§4. Npgeaspl, paKTOp KOMBbIA U PA3JI0KEHE HA MHOXKUTETH

4.1. Upeasnsl. [Toakombiio I KOMMYyTaTUBHOTO Kosiblla K Ha3bIBaeTCA UOedloM, ECTTU BMECTE C KaXK-
JBIM CBOMM 3JIEMEHTOM OHO COJEPXKHUT U BCe ero KpaTHble. B n° 1.5.3 MBI BU/eIH, YTO 3TUM CBOM-
CTBOM 06safiaeT ipo o60ro romoMopduamMa Kosell. MHOXKEeCTBO BCEX JIEMEHTOB KOJIbIIA, KPATHBIX
¢dUKCcHpoBaHHOMY A/IeMeHTy a € K, Takke sABiseTcs nuieanoM. OH o603HavaeTcs

(a) ={ka| k €K}, 4-1)

Y Ha3bIBAETCS 2/1a8HbIM UIEAJIOM, TIOPOXKIEHHBIM a. [JTaBHBIE HieaTbl UCTIOIb30BaMCh HAMU IIPHU TI0-
crpoenuu Koxen BerdeToB! Z/(n) uk[x] / (f), Tie OHM BOHUKAIM KaK Apa FOMOMOPOHU3MOB BaKTo-
pusanuu Z » Z/(n), m — [m],, uk(x] » kix]/(f), g — [g]f, TlepeBOAAIINX 11eJIoe YrcjIo (COOTB.
MHOTOYIEH) B KJlacc ero Beidera. Cpey IIaBHBIX HWeaioB MMEIOTCA mpusuaibhslii ugean (0), cocto-
SIUH TOJIBKO U3 HYJIEBOTO 3JIEMEHTA, U HecobcmaerHbill ugean (1), coBmasarmuii co BCeEM KOMbILIOM.
Wzeasbl, OTIMYHBIE OT BCETO KOJIbIA, HA3BIBAIOTCS COOCIMBEHHBLMU.

YTIPAXKHEHUE 4.1. [IoKa)XuTe, YTO CJIeYyIOIINe YCIOBUA Ha uean I B KOMMYTaTUBHOM KoJblle K ¢
eAVHUIIEH sKBUBaleHTHB: A) [ =K B) 1 €1 B) I cogepXuT 06paTUMBIiL dJIEMEHT.

[IPEAJIOXKEHME 4.1
KomMmyTaTtuBHOe Koyblio K ¢ eiMHUIEN TOT/Ia M TOJBKO TOTZA fABJISAETCA TOoJieM, KOTrZa B HEM HeT
HETPUBUAIBHBIX COOCTBEHHBIX H/IEAJIOB.

JJOKA3ATE/IBCTBO. M3 yTIp. 4.1 BEITEKAET, YTO B I10JIe TAKUX HzleanoB HeT. HA060poT, ecsiu B KOJIbIe HET
HeTPUBUAJIBHBIX COOCTBEHHBIX WIeaIOB, TO [MIABHEIHN nzea (b), coCTOAMNN U3 BCceX KPATHBIX IIPOU3-
BOJIBHO B3ATOr0 3/ieMeHTa b # 0, coBIlaZiaeT co BCceM KOJIBILIOM. B 4acTHOCTH, OH COAEPKUT eJUHULLY,
T.e. 1 = ab ana HekoToporo a. Tem cambIM, 0601 HEHY/IEBOU /IeMEHT b 06paTHUM. [

4.1.1. HérepoBocTsk. JItoboe moagMHOkecTBO M C K mopoxkzaaeT ugean (M) C K, cocTosmuii u3
BCeX 37IeMeHTOB Koiblla K, IIpe/icTaBUMBIX B BuAe b, a, +...+b,a,,, rae a,, ... , a,, — IPOU3BOJIbHbIE
aJIeMeHTHl MHOXecTBa M, a by, ..., b,, — TIIpOU3BOJIbHbIE 3MeMEHTHI KoIblia K, U YHCIIO claraeMbIX
m € N Takxe mIpOU3BOJBLHO.

VIPAXKHEHUE 4.2. Yoeautech, uto (M) C K sBJseTcsa uieaioM U COBIAZAET C ITepecevueHrueM BCex
W/IeajioB, COlepXKallX MHOXECTBO M.

Jltoboii uaean I C K umeet Buz (M) [ IOAXOAAIIEr0 MHOXKeCTBa obpasytomux M C [: HanpuMmep,
BCer/ia MOXKHO NoNoxuTb M = [. Vgeanet I = (a,,...,a;) = {byja,; + ... + bpa; | b; € K}, nomycka-
IolMie KOHEYHOE MHOXECTBO 00pa3yIoIUX, Ha3bIBAIOTCA KOHEUHO NOPOXCOEHHbIMU. MBI BCTpeYaIrch
C TaKUMM HJieajiaMu, KOT/ia JOKa3bIBAIU CYI[ECTBOBaHUE HaUOOJIBIIIETO OOIIETO AETUTENA B KOJMbIIAX
LIEJIBIX YKCET U MHOTOWIEHOB ¢ KO3QPHUI[EeHTaMU B IOJIE.

JIEMMA 4.1
Crnezyromiye CBOMCTBA KOMMYTaTUBHOI'O KOJIbIIa K TTOMAapHO SKBUBAJIEHTHBI:

1) mo6oe moaMHOXecTBO M C K cofepXKUT KOHEUHHIM Habop 27IeMeHToB a4, ..., a4, € M, 1mo-
POXKJAIOUINI TOT JKe uzeast, 9to u M

2) mo6oii uzean I C K KOHEYHO MOPOXKAEH

1Cm. n° 1.4 Ha cTp. 28 mn° 2.3.1 Ha cTp. 43.
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3) mobaa 6eckoHeYHadA BO3pacTarolas IIeNoYKa BIoKeHHBIX ugeanoB [; C I, C I; C ... BK
CTabWIM3UpYyeTcsA B TOM CMBICIIe, YTO Halaérea Takoe n € N, uro [, = [, And Bcex v 2> n.

JIOKABATE/IBCTBO. fcHo, uTo (1) BredéT (2). YToOw! momy4uuTs (3) u3 (2), 3aMeTuM, 4To 06beJuHEHNE
I = U I, Bcex njieasoB LIENOYKH TOXe ABJIAeTca naeanoM. CornacHo (2), ngeant | IOpoXAEH KOHEY-
HBIM Ha60pOM 371eMeHTOB. Bce oHU IIpHHazIeXXaT HeKoTopoMy uzeany I,,. Toraa I, = I = [, npu
v 2 n. Yro6sl BeBectH (1) u3 (3), 6yAeM 0 MHAYKIIUYI CTPOUTD LIENIOUKy uaeasnoB I, = (a,, ..., a,),
HayaB C IPOMU3BOJIBHOTO 3JIeMeHTa a, € M u fo6aBiad Ha k-ToM IIary odepefHyo oOpasyolyio
ay € M~ Ij,_; 10 TeX 1IOp, II0Ka 3TO BO3MOXHO, T. €. moka M ¢ [ Tak xak [},_; & I, oTOT mponecc
He MOXXET MPOJO/DKAThCS O€CKOHEYHO, M Ha KaKOM-TO IIary MbI MOJIyYUM WZieas, CoAepKalluii Bcé
MHOXXeCTBO M, a 3HaYUT, coBIazaomuii ¢ (M). O

OIIPEJEJIEHUE 4.1
Koo K, yaoBIEeTBOpsIIOLIEE YCIOBUAM JIeM. 4.1, Ha3pIBaeTCsa Hémeposbim. OTMETHM, 4TO JT1I060€ 110-
Jie HETepOoBO.

TEOPEMA 4.I (TEOPEMA ['MJIBBEPTA O BA3UCE U/IEAJIA)
Ecu xonb1io K HETEPOBO, TO KOJIBI[O MHOTOWIEHOB K [X] Tak:ke HETEPOBO.

JIOKA3ATEBCTBO. PaccMoTpuM npon3BonbHEIN ugean I C K[x] u o6o3Hauum depes L; C K MHOXe-
CTBO CTapuINX KO3GpGUINEHTOB BCeX MHOTOWIEHOB cTeneH! He Bbiie d us [, ayepes L, = | J ala—
MHOXXECTBO CTapIIux ko3¢ UIMEHTOB BOOOIIE BCEX MHOTOWIEHOB U3 .

YIPAYXKHEHMUE 4.3. YoeauTech, 4To0 Bee L, (Brumouas L) ABIAOTCA neanaMu B K.

[Tockonmpky kosbllo K HETEPOBO, Bce Hzeanbl L,; KOHEYHO mopoxJeHsl. Jia kaxzaoro d (Bkirouas
d = oo0) 0603HAYNM Yepe3 fl(d), e ,5;’? € K[x] MHOrowieHsl, crapuye Ko3$OUINEHTE KOTOPBIX
MOPOXXJAIOT COOTBETCTBRYIomuit unean Ly C K. IlycTb Haubosblas U3 cTereHeil MHOTOWIEHOB fi(°°),
crapumye Ko3$PUINeHTH KOTOPHIX IIOPOXKAAIOT uzeant L, paBHa D. ITokakeM, 4To uzeas I IOpox-
JaeTcss MHOTOYWIeHaMU fi(°°) u fj@ cd < D.

Kaxzp1il MHOrOwIeH g € [ cpaBHUM IIO MOZY/II0 MHOI'OYIEHOB f1(°°), cees fr(n":o) C MHOT'OWIEHOM,
CTelleHb KOTOPOT'o CTPOTo MeHbllle D. B camoM zeste, HIOCKOJIBKY CTapUInii Ko3$UIIMeHT MHOTOWIe-
Ha g JIeXUT B Wzease L, oH umeet Bug Y. A;a;, tie 1; € K, a a; — crapiuve KoaGGpUIHEHTH MHO-
TOWIEHOB fi(°°). Ilpu degg > D Bce pasHocTu §; = degg — deg fi(°°) > 0, u MOXHO 0Opa3oBaThb
MHOTOWIEH h = g — ). A; -fi(°°)(x) . xfi, CpaBHUMBEIH ¢ g 1o Mozy:mio | 1 umetomuii deg h < deg g. 3a-
MeHsieM g Ha h U TIOBTOpsieM IPOLEAYPY, [T0OKA He MOJyYUM MHOTOWIEeH h = g (mod (f1(°°), e ,ﬁf:g))
cdegh < D. Teneps crapiuii k03 dUIMEHT MHOTOWIEeHa h IeXKUT B uzeane Ly cd < D, 1 MBI MOXXeM
CTPOTO YMEHBIIATh €T0 CTEIIEHb, TEM JKe CITIOCOO0M COKpaliasi CTapIINi WieH ITyTéM BEIYUTAHUSA U3 h
MOZAXOAAIINX KOMOMHAIINI MHOTOWIEHOB fj(d) c0<d<D. O

CIEACTBYE 4.1
Ecinu K HETepOBO, TO KOJIBLIO MHOTOWIEHOB K[x;, ..., X, ] Takke HETEPOBO. (|

YOPAXKHEHUE 4.4. [IOKQXXWTe, 9TO KOJIbII0 GOPMAaTbHBIX CTENIEHHBIX PATOB HaJl HETEPOBBIM KOJIBIIOM
HETEPOBO.

C/IEACTBUE 4.2
Jltobast crcTeMa MOJMHOMUANBHBIX YpaBHeHUl ¢ K0addHIileHTaM B HETEPOBOM KOJIbIle SKBUBA-
JIeHTHa HeKOTOpO KOHEeUHO cBoell mozcucTeMe.
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JJoKA3ATENBCTBO. Ecn konbrio K HéTepoBo, TO Koiblo K[x,, ..., Xx,] ToXe HETEPOBO, U B JTIOOOM
MHO)XecTBe MHorowleHoB M C K|[x,, ..., X, ] MOXXHO yKa3aTb TaKoi KOHEYHbIH HA60p MHOTOWIEHOB
fi> -+ s fm € M, uTo Kax/blii MHOrOWIeH g € M mpeAcTaBadeTca BBuAe g = h,f; + ... + hy, f,, Ana
HEeKOTOpHIX h; € K[x4, ..., x,]. TloaToMy tob0e ypaBHeHMe BuAA (X4, ..., X,) = 0c g € M ABndAeTca
C/IeICTBUEM M YpaBHEHUH f; (X4, ..., X,) = ... = f (x4, ..., x,) = 0. g

4.1.2. IIpuMepbl HeHETEPOBBIX KoJell. Koapllo MHOTOWIEHOB OT CYETHOIO MHOXXECTBa Iepe-
MeHHBIX Q[x4, X,, X3, ...], 27IeMEHTE KOTOPOT'O CyTh KOHEUHBIE TMHEeHHbIe KOMOMHAIIIY C palllOHab-
HBIMM K03¢duIieHTaMi BCeBO3MOXKHBIX MOHOMOB BHZA x,T,'ileZZ xf,'z ° He ABJIAETCA HETEPOBBIM:
ero uzean (X, X, ...), COCTOAIINH M3 BceX MHOIOWIEHOB 6e3 CBOOOHOTO WieHa, Helb3s MOPOJUTh
KOHEYHBIM MHOXXECTBOM MHOTOWIEHOB.

YIPAXKHEHUE 4.5. JJOKQ)XHUTE 3TO U BBICHUTE, IBJIAETCSA JIM KOHEYHO ITOPOXKAEHHBIM H/eal, 06pa3o-
BaHHBIN B KOJIbIE 6eCKOHEYHO MTaAKuX GyHKIMH R — R BceMu GyHKIUAMU, KOTOPHIe obpaiia-
IOTCA B HyJIE B HyJIb BMECT€e CO BCEMU CBOMMMY IIPOU3BOAHBIMU.

[IPEOCTEPEXKEHUE 4.1. T10IKOJIBI[0 HETEPOBA KOJIbIla MOXKET He O6BITh HETEPOBBIM. Harpumep, Kob-
110 popMasbHBIX cTeneHHbIX psigoB C[[z] HéTepoBo 1o yIIp. 4.4, TOra KaK ero MoAKOJ b0 06pa3oBaH-
HOE PsilaMH, CXOJSIIMMUCS BCIOAY B C, HETEPOBHIM HE SBJISIETCS.

YIIPAKHEHMUE 4.6. [IpyBeauTe puMep 6eCKOHEYHOM BO3PACTAIOIEH IIENOYKHU CTPOTO BIOXKEHHBIX
W7leajioB B KOJblie cxoaamuxcs Berogy B C creneHHbix psagos us C[[x] .

4.2. ®akTop Kouabna. [IycTh Ha KOMMYTaTUBHOM KoJiblle K 3a/jlaHO OTHOIIIEHVEe SKBUBAJIEHTHOCTH,
pazbuBaroiiee K B IU3BIOHKTHOE OObEMHEHNE KJIACCOB SKBUBAJIEHTHBIX 37eMeHTOB. O603HaUYUM
MHOXKECTBO KJIACCOB Yepe3 X U pacCCMOTPUM CIOPEKTHBHOE OTOOparkeHre GpaKTOpU3aLuu

n: K->»X, aw[a], (4-2)

nepeBoAsAllee 3IeMeHT a € K B ero Kjacc 3KBUBJIEHTHOCTH [a] C K, ABIAIOMIMICA 31eMEHTOM
MHOKecTBa X. MBI XOTUM 3aZiaTh HA MHOXECTBE X CTPYKTYPY KOMMYTAaTUBHOI'O KOJIbLIA, ONIPE/eINB
CJIOXXKeHHe U yMHOXKEHNe TeEMH )Ke caMU IIPaBUIaMHU

lal +[b]l =[a+D], [a]-[b]=I[ab], (4-3)

KOTOpBIE MBI HCIIOJIb30BAIX B KOJIbI]aX BBIYETOB. EC/IM 3TU MpaBwia KOPPEKTHBI, TO aKCUOMbI KOM-
MyTaTHBHOTO KoJbIla B X GYAyT aBTOMAaTHYECKH BHITIOJTHEHBI, KaK U /JIs KOJIEI] BHIYETOB, TOCKOIbKY
dbopmyssl (4-3) CBOAAT MX MPOBEPKY K IIPOBEPKE aKCMOM KOMMYTaTHUBHOT'O KoJiblia B K. B yacTHOCTH,
HyJIEBBIM 2/IEMEHTOM KoJibija X 6yzet kiacc [0]. C gpyroii cToponsl, eciv GopmMysibl (4-3) KOPPEKTHBL,
TO OHU YTBEPXKAAIOT, YTO oToOpaxkeHue (4-2) siBisiercsa romomopdusmom koell. Ho eciiu 310 TakK, To
commacHo n° 1.5.3 Ha ctp. 31 wiacc Hyns [0] = kerw, cayxaiuit AgpoM aToro romomopdusma, siB-
nsietcs uzeanoM B K, a kiacce [a] C K mpousBosibHOTO ajeMeHTa a € K, cryxaluii mpoobpasom
TOuKH [a] € X ipu romomopdusme (4-2), ABIsAeTcS aAJUTUBHBIM CIBUTOM siipa Ha dJIEMEHT a.:

[al=n"(m(a)) =a+kerm=a+[0]={a+b|be[0]}.

OKasbIBAETCsI, YTO STUX HEOOXOMMBIX YCIOBUM Ha KJIACCHI TAKXKE U I0CTATOYHO /IJIS TOTO, YTOOHI ITpa-
BwiIa (4-3) 6bUTM KOPPEKTHBI, T. €. JJIs1 JIT0060ro uzieana I C K MHOXECTBO KJIacCoOB

[a;=a+I1E{a+b|beEI} (4-4)
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obpasyer pa3bueHnue konblia K, v mpaBuia (4-3) KOppeKTHO OIpeZeAioT Ha KJIaccax 3Toro pasbue-
HUA CTPYKTYPY KOMMYTAaTHBHOTO KOJIbLIA C Hy/IeBBIM 21eMeHToM [0];, = .

YIIPAXXHEHMUE 4.7. Y6eaUTeCh, YTO OTHOIIEHNE CPaBHUMOCTH 10 MOZYJIIO Heana a, = a, (mod I),
O3Hayarllee, YTo a4, — A, € [, ABjlAeTCcA OTHOIIeHWEeM 5KBHUBAJIEHTHOCTH, U IIpOBepbTe, 4TO
dopmyibl (4-3) KOPPEKTHBL.

OTIIPEZEJIEHUE 4.2

Kiaccel 5KBUBaJIEHTHOCTH (4-4) Ha3BIBAIOTCA KAACCAMU 8bluemos (MIH CMEeNCHbIMU KAdccamul) TI0 MO-
ayiio uzeasna I. MHOXKeCTBO 9THX KJIACCOB C omepaiuaMu (4-3) HasbiBaeTcsa (akmop KoablUoM KOJb-
na K no uzeany I v o6o3navaercs K/I. Suumopdusm K » K/I, a — [a];, cOnoCcTaBIAIOIIN KaXXI0My
3JIEMEHTY KOJIbIla €r0 KJIacC BHIUETOB, HAa3bIBAETCS 20MOMOPPHUIMOM pakmopusayuul.

IIPYIMEP 4.1 (KOJIbIIA BBIYETOB)
Paccmartpusabiuecs Briie kosnbia Z / (n) u k[x] / (f) cyts daxTop Kosblia KOMbIA LEbIX YUCTIET U
KOJIbI]a MHOTOWIEHOB IT0 I1aBHBIM uzieanam (n) C Z u (f) C k[x] coorBeTcTBEHHO.

[IPIMEP 4.2 (OBPA3 TOMOMOP®M3MA)
CoracHo n° 1.5.3, a1 ito60ro roMoMopdr3Ma KOMMYTaTUBHBIX KOJIell ¢ : A — B UMeeTcs KaHOHU-
gyeckuil usomopdusM Kosen ¢ : A/ker ¢ = im ¢, [alie, o P ¢(a), IepeBOAALINIT KK /BII KIacC

[a]ker(p =a+kerg = <P_1(<,0(a))
B ero o6pas ¢(a) = ¢([a]) npu romomopdusme ¢.

I[TpPUIMEP 4.3 (MAKCI/IMA]IbeIE UAEAJIBI U TOMOMOP®I3MbI BI)I‘{I/IC]IEHI/IH)

Vigean m C K HasBIBaeTCSI MAKCUMAIbHBIM, €CTH GaKTop Koibllo K /m saBisercsa noneMm. HasBaHnue
CBA3aHO C TeM, 4TO COBCTBEeHHBII naean m C K MakcHMaJleH, eciy U TOIBKO eC/IM OH He COZePIKHT-
Cs1 HU B KaKOM CTPOTO GoJbllieM COOCTBEHHOM H7iease, T. €. ABISETCI MaKCHMAaJbHBIM 3JIEMEHTOM B
yyMe? cOGCTBEHHBIX H/eaoB KoJblla K, 4aCTHYHO YIOPAZOYeHHbIX IO BKIIOUEHHIO. B caMoM zere,
0o6paTHMOCTh BCeX HEHY/IEBBIX K1accoB [a],, B dakTop Kosblle K /m 03HaYaeT, 4To 1A M060ro a & m
HaliayTesa Takue b € K, m € m, uro ab + m = 1 B K. IlocjiieHee paBHOCUIBHO TOMY, 4TO HU/e-
an (m,a) 2 m, MOPOXAEHHBIN M U 3JIEMEHTOM a & m, COAEPKUT 1 U coBmazaet ¢ K, T. e. 9To ngean m
HE COZIEP)KUTCS HU B KAKOM CTPOTO 6OJIbIIIEM COOCTBEHHOM H/Iealie.

W3 1eMMBbI I_[opHa3 BBITEKAET, YTO JII0OO0M COOCTBEHHBIN H/eall TPOU3BOIFHOTO KOMMYTAaTHBHOTO
KOJIbLIa C eJUHUIIeH colepKUTCA B HEKOTOPOM MaKCHMajabHOM Hjease. B caMoM zesie, MHOXeCTBO
BceX COOCTBEHHEBIX U/IEa/IOB, COZEPKAIINUX POU3BOJILHO 33/jaHHbIH njean I C K, Toxe cocTapisaer
YYM II0 BKJIIOYEHUIO.

YIPAXKHEHUE 4.8. Y6eAUTECh, YTO OH MOJIHBIMH, T. €. [JIs JTF0O0T0 TMHEWHO YIOPAZ0YEHHOTO MHOXKeE-
crBat M cozepkanux | coGCTBEHHBIX MeaioB B K CyllecTByeT cOGCTBEHHBIN uzean J*, comep-
sKalllUK Bee uaeatsl us M.

!T. e. OTIMYHBII OT BCero Kosba.

2Cm. n° 0.7 Ha cTp. 16.

3Cm. 1. 0.1 Ha cTp. 20.

*B ZaHHOM CIy4ae 3TO 03HAYAET, UTO /1A JTHOBbIX J1,J, € M BhImoOnHsETCA BKItoYeHue J; C J, WIK BKIIIO-
yenue J, C J;.
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[To 1emme LlopHa cyinecTByeT TaKol COOCTBEHHBIH Hean m D [, KOTOPBIN HE COAEPIKUTCA HU B Ka-
KOM 60JIbIIIEM COOCTBEHHOM Hzeasie, cogepxkaieM /. Takoi ueas m aBTOMaTUYeCKH MaKCUMaJIEH T10
BKJIIOUEHUIO U B YYMe BCeX COOCTBEHHBIX UeaIoB Koblia K.

MakcruMasbHbIE WZeanbl BOSHUKAOT B KOJIbLAX GPYHKINH KaK sIpa 20MOMOPPHUZMO8 BbIUUCTEHUS.
A ¥MeHHO, TIycTb X — MPOU3BOJbHOE MHOXKECTBO, p € X — mrobas Touka, k — sitoboe mosne, u K —
KaKoe-HUOY/Zb TOAKOJIBIIO B KOJblle Bcex GyHKuuii X — kK, cogepxailee TOXXJECTBEHHO eAUHUYHYIO
dyukumio 1 u BMecTe ¢ kaxxzol oyHKIMel f € K copeprkaliiee U Bce IIPOIOPIMOHAIbHEIE el QpyHK-
unu cf, ¢ € k. Tomomopdusm Beruncienys evy, : K — k nepeBoaut ynkuuio f € K B e€ sHaueHue
f(p) € k. [TockonbKy OH ClOpbeKTUBEH, ero siapo kerev,, = {f € K| f(p) = 0} asnsercsa makcu-
MaJIbHBIM HzieaysoM B K.

VIIPAXKHEHUE 4.9. YOeJIUTECh, UTO:  A) K&K/bIH MaKCUMAaJIbHBINA njean kKonblia C[x] umeer Buz
ker ev,, a1 Hekotoporo p € C B) B KosbLie HenpepbIBHbIX GyHKUwiA [0, 1] — R xaxkzplii Makcu-
MaJIbHBIHN uean uMeeT BUA ker evy, Anda HeKkoTopoi Touku p € [0, 1]. B) Ykaxure B kosblie R[x]
MaKCHUMaJIbHBIN HUeas, OTIMYHBIM OT BCeX M/eanoB Buja ker ev,, e p € R.

[TPUMEP 4.4 (ITPOCTBIE UAEAJIBI U TOMOMOP®I3MBI B TTOJIS)

Vigean p C K Ha3bIBaeTCss npocmoim, eCiv B GakTop Kosblle K /p HeT fAenuTesnei Hy/s. FlHave roBops,
ugean p C K MpoOCT, ecyik ¥ TOIBKO eC/iu M3 ab € p BBITEKAeT, uTo @ € p wiu b € p. Hanpuwmep,
aBHbIe uzeansl (p) C Z u (q) C k[x], rae k — moJe, mpocTsl TOTZa ¥ TOMBKO TOTZA, KOT/IA YUCIIO P
TIPOCTO, @ MHOTOWIEH q HETTPUBOJUM.

VIIPAYKHEHUE 4.10. YoeauTech B 9TOM.

CormracHo oTpeZieJIEeHUsIM, BCIKUM MaKCUMabHBIN uiean mpocT. O6paTHOe HEBEPHO: CKaYKeM, TIaB-
HbIl ugean (x) C Q[x, y] mpocrt, Tak kak Kosbuo Q[x, y]/(x) ~ Q[y] uenocTHoe, HO He MaKCUMAaJeH,
TIOCKOJIBKY CTPOTO COAEPIKUTCA B zAease (X, y) MHOTOWIeHOB 6e3 cBoGoaHoro wieHa'. [IpocThie uze-
asel Kosblla K SBJISAIOTCS sAApaMu TOMOMOP(U3MOB U3 KoJblla K BO BCEBO3MOXKHBIE TTOJIA. B camMoMm
nene, obpas io60ro Takoro romomopdusmMa, 6yayur IOAKOIBIIOM B II0JIe, He UMEET JeTuTes el Hy/Is.
Hao6opoT, dakTtop komb1o K /p mo npoctomy uzeany p C K ABJIsIETCSA MOAKOIBIIOM CBOETO OJIA YaCT-
HBIX Qj,, ¥ KOMIIO3ULMSA GaKTOpHU3aLUY U BIOKeHUA K > K /p o Qk 3amaér romomopdusm u3 K
B 11071e Q, C AAPOM P.

YTIPAXXHEHUE 4.11. Y6ezu/ITec1:, 9TO IIEpeCE€YICHUE KOHETHOI'O MHOXKECTBA N/ZI€AJIOB COAEPXKUTCA B ITPO-
CTOM HJeaJie P TOJIbKO €C/JIN XOTA OBI OAVH U3 NepeCEKaeMbIX NieajOB COAECPXKUTCA B P.

[IPUMEP 4.5 (KOHEYHO ITIOPOXKAEHHBIE KOMMY TATUBHBIE AJITEBPBI)
[Tycth K — MpOU3BOJIbHOE KOMMYTaTUBHOE KOJIBIIO C eIUHUIIEH. BCsiKoe KOJbIIO BUA

A=K[xy,....x,1/1,

rae I C K[x,,...,x,] — IpOU3BOJbHBIN HZeas, Ha3bIBACTCA KOHEUHO NOpoXncOéHHOU K -aﬂee6poﬁ2.
Krnaccel a; = [x;]; HassBatoTca obpasyrouwumu K-anrebpsl A, a MHOTOWIeHH f € [ — coomHoute-
HUSMU MEXy 3TUMU obpasytomumu. [oBopsa HepopManbHO, K -airebpa COCTOUT U3 BCEBO3MOXHBIX
BBIPQKEHUH, KOTOPBIE MOXKHO COCTaBUTh U3 3JIEMEHTOB KoJblia K 1 KOMMYTHPYIOIINX OYKB A, ... , Ay,

IT.e.B sape romoMopdu3Ma BEIYUCIEHUSA B HyJIE: eV - Qx,¥]1 > Q, f(x, y) — f(0,0).
2Wnu, 6osee TOPKECTBEHHO, KOHEUHO NOPONCIEHHOL KOMMYMAMUSHOTL anze6poti Has KOMbLIOM K.
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TIPY TIOMOIIY OTIEPAIIMH CJIOKEHUSA ¥ YMHOKEHUS, TPOU3BOAUMBIX C YIETOM MTOJTUHOMHUATBHBIX COOT-
HouleHu# f(a,, ..., a,) = 0 ana Beex f us . 3 1. 4.1 u ugymero ciegom ynp. 4.12:

YIIPAXXHEHUE 4.12. IToKkaxuTe, 4T0 GaKTOp KOJIbI[0 HETEPOBA KOJIbIA TOXKE HETEPOBO.

MBI IToJIy49YaeM

CIEOCTBYE 4.3

Bcskas KOHEUHO TOpOXKAEHHAA KOMMYyTAaTUBHAsA aire6pa Hasl HETepOBBHIM KOMMYTAaTUBHBIM KOTbIIOM
HETEPOBA, U BCE COOTHOILIEHUS MEXAY €€ 00pa3yIoLUIMMU SIBJISIOTCA CIeACTBUSAMHI KOHEYHOTO YHCIIa
COOTHOIIIEHUH. O

4.3. O6;acTH IJIaBHBIX MAeaJoB. LleJIocTHOE KOJbLO ¢ eJUHULIEH HAa3BIBAETCA 06ACTbIO 2/1A8HbIX
udeanos, eCJIV KaXK/IbIH €ro uzeas aBisgeTcs raBHeiM. HabmrogaBmmiics Hamu B §§ 1, 2 napasuienusm
Mexay konbliamu Z u k[x], rae k — mose, o6bsicHAeTCA TeM, YTO 06a KOJblia ABISIOTCI 061acTaMu
TJIaBHBIX HZleayioB. Mbl GaKTUUECKU YCTaHOBWIN 3TO MPU TIOCTPOEHUN HAUOOBIINUX OBIIUX ZeTUTe-
seit! . KITro4eBbIM 2/IeMEHTOM HaIlIIX paccykaeHui ObIIO0 desleHuUe ¢ OCMAamKoM.

[IPYIMEP 4.6 (EBKJIMJOBBI KOJIBLIA)
LlenocTHOE KOMBIO K C eAMHUIIEN HA3bIBAETCS e8K1U008bLM, €CJIU HA HEM UMeeTC (hyHKUUS 8bLCOMbL

v:K—>1Z,,=Nu{0},

¢ aByms ceotictBamu: (1) v(a) = 0 <= a = 0; (2) ans 06X HEHYNEBBIX @, b € K HaiaéTcsa Takoe
q € K,4aro v(a — bq) < v(b). Bce Takue q Ha3bIBAIOTCS HENOJHbIMU UACMHbBIMU, & COOTBETCTBYIOIIHE
PasHOCTU T = @ — bq — ocmamkamu OT AeJIEHUs a Ha b OTHOCUTENBHO BBICOTHI V. [louepKHEM, 4TO
HUKAKOU UX eTUHCTBEHHOCTH IS 33ZIlaHHBIX @, b He IIpeAroaraeTcs. B kaxkom HeHyieBoM uzease |
€BKJINZIOBA KoJblla K MMeeTcs: HeHy/1eBOH ayieMeHT d € | HauMeHbIel B [ BBICOTHI. [I0CKONBKY A1
qoboro a € [ Hatigércs Takoe q € K, uro v(a — dq) < v(d), uipu aToM @ — dq € I, MBI 3aKJIIOYaeM,
yTo @ — dq = 0 u, Tem cambiM, | = (d). [ToaTOMy Kask/Zioe €BKJINAOBO KOJIbll0 K sABJsieTCs 061aCcThiO
IJIaBHBIX N€a/I0B.

VIIPAXKHEHUE 4.13. JIOKaKHUTe eBKJIUJOBOCTD KoJell: A) Z cv(z) = |z|
B) k[x], rne k — mosne, cv(f) =degf + 1mpu f #0uv(0) =0
B)Z[i|¥ {a+bieC|lab€ELTZ i*=-1}cv(z) = |z|?
N Zwl E{a+bweCla,beZ w?*+w+1=0}cv(z)=|z|°
OyHKIUIO BHICOTH V & K — Z,, Ha MOOOM eBKINI0BOM KOJblle K Beersa MoXKHO BEIOpATh Tak, 9TOObI
JUI1 BCeX HEeHYJIEeBBIX a, b € K BBINOJHANIOCH AOMOJHUTENbHOEe cBoticTBO v(ab) > v(a). [na sToro,
3a/laBIIMCh KaKOH-HUOYb BEICOTOM V' | 171 BceX HeHy/eBHIX a € K MOoNoKIM

v(a) = min,cg., v’ (ax).

Torma mo onpeaenenuto v(ab) > v(a) Ansd Bcex HeHyNeBHX a,b € K uv(a) = 0, ecti ¥ TOJTBKO
ectr a = 0. Yéeaumces, 9To v ob6rafjaeT ¥ BTOPBIM CBOMCTBOM €BKJIM/IOBOM BBICOTHI. ITycTh V(b) =
= v/(bc) ana venynesoro ¢ € K. ITockobKy cymecTByeT Takoe ¢ € K, uto v/ (ac — beq) < v’ (bc),
MBI 3aKJII049aeM, uTo v(a — bq) < v’ ((a — bq)c) < v/(bc) = v(b), kak u Tpe6oBanock. BricoTa v co
cBotictBoM v(ab) > v(a) AJs BceX HEHYNIEBBIX a4, b € K Ha3bIBaeTcs npugedéHHOL.

YOPAXKHEHUE 4.14. [IOKQXXUTe, 9YTO B €BKJIWJOBOM KOJbBIIE C IPUBEAEHHON BBICOTON V PaBEHCTBO
v(ab) = v(a) BBITIOIHAETCS AJIT HEHYJIEBBIX A, b, €CJIU U TOIBKO eci b obpatum.

Cm.n°1.2.1 Ha cTp. 24 u ipezi. 2.3 Ha cTp. 41.
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Cy1iiecTBYIOT 06/1aCTH TVIaBHBIX U/I€AJIOB, He SBISIONNECS eBKINAOBEIMU KobllamMu. Hampumep, Ta-
KOBBIM SIBJIIETCS KOJIBIO Beex yucen Buza a + b{ € C,rae a,b € Z,a{ = (1 + \/—19)/ 2, ograko
coZiepKaTeIbHOe 00CyKIeHNe 3TOTO TPUMepa BBIXOAAT 32 PAMKH ITOHATUH, KOTOPBIMU MBI ITIOKa BJIa-
neeM. B mpum. 4.7 Ha cTp. 75 6yAeT gaHa xapaKTepusanus ob1acTell TIaBHbIX UI€aI0OB B TEPMUHAX
BBICOT C HEMHOTO 60Jiee cTabbIMU CBOMCTBAaMU, YEM y €BKJIUAOBOM BHICOTHI.

4.3.1. HO/l u B3auMHas IpocToTa. B KoJblle IMIaBHBIX UzeanoB K uzeasn
(ay,...,a,) = {x;a, +... + xpa, | x; € K},

MOPOXKIEHHBIH JII0OBIM HA60POM JIEMEHTOB A, ... , Ay, ABJIAETCA [JTABHBIM ¥ UMeeT BUZ (d) A71d HEKO-
Toporo d € K. Takum o6pa3oM, afieMeHT d IpejcTapiderca BBuge d = a. b, +...+a,b,,tae b; € K,
JIeJIUT BCe 2IEMEHTE! a; U AeUTCA Ha 1000 00U Ie/TUTeNb 3/IeMEHTOB a;, T. €. IBJIAETCA HAUbOob-
wum 06wuUMmM denumenem’ 35eMEHTOB ay,...,0a,. OTMETUM, YTO HANGOIBIINI OOIINI eTUTENb OTIpe-
JIeIEH He 0ZIHO3HAYHO, a C TOYHOCTHIO /10 YMHOKEHUS Ha ITPOU3BOJIBHBIN 06paTUMBIH 21eMeHT U3 K.

VIPAXKHEHUE 4.15. Y6eAUTeCh, YTO B JIF0OOM 11€JIOCTHOM KOMMYTaTUBHOM KoJiblie K TiaBHbIE Ujea-
e (@) u (b) cOBMAAIOT, ECIU U TOJIBKO €U a = Sb /7151 HeKoToporo o6paTumoro s € K.

[TosToMmy Bclozy Aasee ob603HaYeHUe HOA(A,, ... , A, ) IOApa3yMeBaeT IiefIbli KJIace 371eMeHTOB, IOy-
YaIOMIUXCA APYT U3 APyra YMHOKEHUAMY Ha 06paTUMBble KOHCTAHTHI, U Bce GOPMYJIbI, KOTOPhIe 6yAyT
IMCAThCA, OTHOCATCA K IPOU3BOJIBHO BHIGPAHHOMY KOHKPETHOMY IPeZICTaBUTENIO 3TOTo Kiacca”. B
JaCcTHOCTH, PABEHCTBO HOZA(A4, ... , A,) = 1 0O3HayYaeT, YTO y 3/IeMEHTOB a; HeT HeoOpaTUMBIX OOIIIX
Aenureneil. Tak kak B aToM caydae 1 = a,b; + ... + a,b, c b; € K, oTcyTcTBHe HeO6PAaTHUMBIX 06-
KX JeuTesiell y aJleMeHTOB a; B KOJIblle IVIABHBIX H/lealoB PaBHOCWIBHO UX 83AUMHOIL npocmonme B
cMbIcie onp. 1.2 Ha cTp. 27.

YTIPAXKHEHUE 4.16. [IpoBepbTe, uTo ugeaisl (x, V) C Q[x, y]u (2, x) € Z[x] He ABNAIOTCSA [JIABHBIMH.

4.4. ®axTOpUATBEHOCTB. BCIOy B 3TOM pasziesie MbI IO YMOIYaHUI0 0603HayaeM yepe3 K yesnocmuoe
KoJblio. HeHysieBEIe 3/IeMeHTH @, b € K Ha3BIBAOTCS ACCOUUUPOBAHHBIMU, ECJIN b IeTUTC HA 4, U A
JlennTesA Ha b Wiy, 4To To ke camoe, eciu (a) = (b). VI3 ymip. 4.15 Brlllle BBITEKaeT, 4YTO a U b accoIu-
HWPOBAaHbI, €CJTU U TOJIBKO €CJIM OHU TIOJIyYaroTCs APYT U3 Ipyra YMHOXXeHHUEM Ha 0OpaTUMBIH 2/IeMEHT
KoJbIa. Hampumep, 1iesble 4ucia a ¥ b acCOIMUPOBAHBI B KOJIbLIE Z, €CTN Y TOJIBKO eciu a = +b, a
MHorowieHs! f(x) u g(x) c koaddurmentamu us moss k accouunponansl B [k[x], eciu ¥ TONbKO eciu
f(x) = cg(x), tme ¢ € k* — HeHyneBas KOHCTAHTA.

4.4.1. HenpuBoauMble 371eMeHTbI. HeHy/1eBoi HeOOpaTUMEBIH 37IEMEHT q Ha3bIBAETCS HeNpuUeo-
OUMbLM, €CJT U3 PABEHCTBA § = MN BBITEKAET, YTO M WK N o6paTuM. JIpyruMu cioBaMu, HETTPUBO-
JUMOCTD 3JIEMEHTA ¢ O3HAYAeT, YTO IVIaBHBIN nzeas (q) COOCTBEHHBIN U He COAEPXKUTCS CTPOTO HU B
KaKOM JIpyrOM COOCTBEHHOM IJIaBHOM H/ieaJe, T. €. MaKCUMaJIeH B YaCTUYHO YIOPSZ0YEHHOM OTHO-
IIeHVeM BKJIFOUEHUsI MHOXKeCTBe COOCTBEHHBIX IVIABHBIX MeaioB. HemprBOANMEBIMY 3jIeMEHTAaMU B
KOJIbIIe 7Z SIBJISTIOTCS MPOCTHIE YMCIIa, a B Komblle k[x], rae k — mose, — HenmpuBogMbIE MHOTOYWIEHHI.

B KoJIbIle TVIABHEIX M/IeasIoB TI00bIe 1Ba HEIPHBOAUMEIX 3/IeMeHTa P, § TG0 B3aUMHO IIPOCTHL,
60 acCOUUUPOBAHEI, IOCKONBKY ugean (p, q) = (d) anst HekoToporo d € K, ¥ B BUJY MaKCUMaJb-
Hoctu (p) u (q) Britoyenus (p) C (d) u (q) C (d) Baekyt iubo paBeHcTBo (d) = (K) = (1), 1u-
60 paBencTBO (d) = (p) = (q). O6paTHTe BHUMAaHKe, YTO B IIPOU3BOIHHOM II€IOCTHOM KOJIbIIE ABa

1Cm. 3am. 1.3. Ha cTp. 27.

2Yt0, KOHEYHO e, TpebyeT IPOBEPKU KOPPEKTHOCTH BCeX TAKMX GOPMYI, KOTOPYIO MBI, KaK IPaBUIIO, 6y-
JleM OCTaBJIATh YUTATENIO B KaUueCTBe yIpaKHeHUA.

3B cmeIcTe omp. 1.2 Ha cTp. 27, T. €. CyILeCTBYIOT Takue X,y € K, 4To px + qy = 1.
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HeacCOIIMMPOBAHHBIX HEIIPUBOJAMMEIX JIeMeHTa MOI'YT U He ObITh B3aUMHO IIpOCTHIMU. Hamprmep,
B Q[x, y] HempuBOANMEBIE MHOTOWIEHBI X U  HE B3aUMHO IIPOCTHI U HE aCCOLIMNPOBAHBHI.

[IPEAJIOXKEHMUE 4.2
B KoJIblle I7IaBHBIX WeaioB K CeAyiolnie CBOMCTBA HEHYJIEBOT'O djieMeHTa p € K SKBUBaJIEHTHBI:

1) ugean (p) MakcuMmaleH, T. e. dakTop Koibio K /(p) ABsgeTcs mojiem
2) wugeain (p) mpocr, T. e. B daxTop Kosblie K /(p) HET AenuTeneil HyIsI

3) p HempUBOAUM, T. €. U3 PAaBEHCTBA p = ab BHITEKAeT, UTo a wiu b obpaTum B K.

JIOKA3ATE/TBCTBO. MMIutnkanus (1) = (2) oueBuAHA 1 UMEET MECTO B IF060M KOMMYTaTUBHOM KOJIb-
1le c exuHULeH. IMItukanys (2) = (3) uMeeT MeCTO B JIF0O0M 1IeJIOCTHOM KoJiblie K . JIelfiCTBUTEIBHO,
u3 p = ab creayer, uto [a][b] = 0 B K /(p), u Tak kak B K / (p) HET AeuTeNel Hy/Is, OAWH U3 COMHO-
sxuTenel, ckaxkeM [a], paseH [0]. Torma a = ps = abs ansa HekoToporo s € K, otkyza a(l — bs) = 0.
[TockosbKy B K HeT fenuTeneii Hyd, bs = 1, T. e. b obpaTum.

[TokakeM TeTlepb, YTO B KOJIbIe MIaBHBIX uzeasnoB (3) = (1). Tak Kak KaKblii COOCTBEHHBIM
uzean B K maBHBIN, MaKCUMaJbHOCTD Hzleasa (p) B UyMe COOCTBEHHBIX ITIaBHBIX U/I€aTIOB O3HAYaEeT
€r0 MaKCUMAaJIbHOCTD B UyMe BCeX COOCTBEHHBIX HeanoB. B mpum. 4.3 Ha cTp. 70 MbI BUAEIH, YTO 3TO
PaBHOCIIBHO TOMY, uTO K /(p) mmose. [l

[TPEAJ/IOXKEHUE 4.3
Kaxzpiii HeHy/IeBOl HeOOpaTUMBIM 3JIEMEHT I[eJIOCTHOTO HETEPOBa KOJIbIIA ABJISAETCS MIPOU3BEAeHH-
€M KOHEYHOI'0 YK CJIa HEIIPUBOJYMBIX.

JIOKA3BATE/IBLCTBO. EC/iu a7leMeHT a HelIpHBOAKM, JOKa3bIBaTh Heuero. [TycTh a IpUBOAUM. 3anulieM
€ro B B/le IPOU3Be/IeHNA HeoOpaTUMBIX 37IeMeHTOB. KaxKIbIii IpHBOANMBIN COMHOXXUTEIb 3TOT'O IIPO-
V3Be/IeHNsI CHOBA 3alUIIEM B BU/E IIPOU3BEEHUA HEOOPAaTUMBIX 3JIEMEHTOB U T. . JTa Ipoleaypa
3aKOHYMTCS, KOTZIa BCE COMHOXXUTENN CTAHYT HEIIPUBOAUMEL, UTO U TpebyeTcs. Eciu jke oHa HUKO-
IZla He 3aKOHYHUTCS, MBI CMOXKEM 00pa30BaTh O€CKOHEYHYIO ITOCIE[0BATENBHOCTD CTPOTO BJIOKEHHBIX
ZPyT B pyTra IMIaBHBIX ueanos (a,) ¢ (a,) G (az) € ..., 9TO IPOTUBOPEYUT HETEPOBOCTH. [

OMNPEJEJIEHYE 4.3

LlesmocTHOEe KobIT0 K HasbIBAETCS (AKMOPUAIbHBIM, €CTTH KaXKIBIH €r0 HeoOpaTUMBIN HEHY/IEBOMH
3JIEMEHT SIBJISIETCSA IIPOU3BeieHeM KOHEUHOT'O YK C/Ia HEITPUBOAUMBIX, TPUYEM JIIOOBIE IBa TAKUX Pas-
JIOXKEHUA P1P, ... Py = (193 ---  COCTOAT U3 OAUHAKOBOrO umncia k = m coMHOxuTesel, nocie
HaZijiexxallelf IepeHyMepaluy KOTOPLIX MOXKHO yKa3aTh Takue oOpaTUMEIe 3JIeMeHTH s, € K, 4To
q, = Py S, TIpU BCEX V.

4.4.2. TIpocTele dyeMeHThI. HeHy/eBol ajieMeHT p € K Ha3bIBAeTCs NPOCMbLM, €CIU MTOPOXK-
JEHHBIM UM IIaBHBIN uzean (p) C K mpocr, T. e. B pakTopkoible K / (p) HeT aenuteneii Hynd. OTo
O3HAYaeT, 4To /I JoObIX a, b € K mpousBezeHue ab enuTcs Ha p TOJIBKO eC/IU a WK b fenuTtcs
Ha p. KaxxbIii IPOCTOM 27IeMEeHT p aBTOMAaTHYECKH HENIPUBOAKM: €CJIU P = XY, TO OAUH U3 COMHOXU-
Tesel, CKaXKeM X, IeJIUTCS Ha p, ¥ TOTAA p = pYyZ, OTKyzAa yz = 1 u y obparum. CoracHo mpez. 4.2
B KOJIblIe ITIaBHBIX H7leajioB BEPHO M 00paTHOe: BCe HENIPUBOAUMEIE JJIEMEHTHI KOJIbIIA IIABHBIX H/e-
asnoB npocThl. OZHAKO B IPOU3BOJIBHOM LIEJIOCTHOM KOJIbIIE MOTYT OBITh HEIIPUBOJMMEIE HETIPOCTHIE
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aneMeHTHl. Hamipumep, B KoJblie Z[\/g] = Z[x]/ (x% — 5) TaKOBBEIM ABJIAETCA YUCIO 2, TAK KaK B Pak-
tope Z[V/5]/(2) = Z[x]/(2,x* = 5) = Zlx]/(2,x* + 1) = Fylx]/(x? + 1) = F,[x]/((x + 1)?)
ecTh HWIBIIOTEHT — Kkitacc [x + 1] € Z[x]/ (2, x? 4 5). Cpeay npouero 3To 03Ha4aeT, YTO KBaJpar
a1+ \/E)2 =6+ 2\/§L[e1m'rc;1 B KOJIbI[E Z[\/g] Ha 2, x0T 1 + \/E He JIeIUTCA Ha 2, IPU TOM 4TO 2
u \/5 + 1 HeNpUBOAMMBI ¥ HE ACCOLIMMPOBAHEI ZPYT C IPYT'OM B KOJIbIIE Z[\/g].

VIIPAXKHEHUE 4.17. YOeIUTECh B 3TOM, U ITIOKAXUTE, 4TO 2 - 2 = 4 = (\/E + 1) . (\/E - 1) CyTb IBa

PA3IUYHBLX PA3/I0KEeHUS YUCiIa 4 Ha HeIPUBOAUMbIE MHOXXUTENU B Z[\/E].

[TPEZI/IOKEHUE 4.4
LenocTHOE HETEPOBO KOBIO K GaKTOpHUaNIbHO, ECJIN U TOJIBKO €CJIU BCE €TI0 HEIIPUBOAMMEBIE DJIEMEH-
TBI IIPOCTHI.

JOKA3ATE/BCTBO. TToKaykeM cHauazna, 4To eciau K ¢axTopuasbHO, TO 10600 HENPUBOAVMEIH 3J1e-
MeHT q € K mnpocrt. IlycTh npousBesieHue ab genutca Ha q. Torza pasnoxkeHue ab Ha HeIpUBO-
JMIMble MHOXXUTENN COZAEPXKUT MHOXXUTEJb, aCCOITMMPOBAHHBIN C ¢, ¥ B CWIY CBOEH eUHCTBEHHO-
CTH ABJIAeTCA IPOM3BeleHNeM pasjioxKeHUH a U b Ha HeIpUBOAUMEIE MHOXUTeNU. [loaToMy q acco-
IIMUPOBAH C OJHUM U3 HENPUBOAMMEBIX JeIuTeNel a wiu b, T.e. a win b genutcs Ha q. Hao6opor,
ITyCTh BCE HENPUBOAMMBIE 37ieMeHTH! B K npocTsl. TorzAa mno npezi. 4.3 Ha CTp. 74 KaXAbIN 1eMeHT
Kosblia K AByAeTCcA Nporu3BeieHueM KOHEYHOro 4ucia NpocThiX. [JokakeM, 4To B I[€JIOCTHOM KOJIb-
Ile PaBEHCTBO P; ... P = (; ... (s, B KOTODOM BC€ COMHOXKMTEIHN IPOCTHI, BOSMOXKHO TOJIBKO €C-
mm k = m u nocie Hajyexallel mepeHyMeparuy KaxAelil p; = s;q;, TAe s; 06paTuM. I[TocKoIbKy
IIpOM3BeAEHUE ( ... (,, ACIUTCA Ha P, OAVH U3 eTr0 COMHOXXUTeJIeH ie/IuTcA Ha p, . ByaeM cuuTats,
YTO 3TO q, = SP,. Tak Kak q, HENPUBOAUM, /IeMeHT S obpaTuM. [To/b3yACh IIeTOCTHOCTRIO K, co-
KpaujaeM obe 4acTH paBeHCTBA Py ... Py = {4 .. §,, HA P, ¥ NOTy4aeM Oojiee KOPOTKOE paBEHCTBO
D2D3 --- Dk = (593)q5 ... @, K KOTODOMY IIPUMEHMMBI T€ K€ PacCyXAeHNUs. U

CIECTBVE 4.4
Besikoe KOJTBII0 TIaBHBIX UeaioB GaKTOPUATBHO. O

TIPUMEP 4.7 (XAPAKTEPU3ALIMS OBJIACTEN IVIABHBIX U/IEAJIOB, ITPO/IOJ/DKEHUE IIPUM. 4.6 HA CTP. 72)
TToxakeM, YTO I1eJIOCTHOE KOJblio K sBJIgeTcs 00J1aCThIO ITIABHBIX U/IeajIoB, €CJIN U TOJIbKO eciv Ha K
nmMmeeTcst pyHKIIUS BHICOTHL V : K — Z;o = N U {0} co creayromumu AByMs CBOMCTBaMU:

Dv(a)=0<a=0; 2) ecmu a & (b), To HatigyTcsa x,y € K ¢ 0 < v(ax + by) < v(b).

JleficTBUTENBHO, IyCTh TaKasi BBICOTA CyHIeCTBYeT. Torzaa B kaxzaoM ugeane | C K ecTb HEHY/IEBOU
anemeHT d € I, Ha KOTOPOM V NIPUHUMAaET HauMeHbIee B | HeHyneBoe 3HaueHue. Ecm a € 1~ (d),
TO HakayTesa x,y € K c0 < v(ax + dy) < v(d), 4To HEBO3MOXKHO, U160 ax + dy € I. Tem caMbiM
I = (d) u K siBnsieTcs 061acThio aBHBIX UAeanoB. HaobopoT, mycTh K — 061acTh [IaBHBIX U€aJI0B.
BribepeM B KaKZ0OM KJ1acce aCCOLMMPOBAHHBIX IIPOCTHIX 3JIEMEHTOB KAaKOT0-HUOYAb TPEACTaBUTEIA P
¥l UL KQKZ0T0 @ € K 0603HaIMM 4epes v, (a) [oKasaresb, C KOTOPEIM P BXOAWT B Pas/IoKeHHE a Ha
IPOCTEIE MHOXWTENIH: 4 = Hp p¥» @ Tonosum v(a) = 22» V»@_ Tak kax vp(a) = 0 ans Beex p Kpo-
Me KOHeYHOTO YHCIIa, 3TO OTpezieNeHue koppektHo. Eom b  a, To Hoa(a, b) =[], pmin(Vp(@)vp())
HMMeEET MOJIOXKUTENbHYIO BEICOTY, CTPOT'0 MeHbINYI0, 4eM V(b), U ipecTaBiseTcs B BUJe ax + by, 4ro
u TpeGyeTca. Bosee TOro, IoCTpoeHHas BBICOTA V npusedeHa B ToM cMbiciae’, uto v(a) < v(ab) ana
BCEX U BCEX HEHY/IEBBIX b, MPUYEM PaBEHCTBO PaBHOCHIBHO OOPAaTUMOCTH b.

1Cp. c mpum. 4.6 Ha cTp. 72.
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TTPUMEP 4.8 (TAYCCOBBI YHCJIA I CYMMBI JIBYX KBAZIPATOB)
OnemenTH Kombia Z[i] = Z[x]/(x* + 1) ~ {x + iy € C| x,y € Z} us ymp. 4.13 (8) Ha cTp. 72
Ha3BIBAIOTCS UebIMU 2AYCCO8bIMU YUCAAMU.

YIPAXKHEHUE 4.18. YoeauTech, uto: A) B Z[i] o6paTuMbl ToabKO +1 1 +i B) z € Z IPOCT, €CH U
TOJIBKO €CJIH TIPOCT Z.

V3 yrpaXHEHUs BBITEKAET, YTO PA3JIOKEHUE BEIIECTBEHHOTO LI€JIOTO YUcIa n € 7 Ha IPOCThIe MHO-
JKUTeNU B obsactu Z[i], OyAydr ”HBApUAHTHBIM OTHOCUTEIFHO KOMIUIEKCHOTO COIIPSIKEHM S, BMECTE C
Ka)X/IbIM HEBEIeCTBEHHBIM HEITPUBOANMBIM MHOXXHUTEIEM COAEPKUT U €T0 COTPSDKEHHBIN. [10aTOMY
BellleCTBEHHOE TIPOCTOE P € Z CTAHOBUTCSA IIPUBOAUMBIM B Z[i], €C/Ti U TOJIBKO eCI OHO MMeeT BUJ
p = (a+ib)(a—ib) = a*+b? c HeHyneBbIMU a, b € Z. C ApyTO¥i CTOPOHBI, HETIPUBOAUMOCTD p € Z[i]
osHavaet, 4To paxTop Koxbuo Z[il/(p) ~ Z[x]/(p,x* + 1) = F,[x]/(x* + 1) aBnserca nonem', 4o
PaBHOCMILHO HEIIPUBOAUMOCTH MHOTOYIeHa x% + 1 Haz F,. IloceHee paBHOCHIBHO TOMY, 4TO —1
He sBJIAeTCs KBaApaToM B ), 1 MMeeT MeCTo eCiiu U TOJIBKO ectu’ p = 4k + 3. MBI 3aK/II09aeM, 9TO
HEMIPUBOJAMMOCTD MPOCTOr0 p € Z B obnacTu Z[i] paBHOCWIbHA TOMY, U4TO p = 4k + 3, ¥ TOMY, 4TO P
He TIPEJCTABJISETCSA B BUZIE CYMMBI IBYX KBAaZIPATOB IIEJTBIX YHCEI.

YIIPAXXHEHUE 4.19. [lokakuTe, 4To Ipou3BoibHOE n € N ABiAeTca KBaZpaToM WIH CYMMOH JBYX
KBaJIpaTOB HATYPaJIbHBIX YHCEJ, €CIU U TOJIBKO €CJIU B €T0 PA3JI0KEHUU Ha POCThIe MHOXXUTETN
B KoJIblle Z npocThle uncia p = 4k + 3 IpUCYTCTBYIOT TOIBKO B YETHBIX CTEIIEHAX.

4.4.3. HOJl B pakTopuaibHOM KoiasbLe. B mo6om dakropranbHoM Kosblie K y 110060r0 KOHed-
Horo Habopa gucen a,, ..., a,, € K nvmeerca Haubo b 00U nemurenbe. OH MMeeT crenyroIee
SIBHOE olrcaHue. 3apUKCUPyeM B KaXK/IOM KJIacce acCOITMMPOBAHHBIX IIPOCTHIX 3JIEMEHTOB Kobiia K
HEKOTOPBIH MpeACTaBUTENb P U IJIA KaKA0ro a € K 0603Ha4YnM depe3 vp(a) € Z, noKasare’b, ¢
KOTOPBIM P BXOJUT B PA3JIOKEHUE d HA MPOCTHIE MHOXHUTETH”, KaK B npumM. 4.7 Beite. Torga, ¢ TO4-

HOCTBIO /0 YMHOXKE€HUA Ha 0OpaTUMBIE 3JIEMEHTHI, HOA(A4, ... , Gy,) = H P p™h vp(ay),

YIPAXKHEHME 4.20. YOeAUTeCh, YTO IIpaBas dacThb JeIUT KaXJoe a; U AeJUTcs Ha 1060 obmuii
JenuTesb BCeX a;.

OrmetnM, uTO ecii K He ABIAeTCA 00/1aCThIO IIABHEIX UAEANIOB, TO HOA(A,, ... , A;,) MOXET He IIpef-
CTaBJIATHCA B BHU/e IMHeltHoM KOMOUHALIUY 31eMeHTOB a; ¢ koaddunuentamu us K. Hanpumep, aie-
MeHTHI X, y paKTOpUanIbHOro Kombia® Q[x, y] umeror Hoz(x,y) = 1, Ho HeT Takux f,g € Q[x,y],
410 fx + gy = 1, ubo noAcTasiAA B 3TO paBeHCTBO X = Yy = 0, momyuum 0 = 1.

4.5. MHOTOWIeHBI HaJ, GaKTOPHATBHBIM KOAbLOM. ITycTh K — ¢dakTopuanibHOe Kombio. O603Ha-
quM yepes Qy ero nose yacTHeIX. Kosblio K[ x ] ABIAeTCA ToaKobLoM B Qg [x]. HazoBéM codepacaruem
MHoro4neHa f = a,+a,x+... + anx" € K[x] naubosbiinii 061K AeTUTENTh €70 KO3)PUITNEHTOB:

cont(f) € non(ay, ay, ..., ay,) -

JIEMMA 4.2
cont(fg) = cont(f) - cont(g) mns mobrx f, g € K[x].

LCm. mpeayr. 4.2 Ha cTp. 74.

2Cwm. mpum. 1.8 Ha cp. 31.

3B cmbicsie 3am. 1.3. Ha CTp. 27, T. €. YHCJIO, KOTOPOe JJIUT BCe a; U IeTUTCA Ha 0001 UX OOIINIA Ie/TUTeb.

4O6paTuTe BHUMaHMe, 4TO A/ KaXJOTO a ITOKa3aTelb Vp(a) # 0 TONBKO /I KOHEYHOI'O MHOXKECTBA IIPO-
CTBIX YHCEN P.

>CM. o1 4.6 Ha cTp. 78.



4.5. MHorowieHs! HaZl paKTOpHUAIbHBIM KOJIBI[OM 77

JJOKABATE/IBCTBO. JIOCTaTOYHO /11 KQ¥KAOTO MPOCTOro q € K y6eauThCs B TOM, YTO q JETUT BCe K03b-
dUIIMEeHTHI TPOU3BEAEHUSA f g, €CIU U TOJBKO €CJIU q AETUT Bce KO3PPUIIMEHTHI XOTS ObI OZHOTO U3
MHOTOWIEHOB f, g. Jliisi aToro nmonoxuM R = K /(q) v IpyuMeHUM K IpousBeieHuIo f g roMoMopbusM

K[x] = R[x], ay+ayx+...+a,x" = [agly +[a]lgx + ... + [aylgx™,

SaMEHHIOH.H/II‘/JI KOB(l)(I)I/IL[I/IeHTbI KaXXZ0ro MHOTOWIE€HA X BbIY€TAMM 110 MOAYJIIO (.
YIIPAXXHEHUE 4.21. HpOBepre, YTO 3TO X B CaAaMOM JeJie I‘OMOMOPCI)I/IBM KOJIEIT.

B cuty mpocroth q KombLo R nenoctHoe. [lostomy R[x] Toxe nenoctHoe, u [fglg = [flglglg = 0,
€CJIN U TOJIBKO eC/IU [f]q =0wm [g], = 0. O

JIEMMA 4.3 (IIPUBE/ZIEHHOE IIPE/ICTABJIEHUE)

Kaxaplil f € Qglx] mpeacrasiserca B Buge f(x) = (a/b) - frq(x), roe freq € Klx],a,b € Kn
cont(f,.q) = Hoxa(a,b) = 1, npuuéM a, b u f .4 oIpeseAoTcsa Mo f OHO3HAYHO C TOUHOCTHIO 0
YMHO)XeHHA Ha 06paTUMBble 3/IeMeHTHI KojbLa K.

JJOKABATE/IBCTBO. BriHeceM 13 K03pHUIMEHTOB f MX 001Kl 3HaMeHaTe b, TOTOM BEIHECEM U3 BCEX
K03 GUIMEHTOB ITOy4YeHHOI'0 MHOT'OWIeHA UX HauOOIbIINH 001N ieuTesb. B pesynbraTe MBI 110-
JIy4UM MHOTOWIEH coZepKaHuA 1, YMHOXXeHHBIH Ha YuCIIo U3 Q, KOTOpoe 3aluilieM HeCcOKpaTuMOou
Apo6bio a/b. JlokakeM eIMHCTBEHHOCTH Takoro npezcrasieHus. Ecmu (a/b) - fl.q(x) = (¢/d) - greq(X)
B Qglx], To ad - f.q(x) = bc - g.q(x) B K[x]. CpaBHUBAA copepxkaHUe 00erx dacTel, 3aKIodaeM,
410 ad = bc, OTKYAQ f0q(X) = greq(X). B BUAY OTCYTCTBUA OOIIMX HENPUBOAUMBIX MHOKUTENEH y a
ubuycud, paBeHCTBO ad = bc BO3MOXXHO JIUIIb KOT/Ia d aCCOIIMUPOBaH c c,ab —cd. O

CJIEICTBUYE 4.5 (JIEMMA ['AyccA)
MuorouwreH f € K[x] cogep:xanua 1 HenmpuBoAUM B Qg[x], ecv U TONBKO €CIH OH HEeNpPUBOAUM
B K[x].

JOKABATENBCTBO. IIycTh f(x) = g(x) - h(x) B Q[x]. 3anucbiBast MHOTOWIEHB! g U h B IpUBeAEHHOM
BU/IEe U3 JieM. 4.3 U coKpalllasi BO3HUKAIOIIYIO P00k, MPUXOAUM K PaBEHCTBY

a
FO) =7 Grea®) + Preg(x) (4-5)
B KOTOPOM J 4> Nreq € K[x] uMeroT copepkanue 1, u HoA(a, b) = 1. Io nem. 4.2

cont(g,eqMreq) = cONt(g,oq) - cont(h,q) =1,

T. e. IpaBas 4acTb B (4-5) sABiAeTcA MPUBEAEHHBIM IIpe/CTaBJIeHreM MHOrowieHa f. B cwry egun-
CTBEHHOCTH IIPUBEAEHHOTO IIPe/ICTABIEHN 3IeMeHTHI a U b o6paTuMbl B K, a f = g,.4Req C TOUHO-
CTBIO ZI0 yMHO)KEHHS Ha OOPAaTUMYIO KOHCTAHTY. (|

TEOPEMA 4.2
KoJibi1o MHOTOWIEHOB Ha/, GaKTOPHUATBHBIM KOJTBIIOM (GaKTOPHUATBHO.

JJOKABATE/IBCTBO. ByZlydl KOJIbIIOM IVIABHBIX UA€AJIOB, KONbLO Qx[x] dakTopruanbHO, 1 KaXK bl MHO-
rowteH f € K[x] C Qglx] packnaabiBaeTca B Qk[x] B IponsBeseHre HEIIPUBOAUMBIX MHOXUTeIEH
f» € Qklx]. 3anuceiBas Ux B IpUBEAEHHOM BU7e U3 JieM. 4.3 U coKpalllasd BO3HUKAIOIIYIO IPH 9TOM
YHCJIOBYIO APOOb, ITOTydaeM paBeHCTBO f = % 11 fv.red> BXKOTOPOM @, b € K umeror Hoz(a, b) = 1, a
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BCE fy rq € K|[x] HempuBoanmel B Qi [x] u cont(f,, ,.q) = 1. Toraa cont (H fwed) = lnonem. 4.3, 1
IpaBas 4yacTh PaBEHCTBA ABJIAETCA MPUBEJEHHBIM IIpe/icTaBleHneM MHorowleHa f = cont(f) - f .4
B cuTy eIMHCTBEHHOCTH TIpHBeAEHHOTO npezcTaBnenusa b = 1 u f = a[]f, eq € TOUHOCTBIO 71O
YMHOKeHUs Ha 00paTHMble KOHCTaHTH U3 K. PackiagpiBasg a € K B Ipou3BeZeHNEe HETPUBOAUMBIX
KOHCTaHT, [IoJlyyaeM pasjioxkeHue f B IIpoM3BeZieHNe HellpHBOANMBIX MHOXUTeNel B Koible K[x].
JlokaxxeM eJUHCTBEHHOCTh TaKOr'o pa3ioxkeHus. [IycTh B K[x]

y...0,Py.--Ps=by...by -qq...q,

r4e a4, bp € K — HempuBOAMMBIE KOHCTAHTEL a P, q,, € K[X] — HenpuBoAuMbIE MHOTOUIEHI.
TToCKOJIbKY HETTPUBOJUMbIE MHOTOWIEHBI UMEIOT coZiepkaHue 1, cpaBHUBas cofepkaHue 06erx Ja-
cTeli, IPUXOAUM K PaBEHCTBY 4, ... 4, = b, ... b,, B K. Tak kak K daxTopuasbHO, MBI 3aKJII0YaEM,
9TO kK = m ¥ IocJIe HajIexallell IepeHyMepaIiy COMHOXUTeNeH a; = s;b;, rae Bce s; € K obpa-
TuMbl. ClieJoBaTeNbHO, C TOYHOCTHIO /10 YMHOMKEHHUS Ha 06paTUMYyt0 KOHCTaHTy 13 K, B Kosbile K[x]
BBITIOJIHAETCS PABEHCTBO Py ... Pg = {4 ... ;. TaK KaK Bce p; U q; HEIIPUBOAUMEI B GaKTOPHUATbHOM
Kosble Qg[x], MBI 3aKIIO9aeM, 4To r = S ¥ IOCJIe HaJJlexallell lepeHyMepaluyi COMHOXXUTeTeH
P; = q; C TOYHOCTBIO 0 OCTOSAHHBIX MHOXUTeJIeH U3 1ojsd Q. 113 eIMHCTBEHHOCTH IIPUBEAEHHOTO
r[pezLCTaBJIeHI/IH1 BBITEKAET, YTO ITU MOCTOSTHHBIE MHOKUTEH ABIAIOTCI 06paTUMBIMKM KOHCTaHTaMH

u3 xosnbpa K. U

CIE/ZICTBUE 4.6
Koo MHOrowIeHoB K|[x, ... , X, ] Haz daKkTopUaabHBIM KosbioM> K dbakTopHUaIbHO. |

4.6. Pa3joxxeHre MHOTOWIEHOB ¢ ieabIMU K03 dunuentamu. PaznoxeHne MHorowieHa f € Z[x]
Ha MHO)XUTeNH B Q[x] pasyMHO HayaTh C OTHICKAHUA ero palloOHaIbHBIX KOPHEH, 4To JenaeTca 3a
KOHEYHOE YUCJIO IIPOo6.

YIIPAXKHEHUE 4.22. [IokaXKuTe, 4TO HECOKpaTuMas 1pobb p /q € Q sABJseTCA KOPHEM MHOTOWIEHA
ag+ a;x + ... + a,x™ € Z[x] Tonpko ecnup | aguq | a,.
To4yHOE 3HaHME KOMILUIEKCHBIX KOPHEN MHOTOWIEHA [ TOXKe BeCchbMa ITOJIE3HO.
VIIPAYXHEHUE 4.23. Paznoxure x* + 4 B MIpoU3BeIeHHE IBYX KBaJPaTHBIX TPEXUWIEHOB U3 Z[x].

TTocsie TOTO, KaK 3TH IIPOCThIE COOOpaskeHUs OyAyT UCUepIIaHbl, CIeAyeT MOJKII0YaTh 6ojiee TPYA0EM-
KHE CIIOCOOBI.

4.6.1. Pexgyknusa kodddunuenrtos Z[(x] — Z/(m) [x], f — [f],,, TAe

[l € [agly + [a]mx + ... [aplpx™ ana f = ag + a;x + ... + ax™, (4-6)
IPUBOAUT KO3GUIIHEHTH BCeX MHOTOWIEHOB [0 MOZYIIIO M U ABIAETCA TOMOMOPGUIMOM KOJIel:.
[ToaTomy paBeHCTBO f = gh B Z[x] Bne4ér 3a coboit paBeHcrsa [f1,, = [g], - [h],, BO Bcex kombpuax
(Z / (m)) [x], ¥ U3 HEIIPUBOAMMOCTH MHOTOWIeHa [f],,, XOTs 6BI IPU OZHOM M BBEIT€KAeT €ro HelpH-
BOAUMOCTH B Z[x]. Eciiu uuiciio m = p mpoctoe, konbLo ko3bounuentos Z / (m) = F,, aBnaercs
TIOJIEM, U KOJIBLIO MHOTOWIEHOB [, [x] B aTOM Cityyae pakTopuanbHO. ITpy MaibIX p pa3ioskeHue MHO-
rowieHa HeGOJIbIIOH CTETIeH! Ha HETTPUBOANMBIE MHOKUTENU B Fp[x] MOXXHO OCYILIECTBUTD IPOCTHIM
mepe6opoM, ¥ aHAIM3 TAaKOT'O PA3JI0KEHUA MOXKET /IaTh CYIIeCTBEHHYIO0 NH(OPMAIIUIO O BO3MOXKHOM
pasinoxxeHuu B Z[x].

1Cm. nem. 4.3 Ha cTp. 77.
2B yacTHOCTH, HaJ| TIOJIEM WIX HaJ 06/1aCThIO IIABHEIX HZEasIoB.
SMr yKe II0JIb30BAIMCh 3TUM B J0Ka3aTeIbCTBe JieM. 4.2 Ha cTp. 76, cM. ymip. 4.21.
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[IPUMEP 4.9

TTokaskeM, 4yTo MHOTOWIeH f(x) = x° 4 x? + 1 HempuBOAMM B Konblie Z[x]. [IoCKOMBKY Y f HeT IeIbiX
KOpHEH, HeTpUBUAJIbHOE pasjiiokeHue f = gh B Z[x] Bo3aMoxHO Tosbko ¢ deg(g) = 2 u deg(h) = 3.
CrenaeM peyKIuio mo Mozymo 2. Tak kak y [f], = x> 4+ x* + 1 HeT kopHeii u B F,, 06a MHOrOWIeHa
[g],, [h], HenmpuBoauME B [F, [x]. Ho efHCTBEHHEIN HETIPUBOAUMBIM MHOTOWIEH BTOPOM cTelleH! B
F,[x] —aT0 x* + x + 1, u x° 4+ x* + 1 Ha Hero He AenuTca. Tem cambiM, [f], HempuBoauM Haz F,, a
3HAYMT, U Haj Z.

TTPYIMEP 4.10 (KPUTEPUI DU3EHIITENHA)

I[TycTh Bce K03 OUIMEHTH IPUBEJAEHHOTO MHOTOWIEeHA [ € Z[x] aenarcs Ha nmpocToe 4ucio p € N,
a MIagmui KoapUIMeHT, Aelach Ha p, He JelUTCA IPH 9ToM Ha p?. TTokaxkeM, UTO f HEIPUBOAUM
B Z[x]. B cuny cenaHHbIX 00 f TpeAIoNoXKeHUH IPYU PEAYKIIMH 110 MOAYJ/IO P OT f OCTAaéTCs TONBKO
cTapmui MOHOM [ f (x)]p = x™. Ecm f(x) = g(x)h(x) B Z[x], TO B CHJTy eAMHCTBEHHOCTH PA3JI0KEHHS
Ha IIPOCThIe MHOXUTENN B [F),[x] 06a coMHOXMTENIA g, h TOXKE PEAYLUPYIOTCA B HEKOTOPbIE CTENIEHH
IepeMeHHOM: [g], = x® n [hl, = x™. DTO 03HaYaeT, YTO Bee KOIPpPUINEHTE MHOTOYWIEHOB g U h
KPOMe CTapIIero Aeaarcsa Ha p. Torga muagmuii koadouilneHT MHOTOWIeHA f, 6yAydu TPOU3BeeH-
eM MIaZIMX KoapPUIMEeHTOB MHOTOWIEHOB g 1 h, IOMKeH eTUThCA Ha P2, 4TO He Tak.

TTPUMEP 4.11 (HENPUBOANMOCTb KPYTOBOI'O MHOTOYWIEHA @)
[MTokaxeM, 9To Ipy IpocToM p € N KpyroBoi MHOTOUWIEH <I>p(x) =xP 4 +x+1=xP-1)/(x-1)
HEMPUBOAUM B Z[x]. JIIst 5TOTO TepernuiieM ero Kak MHOTOWIEH OT ITepeMeHHoM t = x — 1:

_ _ P _ _ p-1 P\ .p-—2 p
f(t)—q)p(t+1)—(t+1) 1/t=t +<1)t +...+<p_1>.

[TOCKOJIBKY TIPU IIPOCTOM P Bce OMHOMHUAIBHBIE KO3 HUIINEHTRI <Z> cl <k < p—1 genarca’

p
p —
OiiseniuTeiina us npum. 4.10. [ToaTomy u @,(x) = f(x — 1) HenpuBOAUM.

Ha p, a CBOOOHBIH WieH < 1> = D He IeIWTCA HA P2, MHOTOWIeH f(t) HETIPUBOAMM O KPUTEPHUIO

4.6.2. AnroputM KpoHekepa [103BOJIAET IIyTEM JOBOJIBHO TPYJOEMKOI'0, HO BIIOJIHE KOHEYHOI'O
BBIYHC/IEHUS TUOO IBHO Pa3IoXKUTh MHOTOWIEH f € Z[x] Ha MHOXKUTENH B KOJbIle Z[x], 1160 ybe-
IUThCs, 9TO f HenpuBoguM B Z[x]. [Tyctb deg f = 2n wiu deg f = 2n + 1. Torza B 1T060M HETPUBU-
aJbHOM pasjiokeHUH f = gh cTelneHb OAHOTO U3 AeTUTENEH, MyCTh 3TO OyAeT h, He IPEBOCXOAUT N.
YTOOBI BBISICHUTD, IEMUTCA JU f B Z[Xx]| Ha KaKOH-HUOY/Ib MHOTOWIEH CTETIEHU HE BHIIIE N, TOJCTaBUM
B f IpOM3BOJIBbHBIE N+ 1 Pa3INYHBIX YUCEI Z), ... , Z,, € Z Y BEIIMIIEM BCe BO3MOXKHBIe HAOOPE! YrcesT
dg, ..., d, € Z,BKOTOPBIX K&)X/0€ d; ATUT COOTBETCTBYoIIEee f(z;). Takux HA6OpPOB MMeeTCs KOHed-
HOeE YHCJIO, U €C/IM UCKOMBII MHOTOWIEH h cyliecTByeT, To Habop ero 3Ha4eHu# h(z,), ..., h(z,) Ha
YyCIax z; ABJAETCA OZHUM U3 BHIIMCAHHBIX HA00DPOB d, ... , d,,. [lnd Kaxxaoro Takoro Habopa B Q[x]
€CTh POBHO OZITH MHOT'OWIEH h CTeIlleH! He BhIIIe n ¢ h(z;) = d; Ipu BCeX i — 9TO UHMePNOAAYUOHHBLIL
MHozounen Jlazpansca®

ro =Y d- I w-z) 4-7)

5 va@-z)

1Cm. e 1.1 Ha crp. 30.
2Cm. IIpUM. 2.5 Ha CTp. 43.
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Takum 06pasoMm, AeauTenb h MHOTOWIEHaA f, €T OH CYIIeCTBYET, COBIIAZIaeT C OAHUM U3 T€X MHOTO-
WIEHOB (4-7), 9TO UMEIOT Liesible KoabuImeHTr. OCTaéTcs IBHO pPa3AeuThb f Ha BCE TaKHe MHOTO-
WIEHBI ¥ MO0 YOeAUTHCS, YTO OHU He JeNAT f, 1160 0GHAPYKUTD Cpeiy HUX JAEUTEND f .



OTBeThI U YKa3aHudA K HEKOTOPBIM yIIpaXKHEHHUAM

yip. 4.1. Ummutukariuu (a)= (6)=>(B) oueBuHbL. Ecyivt | coaep:KUT 06paTUMBI 3JIEMEHT, TO CPEU €T0
KpaTHBIX eCTb eZIMHUIIA, KpaTHbIe KOTOPOU MCUYEPIBIBAIOT BCE KOJBIIO.

Ymp. 4.2. TlepBoe 04eBHUZAHO, BTOPOE BLITEKAET U3 TOTO, YTO CYMMBHI by a, + ... + b, a,,, TAe a; € M,
b; € K, nexar Bo Bcex ujeasax, cofepxamux M.

ymp. 4.3. Eciiv a v b SBAAIOTCA CTapIIMMU KO3GPUITMEHTaMU MHOTOWIEHOB f U g u3 ugeanal,udeg f =
m,adegg = n,rme m = n, To a + b 1160 HyIb, T. €. ABJSAETCA CTaPUIUM K03QDUITUEHTOM HYIEBOTO
MHOTOWIEHA, MO0 ABIAETCA CTAPUIUM KoadpuIeHToM MHorowieHa f + x* g € I crenenu m.
AnHajioruyto, Ajs1 1060ro a € K npousBeZieHNe ad ABISETCS CTapiuiuM Ko3dUIMeHTOM MHOTOUIe-
Ha af(x) € I creneHu m.

Ymp. 4.4. TloBTOpHUTE JOKA3aTENBCTBO Teop. 4.1, caeasa 3a wiaAmmmMu Ko3bGUnrueHTaMu BMECTO CTap-
LINX.

Vrp. 4.6. O6o3HauMM Yepes I, uaear, o6pa3oBaHHbIH BCeMU aHATHTHYECKUME QYHKITUAME' , o6pata-
IOIIMMUCH B Hy/Ib Ha MHOXXecTBe Z C C, a uepes I;,, — uziean Bcex GyHKIUIH, obpaliaromuxcs B Hy/lb

k
Ha MHOXecTBe Z {1, 2, ..., k}. Y6egurecs, uto sin(2nz)/ [[ (z— a) € i ~ Iy, otxyma I, C I;y,.
a=1

yrip. 4.7. U3 Toro, 4to I sABnseTca abeneBoii MoArpynnoi B K HeMe/JIEHHO BHITEKAET, YTO OTHOIIEHHE
a, = a, (mod I) pedekCUBHO, TPAH3UTUBHO ¥ CUMMETPUYHO. KOppPEeKTHOCTH oIlepaliyii mposepsieT-
cs Tak ke, Kak B ynp. 0.9: ecmu [a']; = [a], u[b']; = [b]}, T.e.a’ = a+x,b’ = b+ c HeKOTOpPbIMU
x,y€l,toa’ +b' =a+b+(x+y)ua’b’ =ab+ (ay+ bx + xy) cpaBuuMBI 110 Mozy/0 [ c a + b
U ab COOTBETCTBEHHO, TIOCKOJIBKY CyMMBI B CKOOKax JiexkaT B | (AMEHHO B 3TOT MOMEHT MBI TIOJIb3Y-
eMcsl TeM, 9TO Hzieal BMECTE C KaKbIM 3JIEMEHTOM COZIEPXKUT U BCE €0 KpaTHbIE); TAKUM 06pa3oMm,
[a’ +b’')l =[a+b);ula’b’], = [ab];.

yiip. 4.8. Bo3bMuTe B KadecTse /* 00beAMHEHNE BCEX UAeaoB u3 M.

Yiip. 4.9. B (a) Besaxuit ugean B C[x] aBnsieTcs miaBubiM. Ecu paktop kosbuo C[x]/(f) He umeeT aenure-
Jieli HyJis1, TO MHOTOWIeH f HenpuBoauM. Haz mosem C HeMpUBOAMMBIE MHOTOWIEHBI ICYEPITBIBAIOTCS
JVHEWHBIMY, 103TOMY f(X) = x — p Aus HekoToporo p € Cu (f) = (x — p) = kerev,,. B (6) c mo-
MOII[BIO JIEMMBI O KOHEYHOM MOKPHITHH IOKAKUTE, UTO /I II060T0 Hzieana I B KOblle HelTPEPhIBHBIX
¢yukuwmii [0, 1] — R Hakzérca Touka p € [0, 1], B koTopoii Bce dyHKumy u3 [ o6paniaroTcs B HyJb,
4To JacT BKIoueHUe | C ker evy. B (B) mozoiAéT maBHbIH naean m = (x2 + 1).

ymp. 4.11. Ecu B KoM ueaine [, ecTb JeMeHT X, € [, \ p, To IpousBeJieHUe 3THX JIEMEHTOB
Xy ... Xy € [)Ix C P, 9TO IPOTHBOPEUUT IIPOCTOTE P.

Vrip. 4.12. Pacemorpum anuMopdusm daxropusanuu . K - K /1. TlonHeri mpoo6pas 7~ *(J) mo6oro
upeana | C K /I ssnsaercs uneanom B K. Kiacchl 27ieMeHTOB, IOPOXKAAOIINX 3TOT Heat B K TIOpoK-
patoT ugean B K /1.

yop. 4.13. B (B) u (1) Ans mo60ro z € C B paccMaTprBaeMOM KOJIbIIE CYIIECTBYET TaKOM 3JIEMEHT W, YTO
|z — w| < 1. B3ss Takoit w a1 z = a /b, 3axkiodaeM, 9To |a — bw| < |b|.

yip. 4.14. Ecmr 3 b~ to v(ab) < v(abb™') = v(a). Hao6opor, ecnu v(ab) = v(a), To end a Ha ab
C OCTaTKOM, rosydyaeM a = abq + r, tae 6o v(r) < v(ab) = v(a), 6o r = 0. 13 paBeHcTBa

ldynkiua C — C Ha3bIBaeTCA GHATUMUYECKOL, eCTy OHA 3aJAéTCA CXOAAIMMMCS BCIOAY B C CTEeHHEIM
psimom u3 C[ z]).
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164 OTBeTH! U YKa3aHUA K YIPaKHEHUAM

r = a(1 — bq) BrITeKaeT, uTo 160 V(r) = v(a), 6o 1 — bqg = 0. C yuéToM NpeabIAYyIIEro, TaKoe
BO3MOKHO TOJIBKO Ipu 1 — bq = 0 wm r = 0. Bo Bropom cirydae a(l — bq) = 0, 94To TOXe BIeUET
1 — bgq = 0. CnegoBaTenbHo bq = 1 u b obpaTtum.

Ymp. 4.15. Ecmub = axua = by = axy,toa(l —xy) =0, otkyzaxy = 1.

Yip. 4.16. MHOTOWIEHH X U Y He UMeIOT B Q[x, y] HUKakux obIIUX AenuTeneii, KpoMme KoHcTaHT. O6-
UMY JeTUTESIMU 3JIEMEHTOB 2 U X B Z[x] ABAsAI0TCS TOMBKO +1.
Vip. 4.17. Tlo aHAJIOTHM € KOMIUIEKCHBIMU YHUCIaMH, Ha30BEM CONPANCEHHbIM K yucay ¥ = a + b\/g
ucnod = a—b 5, a restoe gucio ||9|| £ 9 -9 = a?® — 5b? Ha30BEM Hopmoti uncia 9. JIeTKo BUZETD,
a10 9,9, = 0, - 05, oTKyza ||9,9, || = 9,9,0,9, = |19, | - |9, |. TosTomy 9 € Z[\/E] obpaTuM Toraa
¥ TOJIbKO Tor/a, Koraa ||9]| = +1, u B aToM citydae 9+ = +9. [Tockombky ||12|| = 4,a||[1+ \/EII = —4,
pasjioKeHue 3TUX JIEMEHTOB B MPOU3BeJEHNE XY C HEOOPATUMBIMU X U Y BO3MOXXHO TOJIBKO IIPU
llx|| = |lyll = £2. Ho anemeHTOB HOPMEIL +2 B Z[\/g] HeT, TaK KaK paBeHCTBO a’ — 5b% = +2 mpu
PEIYKIIUM 0 MOZyJTIo 5 TIpeBpaIaercs B paBeHCTBo a® = +2 B mone g, Tie uncia +2 He ABIATCA

KBagpaTaMmu.

Vrip. 4.18. U3 paBeHCTBa Z,Z, = 1 BBITEKAeT PaBeHCTBO |z, | - |z,| = 1. Tak kak |z|* € N ana Beex
z € Z[i], rayccoBO YHCJIO Z MOXKET OBITh 00paTUMO TOJBKO eciu |z| = 1.

ymip. 4.19. Ilyctb n = p‘fl pgrql L qSBS, rae p;,q; € N — nonapHo pasHble MPOCThIE YUCIIA, TIPU-

4€M p; IIPEACTABIAIOTCA B BUJle CYMMBI /IByX KBaJpaToB, a q; — HeT, T.e. Bce ¢; = 3(mod 4), a
Bce p; — HeT. Torza pasnoxeHue n Ha IPOCTble MHOXXUTENH B obsacty Z[i] umeeT BUz

. _ : . Bj
n= Hi(xi + iy)%i(x; — iy)* H]_ q;’. the qj EN.
Ecmu ee f; uétHble, Ton = (a+ib)(a—ib) = a’+b% pnaa+ib = [[;(x;+iy)% Hj qf’/ . Hao6opor,
nyctb n = a® + b* = (a + ib)(a — ib), ¥ pasnoxkeHue rayccoBa YMcia a + ib Ha TPOCTble MHOKUTETN
B Z[i] umeer Buz a + bi = [] k {’Z". Torza passoxkeHue YKciia n Ha MPOCThle MHOXKUTENU B Z[1] uMeeT

—Yk ..
BUJ I |k f%kfk , 1 BCE€ BEMIECTBEHHBIE IIPOCTHIE MHOXUTEJIN BXOAAT B HETO B YETHBIX CTEIIEHAX.
n n-1 n-1 n _
Ymp. 4.22. 3TO cleAyeT U3 paBeHCTBA A,q  +a,q P+ ... +ap_1qp +a,p =0

ymp. 4.23. OtBeT: (x2 — 2x + 2)(x% + 2x + 2).
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