MHOTOYWIEH)
Jna matpunsl A = (q; j) € Mat,,(K) MHOrowIeH

Xat) £ dettE —A) =t" —0,(A)- "+ ... + (=1)" 0, (4) - t + (-1)"0,(A) € K[t]

Ha3BIBAETCS XAPAKMEPUCUUECKUM MHO20UeHOM MAaTpHIE! A. Koadduupent mpu t™ ¥ B xapakrepu-
CTUYECKOM MHOTOYIeHe 0003HaYaeTCs Yepes (—1)kak(A).

YIPAKHEHUE 8.12. Y6euTech, uto 9ucio o, (A) € K paBHO cymme 2naskbix k X k MuHOpoB' Mar-
putsl A. B gactHocTH, 0, (4) = tr(4) u 0,,(A) = det A cyTb c1ed 1 onpedeniumens MaTPUIILL A.

TEOPEMA 8.1 (TOXXKIECTBO TAMUILTOHA — Ko111)
PaccmoTpuMm konblio K = Z[q; j] MHOTOYJIEHOB C IIeTBIMU K03QHIMeHTaMH OT n’ mepeMeHHBIX aj,
rael < i,j < n.Marpuna 4 = (al-j) € Mat,,(K) yaosneTBopseT B Mat,,(K) cooTHolIeHHUIO ¥ 4(4) = 0.

JlokA3ATE/NBCTBO. CoracHo popm. (8-22) Ha cTp. 137, B konblie Mat,, (K[t]) BBIIIOTHSETCSA COOTHOILIE-
uve det(tE — A) - E = (tE — A)(tE — A)", tne (tE — A)Y € Mat, (K[t]) — marpuiia, TIpUCOeIUHEHHAA
K (tE — A). [lepenuiiieM 5TO PaBEHCTBO B BH/le PABEHCTBA MEX/Y MHOTOWIEHAMH OT t ¢ KO3ppuIu-
eHTaMH B KoJblle MaTpul Mat,, (K):

t"E — 0, (A)t"TE+ ...+ ()"0, (A)E = (tE = A)(tMA, + ... +t A + A,),

rae Ay, A4, ..., A, € Mat, (K)— HekoTopsle MaTpullbl. [ToAcTapasa B Hero t = A, HosydaeM B KOJblie
Mat,,(K) paBeHCTBO y 4(4) - E = 0, oTkyzAa y 4(4) = 0. Il
VIIPAKHEHUE 8.13. [TycTb f(t) = Y i, t'4;, g(t) = Z?:o th]- € Mat,.(K)[t] u
_ _ m+n g _
h(t) = f(D)g(t) = Z o CEHy € Mat,(K)[¢], tae Hy = Z ABj,

i+j=k

a marpuna C € Mat,(K) TakoBa, uto CA; = A;C npu Bcex i. Yoeaurecs, uro f(C)g(C) = h(C)
B Mat,.(K).

IT. e. onpesenuTeneii Takux k X Kk II0AMATPUIL B A, INaBHAA JUATOHAIb KOTOPHIX ABIAETCA OAMHOXECTBOM
[JIaBHOM larOHaIy MaTpPUIIEL A.
2Cm. n° 8.4 Ha ctp. 137.
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8.5. PesynbTaHT. [IycTh MHOTOWIEHH f(X) = @ + a; X + ... + a,x" 1 g(x) = by + by x + ... + by, x™
UMeIoT K03bQUIeHTH B IIpousBoibHOM nose k u a, b, # 0. O6o3Haunm uepes V;, C k[x] Bek-
TOpPHOE TPOCTPAHCTBO MHOTOWIEHOB CTEIIeHU CTPOTO MeHbliie k. Hamuuue y f 1 g 0611ero KOpHA B
kakoM-HuOyab nose F O k paBHOCHIBHO TOMY, uTO deg HOA(f, g) = 1, a 3TO B CBOO OUYepesb SKBHBa-
JIEHTHO CyIIIeCTBOBAHUIO TAKUX He PABHBIX OJJHOBPEMEHHO HYJI0 MHOTOWIeHOB hy, € V,, u h, € 1,
gto fh, + gh, = 0.

VIIPAYKHEHUE 8.14. YOeJUTECh B 5TOM.

Mgl 3aK/II09aeM, YTO MHOTOWIEHE! f U g TOTZA U TOJIBKO TOT/Ia UMEIOT OO KOpeHb B KAKOM-HUOYIb
pacurupenuu F D Kk, korga k-nuHeitHOe oToOpaskeHUe

Vn @ Vo = Vi » (hy,hy) = fhy + gh,, (8-28)

uMeeT HeHyneBoe Aapo. [Tockoneky dim(V,, & V,,) = m + n = dimV,,,, 9To ycioBUe BhIpaXkaeTcs
PaBEHCTBOM HYJIIO OTIPEJEIUTENS MaTPUIbl oToOpakeHus (8-28) B kakux-HUOyAb 6a3ucax. B craH-
mapTHbIx 6asucax (1, 0), (x,0), ..., (x™*,0),(0,1),(0,x),...,(0,x" BV, ®V,ul,x,... xm"1
B V.., OTOOpaxkeHUe (8-28) MMeeT MaTpUILy

R
Qo b,
a; :
: a, b, _ b
0 m-1 .0 > m+n (8-29)
an a, bm :
by
an by /)
o AN v
' v
m n

(B cTonbIIax 3amucanbl KO3GPUINEHTOB MHOTOWIEHOB f U g, MOC/IEA0BATEIbHO CABUTaeMble Ha OJHY
KJIETKY BHU3 IIPU IBU’KEHUU CjIeBa HaIlpaBo, Bce OCTaJIbHble 3/IeMeHTHl MaTPUIIEL HysleBble). Ompese-
JIUTeNb MaTpuLs (8-29) HasbBaeTcsa demepmuranmom Cunbeecmpa MHOTOWIEHOB f, g. Takum obpa-
30M, MHOrowreHs! f, g € k[x] umetor ob1mumii kopeHs B HekoTopoM pacmnperud F D k monsa k, eciu
Y TOJIBKO eCJIN X leTepMUHAHT CuibBecTpa o6palnaercs B Hylb.

PaccmoTpuM Teneps koablio K = Z[a,, by, a4, ...,y 1, -, By ] ¥ MHOTOWIEHBI

n
Ax)=ag+a;x+...+ax"¥a, H(x - ;)
i=1

n (8-30)
B(x)=bo +byx+ ...+ bpx™ € b, [Tx -5,
j=1
JIexarrye B Kosbile K|[x]. DimemeHT R 4, KoubLia K, 3az1aBaeMbIii paBeHCTBAMU
n m
Rap & apby [J(@ - ) = at [] Bla) = 0™ by, [ A8 (8-31)
ij i=1 j=1

Ha3bIBAETCSA Pe3yIbMaHmoM MHOTOwIeHOB (8-30). Byyun cuMMeTpUYeCKMM KaK IT0 IEPEMEHHLBIM ¢,
TaK U [0 IlePeMEHHBIM f3;, PE3YJIbTaHT JIEXXHUT B [IOAKOJbLIE KOJbLA K, COCTOSAIEM U3 MHOTOWIEHOB
oT a,,, b, 1 OT a/1leMeHTapHBIX CHUMMETPUYECKIX MHOTOWIEHOB € (, ..., Ap) U ep(Bq, ..., fm)-



8.5. PeaynbraHT 141

[IPEAJIOXKEHME 8.4
Pesynbrant R, p paBeH B Konblle K netrepmunanty CuibBecTpa MHOro4wieHoB (8-30). Kpome Toro,
CYILLECTBYIOT TaKWe MHOTOWIEHH ¢, Y € K[x], uro A(x) - ¢(x) + B(x) - Y(x) = Ry -

JOKA3ATE/NBCTBO. O603HaUMM MaTpully (8-29) uepes S. [To npeAbAyIieMy A1 JIFOOBIX MHOT'OWIEHOB
Px) = Qo+ QX + oo + @ XU P(x) = Py + PyX + ...+ Py x™ T cTONRGEL KOGPHIIMEH-
TOB MHOTOWIeHA A + B ABJIAETCA pe3yabTaTOM YMHOXKEHHA CTONONA (Pg, - » Ppp_1> Po» -+ » wn_l)t
c/eBa Ha MaTpuy S. Vs paseHcTBa S - S¥ = det(S) - E BBITEKaeT, 4TO B IEpBOM CTO/NOIE MATPUIIEL S~
BBINMCAHBI PYT II0A ApyroM K03 PUIIMeHThl TaKUX MHOTOWIEHOB @, Y € K[x], 4To

A(x) - p(x)+ B(x) - P(x) =detS € K. (8-32)
Paccmorpum detS € Zlay, by, a4, ..., Ay B -+ - » P ] KaK MHOTOWIEH OT @; ¢ K03bUINEeHTaMU B
KOJIbIle MHOTOYIEHOB OT BCEX OCTAaJbHBIX NlepeMeHHHIX. [lonarasa a; = ,Bj U TIOZACTABJISAA B paBEH-

cTBO (8-32) x = @; = fB; moy4aeM B JIEBOM YaCTH HYJIb, [IOCKOJBKY IIPU @; = f3; 062 MHOrOWIEHa
A(x)n B(x) obpamjaloTcABHyIbIpUX = a; = ;- TloaTomy det S menmuTcs B Kosiblle K Ha Bce pasHOCTH

a; — ,6’]-. Tax kak konblio K = Z[a,, by, a4, ..., Ay, Py --. » fr] GaKTOpHaNbHO, @ Bce 3T Pa3HOCTU
HeNPUBOZYMEI 1 IIONIapHO He acconuupoBansl, det S genurca Ha [ [; j (a; — Bj). C Apyroii CTOPOHBL, 110
-k ~k
dopmynam Buera a;, = (—-1)" *a,e,_p(ay,....,a) ub, = ()" b e _1(Bis-- s Bm), ThE €, —

aJIeMeHTapHble CUMMeTPUYecKre MHOTOWIEHE!. [105TOMy IepBble M CTOJNOI0B MAaTPULBL S AeIATCsI
mipn —

Ha a,, a HocaeaHue n — Ha b,,,. Tem cambim det S genures Ha ay, by, [; j(a;— Bj) = Ry - Tlockonpky

NeKkcuKorpapuIecKy cTapuiie wieHsl y detS u R, p 06a paBHHI ay by, (@ ... )™, MBI 3aKTI09aeM,

YTO 9aCTHOE OT AE€JIEHUA PAaBHO 1. O

[TPUMEP 8.8 (MCKJIIOUYEHUE IIEPEMEHHBIX)

Hap anrebpandecku 3aMKHYTHIM IToseM k mapa gucen (x,, y,) € k? Torza ¥ TONBKO TOTZA ABJIAETCA
pellleHreM CUCTeMBbI TOJIMHOMHUANIbHBIX YpaBHeHuUH f(x,y) = g(x,y) = 0, rze f, g € k[x, y], xorza
MHorowiessl f(x,y) = f,.(y) u g(x,y) = g,(¥), paccMaTpuBaeMble KaK MHOTOWIEHE! OT y ¢ K0addu-
IeHTaMH" B Kosblle k[x], uMeroT Ipu x = x, 00Ul KOpeHb Y = Y, YTO PABHOCIIBHO 06paIeHIIO
B HYJIb DU X = X, pe3y/nbTanta Ry , € k[x] 9T1x AByX MHOrOWIeHOB OT y. TakuM 06pasoM Kaxzas
cucTeMa U3 ABYX IIOJTMHOMUAIbHBIX YpaBHEHUH Ha X, Y CBOAUTCA K OZHOMY IIOJTMHOMUAJIBHOMY YpaB-
HEHUIO Ha x — oOpallleHUIo B HyJb JeTepMuHaHTa CHIbBECTPA, COCTABIEHHOT0 U3 Jexamux B k[x]
K02bQUINEeHTOB MHOTOWIEHOB f,, g, € k[x][y]. 9Ta mpouiesypa Ha3bIBaeTCA UCKIIOUEHIEM TepeMeH-
Hotl y u3 ypaBHeHuti f (x,y) = g(x,y) = 0.
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Yymp. 8.1. max¥(g) = n(n — 1)/2 gocturaercs Ha eAMHCTBEHHOU nepecTaHoBke (n,n — 1, ..., 1).

yrip. 8.2. VHaykuus no n. Kaxkaast nepecTaHoBka g = (s, ... , gy,) ABIAETCA KOMIIO3UIMER g = g o g’

TPAHCIIO3WIINHY T, EPECTABIAIMEN MeXLy CO60I0 3NEMEHTHI N U g,,, U IeEPeCTaHoBKu g’ = 0 o g,
ocTap/IAOLIel 3/1eMeHT n Ha MecTe. 1o uHAyKIMY, g’ packiazbBaeTcsa B KOMIO3UIUIO TPAHCIIO3HU-
LIMMH, He 3aTparuBaoIyX JIEMEeHT N.

ymp. 8.3. Korzia Bce Touku nepeceyeHus ABOMHBIE U TpaHCBepcaIbHbIE, IBE HUTH, UAYIIHE U3 [ U U3 J
mepeceKaloTcs MeXxAy cob60i0 HEYETHOE YUCIIO pas, ecyiu apa (i, j) UHBepCcHa, U YETHOE, CJTU He MH-
BepCHal. Jlna Tacyroleli nepecTaHoBKH (i, ..., ik, Jq, .- » jy,) HATH, BBIXOAAIIME U3 i, ..., i}, BepX-
Hel CTPOKH He IlepeceKaloTcs MeXAy coO0I0 U IlepeceKaroT, COOTBETCTBEHHO, i; — 1,1, —2, ..., i, —k
HAUMHAIOIMXCA ieBee HUTeN, BRIXOAAIINX U3 j-ToUeK BepXHel CTPOKHU, IPpUYEM Bce 3TU HUTU He Tie-
peceKaroTcs Mexy coboio.

Vip. 8.4. Em g ABIAETCA KOMIIO3ULMEH TPAHCIIOSULUH 03, 0y_4 ... 04, TO § & = 0 ... 0}, ABIAETCA
IIPOM3BEAECHUEM TEX XK€ TPAHCIIO3UIIUH B IPOTUBOIIOJI0KHOM IIOPAJKE.

Yup. 8.6. IIpu 4éTHOM n LieHTp anre6ps K (&, ..., &, ) IMHEHHO MOPOXK/AaeTCss MOHOMaMH YETHBIX CTe-
neHel, Npy HeYETHOM N — MOHOMAaMU YETHBIX CTeTleHel U cTaplUIMM MOHOMOM &4 A. .. A, , IMEIOIIUM
B 3TOM CJTyyae HEYETHYIO CTEIIeHb.

yrip. 8.8. Beps onpeaenuTeny B paseHcTBe C - C~1 = E, momydaem det(C) - det(C™!) = detE = 1.
det A* u (AB)t = BtAt.

Yrp. 8.9. J10 cienyet u3 paBeHCTB det A

Ymp. 8.10. Eciu Bce Aij = 0, moymoxkuM A = 0, ecy, ckaxeMm, 4,, # 0, ToNI0KUM

A= <1 0 _A23/A12 _A24/A12> )
0 A12 A13 A14

O6paTHTe BHHMAaHMeE, YTO paBEHCTBO
A.. = det <_A23/A12 _A24/A12>
34 —
A13 A14

SKBHUBAJIEHTHO cOOTHoIIeHuIo [Imtokkepa u3 ¢popm. (8-20) Ha cTp. 136.

Yop. 8.11. Ecsiut cTosAIIMe B JIEBBIX YaCTAX ypaBHeHUM (8-25) muHeiHbIe GOPMBI

a; = (g, Qiqseee Qi) € KT
MUHeHHO He3aBUCUMEI, TO TI0 JieMMe O 3aMeHe” HMH MOKHO 3aMeHUTb TOJXO/SIINE N KOBEKTOPOB
cranzapTHOro Gasuca B k1", IlycTs 510 GyayT mociesHue n GasHCHBIX KOBEKTOPOB. KOIb CKOPO
xoBekTop (1, 0,...,0) 1 KOBEKTOpPHI g, ..., @, 00pa3yloT 6a3uc, ompesennuTeb, COCTABIEHHBIN U3
CTPOK UX KOOpJMHAT, OTIIMYeH OT HyA. PackrassiBas ero 1o crpoke (1, 0, ..., 0), BUAuM, 4TO OH pa-
BeH A, oTkyza A, # 0. Eciu xe cTpoku MaTpHUIlb A TMHEHHO 3aBUCUMEL, TO Bce A; = 0.

'Ha camom zerne KapTUHKY BCerZia MOXKHO HapHCOBaTh TaK, YTOOBI KOJIMYECTBA TOUEK IlepeceueHrs B 3TUX
ABYX CIy4daAx paBHAINCH 1 1 0 COOTBETCTBEHHO
2Cm. JeMMy 4.2 Ha cTp. 48 nexnuu http://gorod.bogomolov-lab.ru/ps/stud/geom ru/2122/lec 04.pdf.

167


http://gorod.bogomolov-lab.ru/ps/stud/geom_ru/2122/lec_04.pdf

168 OTBeTH! U YKa3aHUA K YIPaKHEHUAM

Ymp. 8.12. JTo BBITeKaeT U3 npuM. 8.6 Ha cTp. 136. ITonaraa B dopm. (8-21) Hacrp. 136 x =1,y =tn
B = E, nony4yaeMm pasioxeHue

det(tE + A) = t™ + Z e mZ

#I=m
— 4+ n-1 n-1 — ..., _
=t "+t Zi aii+t Zi<j(aiiajj auaﬂ)+...+tzi aii+detA,

rzie KoadduupeHT npu t™ ¢ paBen cymme ompezienuTerneii Beex k X k mogMaTpuIl B A ¢ TIaBHOI ua-

TOHaJIBbIO, coZiepXKalleiics B IMIABHOM AUaroHaIu MaTpUIsL A.

yip. 8.13. f(C)g(C) = Yoy Xy jmk C'A;C/By = Ypo" Yy ik CHAB; = Y0 €4 Y ik AB) =
=Y ekl = h(C).

Ymp. 8.14. Eciu f = hep, g = hip, tnedegh > 0, Todegp < n,degy <mu fyp — go = 0. Eciu ke f
U g B3aMHO IIPOCTHI, TO U3 paBeHCTBa fh; = —gh, BeITekaeT, 4To g | hy, a f | h,, 4YTO HEBO3MOXXHO
JUI HeHyneBBIX hy, h, cdegh, < mudegh, < n.
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