§3. Ipo6u u psabl

B aToM maparpade MBI TpooKaeM 0603HauaTh Yepe3 K Mpor3BOIbHOE KOMMYTAaTUBHOE KOJBIIO C
eHUILIEH, a yepe3 k — MpousBosIbHOE TTOJTE.

3.1. Kossna yactHbIX. Crtoco6 n3roToBienus moss Q u3 Kosblia Z KaKk MHOXKECTBA APOOEH ¢ 1eTbIM
YUCIUTENEM U HeHY/IEBBIM 1[eJIbIM 3HaMeHaTenreM MIPUMEHUM B JII060M KOMMYTaTUBHOM KOJiblle K
c epuHuteit. IloamHokecTBO S C K Ha3bIBaeTCAa My/IbMUNAUKAMUBHbIM, ecTi 1 € Su st € S ana
Bcex s,t € S. HanpuMep, MHOKECTBO BCEX IETBIX HEOTPUIIATEIbHBIX CTENIEHEH qk 06010 sj1eMeHTa
qekK MYJIBTI/IHJII/IKaTI/IBHOZ. MuoxectBo K° C K, cocTosiiee U3 Bcex He JeNSIINX HyJlb HEHYJIEBBIX
3J7IEMEHTOB, TOXKe MYJIBTUIUIMKAaTUBHO. B 4aCTHOCTH, MHOXKECTBO BCEX HEHY/IEBBIX 3JIEMEHTOB JIFOO0T0
11eJIOCTHOTO KOJIblla MyIbTUIUIMKATUBHO. Kaxk/j0oe MyIbTUILITMKAaTUBHOE ITOAMHOXecTBO S C K 3a7aét
Ha MHOXECTBE yIOPAJ0YEHHBIX I1ap K X § OTHOIIeHNe SKBUBAJIEHTHOCTU ~y, Hopom,zléHHoe3 OTOX-
JecTBIeHUuAMH (a, s) ~g (at,st) ansa Bcex t € S. Kiacc a3KBUBaJeHTHOCTH Haps (a, S) O MOZAYJIIO
3TOTO OTHOIIEHUs Ha3bIBaeTcs 0pobbio CO 3HaMeHaTeseM B S 1 o6o3HavaeTcst a /s. MHOXKECTBO BeexX
Takux Apobeit o6o3Havaerca KS™! wm K[S™'] u HaseIBaeTCA KOMbUOM YACMHBIX WIN J0KANU3AYUel]
KoJiblla K co 3HaMeHaTeJsIMU B S.

I[IPUMEP 3.1

[ycte K = Z/(6)u S = {[1], [2], [-2]}. Kaxxzas Apo6b B K S ~1 yuMeeT npe/icTaBIeHHUe CO 3HAMEHATe-
nem[1]: [a)/[+2] = [al[F2)/[+2][F2] = [Fal[2)/[1][2] = [Fal/[1]. BuactHocty, [0]/[+2] = [O]/[1].
Taree, [+21/[1] = [+2][2]/[1][2] = [F1][2]/[1][2] = [¥1]/[1]. Haxonew, [3]/[1] = [3][2]/[1][2] =
=[0]/[2] = [0]/[1]. Tem cameim, KS™* ucuepnnisaerca apo6amu [0]/[1], [1]/[1] u [-1]/[1].

YIPAXKHEHUE 3.1. YOeAUTech, YTO 3TU TPU APOOU PA3IUIHEL.

JIEMMA 3.1
a/s=b/ts KS™! ecnu v TonmpKo ecnu atu = bsu B K ma HeKOoToporou € §S.

JloKA3ATE/BCTBO. [TomoxxuM (a, s) = (b, t), ecnu atu = bsu ayg HeKoToporo u € S. /lpyxiiaroBas 1ie-
I0YKa OTOXKZJECTBIeHu (a, s) ~s (atu, stu) = (bsu, tsu) ~g (b, t) NOKasbIBaeT, YTO OTHOLIEHUE X/
COZIEPKUTCS B OTHOIMIEHUU ~ . OcTaéTcs IPOBEPUTD, YTO OTHOIIEHUE & ABJAETCS OTHOUIEHHEM 3K-
BHUBAJIEHTHOCTH — TOTZIA OHO COBIIAJET C ~¢ B CHJIy MUHHUMAJIBHOCTH IIOC/IeAHero. PedieKcHBHOCTD
U CUMMEeTPUYHOCTh 04eBUHHI. JlokakeM TpaH3UTUBHOCTG. [IycTh (a, s) = (b,t) u (b, t) = (c,r), T. €.
CyIIeCTBYIOT Takue U, w € S, uro atu = bsu u brw = ctw. Torza

ar(tuw) = (atw)rw = (bsu)rw = (brw)su = (ctw)su = cs(tuw),

T.e.(a,s) ~ (c,r). O

JIEMMA 3.2
Omnepanyu % + % = %Sbr md .2 ab i oppexTHO 3agaroT Ha KS™! CTPYKTYpYy KOMMYyTAaTHBHOTO

T rs
Kosblia ¢ equnuieid 1 /1 v uyném 0/1.

1Cm. mpum. 0.5 Ha crp. 11 u npum. 1.2 Ha cTp. 21.

2MsI o onpezenenmo nojaraem q° = 1.

3T. e. HaUMeHbIITee TI0 BKITIOYEHHIO OTHONIEHHE SKBUBATEHTHOCTH R C (K X S) X (K X S), cofepalee Bce
mapel Buza ((a, s),(at, st)), raet € S, cm. n° 0.4.1 Ha cTp. 11.
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JIOKA3ATEJIbCTBO. TaK KakK KaxkZloe OTOX/EeCTBJIEHHE ~ ¢ SBJIAETCA HCHO‘{KOfI DJIEMEHTapHbBbIX OTOX-

JecTBieHust (a,r) ~s (au,ru), rae u € S, JOCTATOYHO NIPOBEPUThH, YTO Pe3y/IbTATHl ONepaluii He

a au b bw .
MEHAITCA IIpU 3aM€EHE ; Ha E, a ; — Ha m, Taeu,w € S, YTO OY€BU/IHO:

au  bw _ ausw+bwru _ (as+br)-wu _ as+br

4+ — = =
U Sw TUSW TS - wu s
au bw _ aubw _ (ab)-wu _ ab
Tu SW  Tusw TS - wu rs

HpOBepKy BBITIOTHEHHUA B KS_l BCEX aKCMOM KOMMYTAaTUBHOI'O KOJIblla C e,Z[I/IHPIHeﬁ MBI OCTaBJIAEM
YUTATE/IIO B Ka4eCTBE yIIpaKHEHUA. O

CIEACTBUE 3.1
KonbIio KS ™! HynmeBoe eciu ¥ TOMBKO eI S COAEPKUT Hy/Ib.

Joka3ATENBLCTBO. Ecin 0 € S, To s1r06ast apobs a /s = (a-0)/(s-0)=0/0=(0-1)/(1-0)=0/1
SKBHUBaJIeHTHA Hymo. C apyroi croponsl, 1 /1 = 0 /1 TOIBKO ecnu CyIECTBYET TaKOH S € S, 4TO
1-1-s=0-1-s=0,otkyzas =0 €S. U

TEOPEMA 3.1

Orobpaxenue i : K — KS ~1, nepeBozsmee a € K B ipo6b a /1, ABnsAeTcs roMoMOpdU3MOM KOJIel]
cagpom kerig = {a € K| 3s € S: as = 0}. Obpa3 i4(s) moboro snemeHTa S € S obpaTUM
B KS™1. Jlna mo6oro romomop¢usma @ : K — R B IIeJIOCTHOE KOJbLIO R, IEPEBOAANIETO KAXK/BIH
3JIeMeHT U3 S B 00paTUMBIH 3JIeMeHT U3 R, CylecTByeT eIMHCTBEHHBIM TaKoi TOMOMOPGHU3M KOJIel]
@s: KS™' - R, 410 @0 = g 0 L.

JJOKA3ATE/ILCTBO. O4eBUHO, UTO Lg ABIAETCSE roMoMopdu3MoM. [Ipobs tg(a) = a/1 pasHa 0/1 eciu
Y TOJIBKO eC/IM HalziéTca Takoi s € S,uyroa-1-s =0-1.-5 = 0. O6paTHbIM K t(s) = 5/1 anemeHTOM
sABIsAeTCsA APo6b 1/s. OcTaéres oKa3aTh MocaeqHee yTBepxKAeHue. I TPoAo/DKeHUs roMoMopdr3Ma
@ : K — R go romomopdusma ¢ : KS™' — R HeT uHOro BBIGOPa KaK MONOKUTh Pg(1/s) = 1/¢(s),
TaK KaK B KOJIbIle R JOIKHEI BEIIOMHATBCSA paBeHCTBa Pg(1/s) - ¢g(s) = (ps(s . (1/5)) =¢(1)=1.
CrieZioBaTeIbHO, UCKOMOE MPOZIoJKeHHe 06513aHo 3azaBaThes dopmyioit pg(a/s) £ p(a)/¢(s). Ona

a au au\ _ e@u) _ e@ew) _ @@

KOppEeKTHa, MIOCKOJIbKY IIPU 3aMeHe — Ha — Cc U € S uMeeM (— = = = = =
PPEKTHA, yip s 1 su Ps\su) = pow =~ peew T e
BecxuTpocTHYI0 IPOBEPKY TOTO, YTO ITIOCTPOEHHOE 0TOOpakeHUe ¢ ¢ TepecTaHOBOYHO CO CJIOXKEHHUEM
1 YMHOXXEHUEM, Mbl OCTaBJIIEM YUTATEJIIO. O

YrPAXXHEHUE 3.2. [Tycts K = Z/(30),a S = {[Zk]30 | k=0,...,4}. okaxwure, uto KS~* ~ Z/(15).

[TPUMEP 3.2 (IIOJIE YACTHBIX I[EJIOCTHOTO KOJIBIIA)

Ecsm konbio K He MMeeT fienuTesiel HyJls, ero HeHy/IeBble 3JIeMeHThI 06pa3yioT MyJIBTUIUINKATHBHYIO
cucreMy. KoJIbIo YaCTHEIX CO 3HAMEHATEIIMU B 3TOU CUCTeMe ABJIseTCs mojeM. OHO Ha3bIBaeTCsA No-
JleM YacmHbLX LIeJIOCTHOTO Kosblia K 1 obo3Havaercs Q. PaBeHcTBO a /b = ¢ /d B Q) paBHOCHIBHO
paBeHCcTBY ac = bd BK, aromomopousmi: K < Qg,a — a/l, "HbeKTHBeH, 1 0601 TOMOMOPGU3M
¢ : K — R B1eJIOCTHOE KOJBIIO R, IepeBoAAMUIN Bce HeHy/eBble 37leMeHTH U3 K B o6paTUMBble dJie-
MEHTHI KOJIbLIA R, €/[JNHCTBEHHBIM CIIOCOGOM MPOIOIIKAETCS /0 BIOYKEHNS [OJIs YaCTHBIX ¢ © Qi < R.

[TpuMEP 3.3 (r1oJiE Q)
I[TosieM 4acTHBIX I[eIOCTHOTO KOJIblIa Z ABIAETCA IoJle pallioHAIbHbIX yncen Q = @, KoTopoe KaHo-
HUYECKU BKJIAZIBIBAETCS B JIF0O0E M0JIe XapaKTePHUCTUKY HYJIb B KAYeCTBE IIPOCTOTO HOATIONS .

'Cm. n° 1.5.6 Ha cTp. 32.
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TTPUIMEP 3.4 (TIOJIE Ps1/10B JIOPAHA)

[Nosie YacTHBIX Kosblia popManbHbIX cTeneHHBIX psfoB k[x] ¢ koadduirientamMmu B mpoM3BOJEHOM
none k o6o3nagaercs k(x) £ Q] - Tax Kax 060 Psaz ¢ HEHyIEBHIM CBOOOAHBIM WIEHOM 00pa-
um® B k[x[], kaxzmas apo6s p(x) / q(x) € k(x) ogHO3HauHO TpezcTaBNAeTCa B Buge X h(x), rae
h € k[x] umeer HeHymeBOI CBOGOAHBIN WieH, a MOKa3aTelb m € 7 paBeH PasHOCTH OKasaTe-
Jier MTaJIINX WIEHOB PAZIOB p U q. ViHade ToBoOps, mmoje Kk(x) coctout us popManbHBIX CTEITEHHBIX
psazoB Buza f(x) = Y, k>m(f) akxk, B KOTOPBIX JIOMyCKAETCA KOHEYHOE YHCJIO MOHOMOB OTPHUIATENb-
HO¥1 cTenenu. Takuie psA/bI Ha3biBatoTCA psadamu Jlopawa, a mose k(x ) — nonem psidos Jlopana. Homep
m(f) € Z camoro JieBoro HeHy/IeBOTo KoadduimeHTa psga JlopaHa f HasbIBaeTcs nopsiokom psza f.

3.2. ParnuonanbHbie GpyHKIHU. [Tose yacTHBIX Kosblia [k[x] o603HauaeTcs yepes k(x) v Ha3bIBaeTCs
noJjieM payuoHanbHbIX PyHKkyul OT x. Ero ajileMeHTaMu ABJISAIOTCS Apobu Buga p(x)/q(x) cp, q € k[x].

[IPEAJIOXKEHME 3.1
Ecnu g = g, ... gm, T8€ g; € klx] n HOA(g;, g;) = 1 npu i # j, To Ipn mobom f € k[x] apobs f /g
€IMHCTBEHHBIM 006pa30M IMPeACTABIAETCA B BUJE CYMMBbI

£=h+i+---+fﬂ, (3-1)

g 91 Im

rae h € k[x] udeg f; < deg g; mpu Bcex i.

JIOKA3ATE/IBCTBO. [lens f Ha g ¢ OCTaTKOM?, 3aKJII0YaeM, 9TO f/g = h+7/g, tae h— HenonHoe YacT-
HOe, a OCTaTOK I UMeeT cTenleHb degr < deg g. Ecin g = g, g, nHOA(g,,9,) = 1,TO [gz]g1 obpatum
B k[x]/(g,)- IIpeacraBum [r]g1 / [gz]g1 = [fl]g1 MHOTOWIeHOM f; crenenu deg f; < degg,. Torzna
r = f; -9, +f, -9, AnaHekoToporo f, € k[x]. CpaBHUBasA cTeneHy, 3akaodaeM, 9to deg f, < deg g,.
Takum obpasom, r/g = f, /9, + f>/ 9, ¥ K KaKA0M U3 3TUX Apobeil IPIMEHNMO TO )K€ PACCYXIeHue,
ecy e€ 3HaMeHaTeJb ABJIAETCA IPor3BeleHHeM B3aUMHO IIPOCTBIX MHOTOWIEHOB. DTO J0Ka3bIBaeT
CylecTBOBaHUe pa3noxeHuq (3-1). g foka3aTenbCTBa ero eJUHCTBEHHOCTH, YMHOXHUM 00€e 9acTy
pasinoxenus (3-1) Ha g. [Tonyuum paBeHcTBO Buza f = hg + f,G; + ... + f,,G,,, TAe uepe3 G; = g/ g;
0603HaueHO NPOU3Be/IeHNEe BCEX MHOTOWIEHOB g, KpoMe i-ro. Tak kak deg(f; G, +...+f,,G,,) < deg g,
MHOTOYIEH h ABJIAETCA HEIIOJHBIM YaCTHBIM, a1 = f; G, + ...+ f;, G;, — OCTaTKOM OT JleJIeHuA f Ha g.
Kaxxzieli f; ABNAETCA TEM eJMHCTBEHHEIM MHOI'OWIEHOM cTelleHH < deg g;, knacc kotoporo B k[x |/ g;)
pageH [f] g /1G;] g, TaKUM 0b6pas3om, Bce UHT'peAUeHTH GopMyJIbl (3-1) OHO3HAYHO ONPEAEIOTCSA
MHOTOWIEHaMHU f U g4, ..., gn.- 0

[IPEAJ/IOKEHME 3.2
JTro6yto pobb BUzga f /g™, B koTopoi deg f < deg g™ = m deg g, MOXHO eIMHCTBEHHBIM 06Pa3OM
IIpe/ICTaBUTh B BUZle CyMMBbI

Lm=£+%+---+f—’,fl, (3-2)
g g g g
rae deg f; < deg g npu Bcex i.
JlOKABATE/BCTBO. [IpeacTapienye (3-2) paBHOCWIBLHO 3aIUCH [ B BUIE
f=A9" T+ L™+t frna G+ fns (3-3)

1cm. npum. 2.2 Ha cTp. 37.
2Cm. n° 2.2 Ha cTp. 39.
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aQHAJIOTMYHOM 3aIIUCH 1IeJIOro YKcia f B g-UYHON MO3UIIMOHHON CHUCTeMe UCYUCIeHUA: f,, ABIAeTCA
OCTaTKOM OT AeJieHus f Ha g, f;;_; — OCTATKOM OT JejieHus dactHoro (f — f,) /g Ha g, fn_, —

OCTaTKOM OT ZleJIeHH: YaCTHOI'0 (% - fm_1> /gHAgUT.A. O

3.2.1. PasnoxeHue HA MpocTefiine Apoou. V3 NpeApIAyIuX ABYX TPENIOKEHU BHITEKAET, YTO
Kaxkgas apobs f /g € k(x) momyckaeT edurcmeeHHoe IpeACTaBIEHUE B BU/JE CYMMBI HEITOJTHOTO YacT-
HOTO OT ZieieHus f Ha g v Apo6eli Buga p /q™, te q poGeraeT HETPUBOAMMBIE IEJIUTEN 3HAMEHA-
TeJs g, IoKa3aTeb m MeHseTcs OT 1 1o KpaTHOCTU BXOXKJEHUS q B pPa3jioKeHHe g Ha HEIIPUBOAUMBIE
MHOXKUTENN, U B KaKJOM 13 Takux Apobeii degp < deg q. Takoe TpeZcTaBieHne Ha3bIBAETCs pA3JI0-
acenuem f / g Ha npocmetiwiue Opo6bu v OBIBAET ITOJIE3HO B MPAKTUYECKUX BEIYUCIEHUAX C PAllHOHAb-
HBIMH QYHKIUAMHU.

[IPUMEP 3.5
BeraucauM 2022-10 TPOM3BOHYIO, a TAKXKe MepBoobpasHyio’ oT 1 /(1 + x?%). Paznoxum 3Ty Apobb B
niosie C(x) Ha mpocTelmMe:

1 o« 4 B
1+ x2 1+ix 1-ix

, tme a,BecC.

[Moacrasnss x = +i B paBeHcTBO 1 = a(1 — ix) + (1 + ix), Haxoguma = f = 1/2, T.e.

1 _1( 1 N 1 )
14+x2 2\1+4ix 1-ix/"

Teneps guddepeHipyeM Kaxjoe ciaraemMoe:

d \*°** 1 2022! [ (=0)?°%2 ;2022
<E> 14+x2 2 ((1 +ix)2023 (1 — ix)2°23) -
gy LA B A 1021 2023\  (=D"x?
i (1 + x2)2023 S\ 2 (1 + x2)2023 7

" MHTEIrpHUpPYEM KaXKJoe€ cilaraeMoe:

dx 1 dx 1 dx In(1 + ix) — In(1 — ix) 1. 1+ix
== — 4+ = — = - = —In——= = arctgx.
1+x%2 2 1+ix 2 1-—ix 2i 20 1-ix

[ToauepKHEM, YTO BCe IPOAEIaHHbIE BHIYUCIEHUS KOPPEKTHO ompeziesieHsl B koiblie C[x]|, a Bce Ha-
TIICaHHbIE PABEHCTBA CYTh PABEHCTBA MEXY S7IeMEHTAMHU STOTO KOJIbIIaZ.

IT. e. Taxoii paz f 6e3 cBo6ogHOro WieHa, uto f(x) = 1/(1 + x?). Ilogpo6ree cm. B n° 3.3 Ha cTp. 59.
2B gacTHOCTH, IOCTIE/IHEE PABEHCTBO BHITEKAET U3 OIpeZle/IeH A TAHTeHCa:

o sint 1 eft—e7i 1 e2t_1q
tgtd=f1 =T — =——€Cﬂt]]
cost i eitte-it i e2t+4+1

: 14 .. .
Tonaras tg t = x, momydaeM e = 2% TIpo skcmonenTy u torapudm M emé noapo6HO TOroBOPUM B n° 3.3

1—ix’
Ha CTp. 59 HuXKe.
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3.2.2. PasnoxkeHHe paliOHAIbHON QYHKIMY B cTelleHHOMH paf. [To Teop. 3.1 Ha cTp. 54 cymie-
CTByeT efUHCTBeHHOE BiaokeHue Kk(x) — k(x), mepeBoasiiee Kaabplii MHOTOWIEH B ceOs1. MHaue
rOBOPA, KAKAYIO PAlOHAIBHYIO GYHKIMIO MOXKHO pa3oxuTh B paz Jlopana. Eciu ocHoBHOe noste k
anre6paryecKy 3aMKHYTO! , TaKoe pas/iosKeHye OIUCHIBAETCH J0BOTBHO ABHBIMU dopMyaaMu. ITycTh
deg f < deg g u 3HaMeHaTenb Apobu f / g uMeeT BUA:

gx)=1+ax+ax*+...+a,x" = H(l —a;x)™, (3-9)

TZie BCe Uncia a; € Ik IIOIIapHO Ppa3JUYIHBI.

VIIPAXKHEHUE 3.3. Y6eUTeCh, 4TO YMCIA (; U3 PasIokeHus (3-4) CyTb KOPHU MHOTOWIEHA
t"ta "+ ta,tta, = H(t —a)™.

Mo mpeat. 3.1 v ipeas. 3.2 dyHkus f / g ABIAETCI CyMMO#M MPOCTENIINX Apobeit
B
—__, (3-5)
(1 —a;x)*y

rZle IpU KaXK/IOM [ TToKa3aTesu k s exkar B mpegenax 1 < k; j <m;,ap; i € k.
Ecnu Bce KpaTHOCTH M; = 1, TO pasjioKeHUe Ha MPOCTeHIINe JpOOH UMeET BUJ

fx) __ B Bn

= + ...+ ;
l-ax)..1—a,x) 1-—a;x 1—a,x

YTOOBI HANUTH f3;, YMHOXHUM 00e 4acTH Ha OOIINi 3HaMeHAaTeJlb U IOACTaBUM X = ai_l. [Momyunm

go_ ) a7 () 26)
‘ Hv#i(l - (av/ai)) Hv;éi (ai - av)
MBEI 3aKiIr04aeM, 4To Korsa Bce m; = 1, 1pobs f / g ABnAeTcs cymMMoil n = deg g TeOMeTpPUYECKUX
TIPOT'PEeCcCUii:
@:Z(ﬁla'f+ﬁ2a§+...+ﬁ af) - x*, (3-7)
g9(x) e

rAe f; HaxozATcA 1Mo dopmynam (3-6).
Ipocrefimas Apo6e (3-5) ¢ nokasareneMm k;; = m > 1 packiaAbIBaeTcs B Psf NIPU OMOLIN
dopmynbl HeioToHa 11 GUHOMA C OTPULIATENTbHBIM TIOKa3aTeleM

Z(k+m—1)(k+m—2)-"(k+1).xkzz<k+m_1) - xk, (3-8)

1—x)m (m—-1)! m-—1

k>0
KoTopas mosydaercsa (m — 1)-kpaTHeiM AuddepeHIIMpoBaHHEM 00erX YacTell pasjioKeHUsI TeOMeT-
pudeckoii mporpeccuu (1 —x) ' =1+x +x% +x3 + ...
n
YIIPAXXHEHHUE 3.4. Y6eZuTechb, 4To <%) 1-x)"t=n!/1-x)""

Takum 06pa3oM, pasyoKeHue mpocTediei Apobu (3-5) umeeT BUz

k+m-1 k
()

k>0

IT. e. ka b1t MHOrowreH u3 k[x] monHocThIO packtazpiBaercs B k[X] Ha IMHeHHEIE MHOXHUTEIH.



58 §3 Jlpobu u psazbl

3.2.3. PelieHue JINHEHHBIX PEKyPPEHTHBIX ypaBHEHUIA. [IpebIyIye BEIMUCIEHNI MOXKHO HC-
HI0JIb30BATB A1 OTBICKaHUA «POPMYJIBI K-TOTr0 WieHa» II0CIeA0BaTeIbHOCTH Z),, 3alaHHOH IUHeTIHbIM
PeKYPPeHMHbIM YPABHEHUEeM N-M020 NOPsI0KA:

Zk + alzk_l + aZZk_Z + ...+ anZk_n - 0 N (3'10)

rzie K03bQUIMEHTH a4, ... , a4, € C— 3azanHble yncia. [Ipu k > n ypaBHeHuto (3-10) yaoBieTBODA-
10T KO3QUIMEHTEHI Z, 0000 CTeNIeHHOTO psja Buja

1

by +byx + ...+ b,_x""
Zo+zx+zxt + . = —2—1 = -
1+a;x+a,x?+ ... +ayx

Eciu B unciuTesIe IpaBoi yacTu nogobpars koapduiueHTs! by, by, ..., b,_; € C Tak, 4TOOHI NEp-
BBIE 1 KOIOPUITUEHTOB Z), ... , Z,_, PA3JI0XKeHNA OIyIeHHOH APoOHU B CTeNIeHHOH psJ COBIAJIH C ITep-
BBIMU N WIeHaMU nocienoBareabHocTH (3-10), To dopmyssl (3-6) u (3-9) AaAyT ABHBIE BRIpAXKEHUSA
3/IEMEHTOB 0C/IeI0OBATebHOCTH Zj, Yepes k.

ITPUMEP 3.6 (4nciA PUBOHAYYN)
Haiiném siBHOe BhIpaxkeHUe uepes k /715 371leMeHTOB II0C/Ie[0BaTeIbHOCTH Zj,, B KOTOPOU

Z2y=0,z,=1uz,=2,_,+2z,_,upuk > 2.

PekyppeHTHOe YpaBHEHUE Z}, — Zj,_, — Zj_, = 0 OIMCBIBaeT KO3GPUIINEHTH! psaza
by + b x
X+ 2yx% 4230 + = 22—,
1-x-—x
y KoToporo z, = 0 1 z; = 1. YMHOXas obe yacTH Ha 3HaMeHaTeJIb ¥ CpaBHUBAsA KOAPOUIIMEHTHI IIPU
x° u x', sakmouaewm, uto b, = 0, a b, = 1. Takum 06pazom,

x P B-

= + s
1-x—x2 1-ax 1-a_x

rmea, = (1+ \/g)/Z CyTh KOPHU MHOTOWIeHa t* —t — 1,af, = —f_ =1/(a, —a_) = 1/\/Er[o
dopmyie (3-6). Pasznoxxenue z(x) B psi UMeET BUJ

x 1 11 _yai-d
1—x—x2_\/§<1—a+x 1—a_x>_]§) NG s
L, _ 1+ V- -5k

k 25

[IPEAJIOXKEHME 3.3
Eciu nocnesoBaTebHOCTD Yncel z;, € C yZoBIeTBOPAET IIPU kK > N peKyppPeHTHOMY YDaBHEHUIO

Zp+aZy_ 4+ 0,z 5+ ...+ apz,_, =0 (3-11)

¢ IoCTOAHHBIME KodbdummenTamu a; € C, 10 z, = aXo, (k) + ... + a¥¢,.(k), tae ay, ..., a, — 310
BCe pa3TUIHble KOPHM MHOTOWIeHa

t"+a t" Lt ay,, (3-12)

a @;(x) € C[x] u deg ¢; cTporo MeHblIe KPATHOCTU COOTBETCTBYIOIIETO KOPHA ;.

1 On HasbIBaeTCA XapaxmepuCMUUeckUM MHO20UIEHOM PEKYPPEHTHOTO ypaBHeHus (3-10).
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JIOKABATEIBCTBO. Pan Y. z,.x¥ € C[x]], koaddurmentrr kotoporo pemator ypasHenue (3-11), aB-

nseTes cyMMol apo6eti Buaa B(1 — ax)™™, rae a mpo6eraeT pasIuyHbe KOPHU MHOrowIeHa (3-12),
MTOKa3aTesTb M JIEKUT B TIpeZiesiax oT 1 /10 KpaTHOCTH COOTBETCTBYIOIIETO KOPHS (@, ¥ /I KAXK/JOM TTaphl
a, M KOMIUIEKCHOE Yuciio S = (&, m) OfHO3HAYHO BBIYUC/IAETCA 10 &, M Y IEPBBIM 1 KO3QPUIIeH-
TaM [oc/Ie[0BaTeNIbHOCTH Z;,. ComtacHo ¢popmyte (3-9) koadduiueHT npu x¥ y pasnoxenus apobu
(1 — ax)™™ B CTENEHHOMN PsAS UMeET BU/ ak(p(k), rae (k) = (kjnnzl) ABJIAETCA MHOTOWIEHOM CTe-
meau m — 1 ot k. O

3.3. JlorapudM U 3KCIIOHEHTa. BClozly B 9TOM paszesie Mbl pacCMaTpUBaeM psbI ¢ KOG PUIFIEHTaMHU
B nosie k xapaxkrepuctuku chark = 0. B aTom ciydae i mo6oro paga f(x) = ag + a; x + a,x* + ...
CYILECTBYET eJUHCTBEHHBIN psiZ 6e3 CBOOOAHOTO WieHa, IIPOU3BOAHAA OT KOTOpPOro paBHa f(x). OH
Ha3bIBaeTCA Nep8oobpasHoll WK uHmezpanom oT f 1 0603HavaeTcs

/f(x)dxd:efaox+ﬁx2+ﬁx3+...=bek. (3-13)
2 3 &k

[TepBOOGpa3HbIi PsiZi OT 3HAKOTIEPEMEHHOM reOMeTPUYECKOH IPOrPeCCUN Ha3bIBAETCA 102apudmom
1 obo3HavaeTcs

1n(1+x)“=ef/10f =/(1—x+x2—x3+...)dx=
X

k-1
SO S U S Vi
5 et k

EZAVHCTBEHHBIN Psifi CO CBOOOAHBIM WieHOM 1, COBIaZArOIIMiL CO CBOEH MPOU3BOJHOM, Ha3bIBAETCSA
3KCNOHeHmoll ¥ 0003HaYaeTCs

2 3 4 5
U Y =1+ T+ 2 4 3-15
2 / 2 6 24 120 ( )
k>0
VIIPAYKHEHUE 3.5. YoeauTech, 4To d% Inu=u'/uuln(l/u) = —Inu aascexu € U.

3.3.1. JlorapudmupoBaHue 1 sKcnoHeHuuposanue. O6ozHaunm yepes N = (x) C k[x[] agau-
THBHYIO abesieBy IpyIIILy Bcex psgoB 6e3 cBobozaHoro wieHa, ayepe3 U = 1+N C k[x]] — myabruruiu-
KaTHBHYIO abeJieBy I'PYIIITY BCEX PAZOB C eAMHIYHEIM CBOGOAHBIM WieHOM. [ToZicTaHOBKA B apIyMeHT
sorapudma BMecTo 1 + x Ipou3BOIbHOrO psiZia u(x) € U o3HadaeT MOACTAHOBKY B Jorapudmude-
ckuii pag (3-14) BMecTo mepeMeHHOH x psga u(x) — 1 6e3 cBOOOAHOTO WieHa U TeEM CaMBIM ABJIAETCS
anreGpandeckoii onepanueii’. Mbl oIydaeM 0TOGpasKeHHe 102apUGMUPOBAHUS

In: U- N, u~lnu. (3-16)

[MoacTaHOBKA B 3KCIOHEeHTY (3-15) BMecTo x jroboro psaga t(x) € N gaér psag e™ co CBODOOZHBIM
wieHoM 1. MBI TIOJTyJaeM aKCnoHeHYUAIbHOe 0mobpasceHue

exp: N->U, 1€, (3-17)

1Cm. n° 2.1.1 Ha cTp. 36.
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JIEMMA 3.3
Jns pagos u,w € U paBerctBau = w,u’ = w’, In(u) = Inw)uu’ /u = w’ /w nonapno sxsusa-
JIHTHEI JIPYT APYTY.

JIOKA3ATENLCTBO. IlepBoe paBeHCTBO BIEUET 3a cobOit Bece ocTambHbIe. [T0CKONBKY PAABI C PaBHbI-
MU CBOGOJHBIMH WIeHAMHU COBIIAJAIOT eC/IM U TOMBKO €C/IM COBMAZaloT UX IPOM3BOAHEIE, TIepBhIe IBa
paBeHCTBa U TOC/IeJHNE JBA PABEHCTBA PaBHOCHILHEI APyT Apyry. OcTaéTes MoKa3aTh, YTO U3 IO-
clleZiHero paBeHCTBa cIefyeT mepsoe. Ho mociesHee paBeHCTBO yTBep)AaeT, uto u’ /u —w' /w =
=@w'w-w'u)/uw=w/u) - (u/w) =0orkyaa(u/w)’ =0, T.e.u/w = const = 1. O

TEOPEMA 3.2

DKCIOHEHITHATbHOE U ioraprudMudeckoe oTobpaxkenus (3-17) u (3-16) ABIsI0TCA B3auMHO o6paT-
HBIMU m30Mopdu3mMamu abeseBBIX IPYII, T. €. JIS JIIOOBIX PAJOB U, U, U, U3 U U T, T, T, U3 N BBHI-
nonHsoTCA TokAecTBa lne® = 7, ™% = v, In(u,u,) = In(u,) + In(u,), e"11%2 = eF1e®.

JIOKA3ATEILCTBO. PaBeHcTBO In e” = T mpoBepseTcst cpaBHEHNUEM ITPOU3BOHBIX OT OGEUX YacTel:

'
T T/
’ e et
(11,1 e‘L’) — ( ) — — T/ ,
e’ e’
a paBeHCTBO ¥ =y — CpaBHEHHEM JIOTAapUPMUIECKUX TPOU3BOAHBIX:

(elnu), _eé"nw’ _ v/

elnu - elnu u .

TeM caMbIM, SKCIIOHEHIIMPOBAHHUe U JorapuGMUPOBAHNUE ABIAIOTCA B3aUMHO OOPATHBIMU GHEKIHA-
mu. Pszet In(u, u,) v In u,; +1In u, COBIAAAOT, MOCKOTBKY UMEIOT Hy/leBble CBOGO/IHbIE WIEHBI U PABHbIE
TIPOM3BOJHEIE:

(uu,)  wu,+uu, u, u
— 1%2 — 172 12 1 2

=—=+4 == (lnu1 +1nu2)l

’
(ln(uluz))
U U, U U, U U

[TosTomy JsiorapudmupoBanue — roMmoMopdu3M, a 3HaYUT, U oOpaTHOe K HeMy 3KCIIOHEHI[MpOBa-
HUE — TOXe. U

YIPAKHEHWUE 3.6. Jlokaxkute B Kk [[x, y|] paBenctBo e¥Y = e*e” HemocpescTBeHHBIM CpaBHEHHEM
k03 PUITMEHTOB 3TUX JABYX PAJOB.

3.3.2. CrenenHasa GyHKIMA 1 OMHOM. B 3TOM paszesne MBI IPOAOIKAEM CUUTATh, yTO mose k
MMeeT XapaKTepUCTUKY Hyib. [ moboro unucaa a € k onpezgenum 6uHomuansHaiil pso ¢ oxKasare-
eM @ GopMyon

(1 +x)oz def ealn(1+x)

[MozacTaisas BMecTo 1+ x Ipou3BoIbHEIE PsAAbl U € U, Mbl A1 mio6oro yucia a € Kk mosydaem anre6-
pandecKyro olepawuo gogedeHus 8 a-myio cmenens U — U, u — u%, o61ajaolnyio BceMy HHTYH-
TUBHO OXKUJA€MBIMU OT CTeIIeHHOH PYyHKIIMM CBOHMCTBaMU. B 4aCTHOCTH, AJIS JIFOOBIX PAZOB U, vV € U
u uncen a, f € Kk BEITOMHAIOTCA paBeHCTBA

u® . u/? — ealnueﬁlnu — ealnu+/31nu — e(a+/3)lnu — ua+/3

(ua)ﬁ — eBln(u“) — eBln(e‘“““) — e®Bnu _  ap

(uv)a — ealn(uv) — ea(lnu+lnv) — ealnu+alnv — ealnu . ealnv a,x

=uv
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Hanpumep, 7151 106010 psiZia U C €UMHUIHBIM CBOGOHBIM WIEHOM PSZI ut/n Tpe/ICTaBsAeT cO6010 {1/17
n .
B TOM CMBICJIE, UTO (ul/n) = u. Yrob6BI ABHO HAUTH KOIPUIMEHTH! a; OMHOMUAIBLHOTO PAJa

1+x0)%=ay+ax+ax*+...
PaccMOTPUM €ro JIOrapruPMHUIECKYIO IPOU3BOAHYIO

((1+x)a), d d a
(14 x)= dx n(l +x) adx n(1 +x) 1+x

YMHOas JIeByIo 1 pasyto yacTy Ha (1 + x)**?, monydaem paBeHcTBO
(a;+2a,x+3a;x° +...) - (1+x) =a-(1+a;x +ax* +a;x> +...) .

CpaBHUBas KoaddumenTs! ipu X~ B TIPaBoit U JIEBO#T YACTH, IPUXOAUM K PEKYPPEHTHOMY COOT-
Homenuwo ka, + (k — 1)a,_, = aa;_,, u3 KOTOPOro

=@k @k De—k=2)
k k(k—1)
_la-(k=D)a—(k=2))(a=Da
.. ol .
Crosiias B IpaBoi YacTu Apobb UMEET B YUCIUTENE ¥ 3HaMEHATeJIe 110 K MHOXKUTEJIeH, Ipe/ICTaBJIs-
IOIIHX COBOIO MOC/IEA0BATEBHO YMEHBINAOIIECS HA eAUHUITY YKMCIa: B 3HaMeHaTene —oT k 10 1, B
yucautene — ot a 1o (@ — k + 1). Ota apobb Ha3BIBaeTCA OUHOMUANBHBIM KO3 PULUeHmOoM U 060-

3HavYaeTcA

K Tl (3-18)

TakuMm obpasom, Ay moboro a € k cipaBeanvBa opmyna Hoiomona

A1+x%*= Z <°I:>xk =1+ax+ a(az_ Dyppyala=@=2)s,

k>0 6

<a> w @@=1 - (@-k+1)

[TPUMEP 3.7 (BMHOM C PALIMIOHAJIBHBIM ITOKA3ATEJIEM)
Ecmma =n € N, Tonpu k > n Buuciautesne 1pobu (3-18) noaBurcs HyneBol COMHOXUTENb. [ToaToMy
pasJyioxKeHre GMHOMA B 3TOM CJIy4ae KOHEYHO U UMeeT B/

n
(1+x)"=1+nx+@x2+...+x“: > <:> -x¥,
k=0

3HaKoMbIH HaMm u3 popm. (0-8) Ha cTp. 7. [Ipu @ = —m, rae m € N, MBI osy4aeM pas3iokeHue U3
dopwm. (3-8) Ha cTp. 57

1+x)™™=1-mx+

m(m+ 1) m(m+ 1)(m + 2) k+m-1
sz— A i Z(—l)k< . >~xk.

k>0

[lpu a = 1/n, e n € N, popmyna HeloToHA pa3BOpayNBaET B CTENEHHOM P PaJUKal

), 26
m= 1 n\n 2 n\n n 3

1+=x+ X+
n 2 6
x n-1 x> @m-1)2n-1) x* @-1D@n-1)Bn-1) x*

=14+4=—-— =+
n 2 n2 2-3 n3 2-3-4 n*

+ ... =
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Hanpuwmep, mpun = 2 u k > 1 B kadecTBe KoaddurmenTta npu x© momyaaercs gpo6s

1-3.5-...-(2k=3) _(-D** 1 _<2k—2>

—1)k-1.
1 2k 2k 4k-1 k-1

k-1 _ k
\/1+x=1+zk>1¢-<2k 2)-4’,‘{_1. (3-19)

k k-1

[TPMEP 3.8 (uncIA KATATIAHA)
Bocnomeayemcs paznoxkeHueM (3-19) s mosyueHus SBHOU GopMysisl i uuces Kamanawna, gacto
BO3HUKAIONINX B KOMOMHATOPHBIX 3a/a4aX. Beraucivm npousBesienuie n + 1 uucen

gy ... 0y, (3-20)

JleJiasi 3a OJJMH IIar POBHO OJHO M3 N YMHOXXEHUI U 3aKJIIovasi TepeMHOKaeMble YKcia B CKOOKU. B
pe3y/bTaTe MBI paCCTaBUM N TIap CKOOOK B BeIpakeHnH (3-20). KomuecTBO pa3mUuIHBIX paCcCTAHOBOK
CKOOOK, BO3HUKAIOMUX TAKUM 00pa3oM, HasbIBaeTcs n-bIM uuciom Kamanaua c,,. llpun = 1 ectsb
JIVIIb OfHA pPaccTaHOBKa CKOOOK (aya,), npun = 2 — aBe (ay(a,a,)) u ((aya,)a,), npun = 3 —
nAathe: (ag(a,(a,as))), (ay((aaz)as)), ((aga)(azas)), (ag(a,az)as), ((aga,)a,)as). MHOKECTBO
BCEBO3MOJKHBIX PACCTAHOBOK CKOOOK B mpou3BeAeHuu (3-20) pacrnazaeTcs B AU3bIOHKTHOE 00be/H-
HEHMe N MOAMHOXKECTB, B KOTOPBIX KOHQUTypaINi Hapy>KHBIX CKOOOK UMEIOT BU/

(ag(a, ...ay)), ((aga)(a,...ay)), ..., ((Ag ... ap_y)an_1a,)), ((ag ... ay_1)ay)

U KOTODBIE COCTOAT, COOTBETCTBEHHO, U3 Cp_1, C1Cn_s C2Cn_z; -+ Cn_Cq, Cp_q HIEMEHTOB. Eciu 0-
TIOJIHUTH TIOC/IeI0BATENbHOCTD uncen Katanana unciom ¢, & 1, To OMyYnTes COOTHOIIEHNE

Ch = CoCpn_q + CiCh_> + ...+ Ch—2Cq + Cnh-1Co >

osHavaroee, uTo pad Kamanana c(x) £ Y k>0 ckxk =1+c¢x+c,x* + ... € Z[x] ynosnerBopsier
ypaBHenumo c(x)? = (c(x) — 1)/ x, T. e. ABNAETCA NeXamuM B Koablle Z[x]] KopHeM KBaZpaTHOTO
TpéxuieHa xt? — t — 1 = 0 oT nepeMeHHoi t. B mose psazos Jlopana Q(x) D Z[x]] kopuu HaxoasTcs
TI0 CTAaHJAPTHOM HIKOIbHOM Gpopmyne t = (1 +4/1 — 4x)/2x. Tak kak 1+ /1 — 4x He fenuTcs Ha 2X

B Z[x]), xopens (1 + v/1 — 4x)/(2x) & Z[x]]. Tem cameim, c(x) = (1 — /1 — 4x) /(2x), oTKyzZa 1O

dopwmyie (3-19)
1 2k
= —— .
kE+1\k

OTMeTI/IM, 4TO JAaXXe He Cpa3y IIOHATHO, YTO 3TO YMCJIO — LIeJIoe.

3.4. Jeiicreue Q[[d / dt]] na Q[t]. PaccMoTpum KobIo GOpManbHBEIX cTermeHHBIX psgoB Q [x] ot
HmepeMeHHOM X U KOJIbIIo MHOTOWIeHOB Q[t] oT mepeMeHHo1i t. O603HaYNM Uepe3

_d o ,
D=2:Qltl-Qltl. gg,

oneparop auddepeniupopanua. Oneparop D MOXHO IOACTaBUTb BMECTO IIepeMeHHOH X B JII0O0H
cTelneHHOH psaz P (x) = E,@O (pkxk € Q[x]]. PesysnbraTom Takoii OACTAHOBKH, IO OIPEEIEHHUIO,
ABJIAeTCA IMHeHHoe 0ToOpakeHne

O(D): Qltl = Qltl, [ ) 0D f = @of +oif +0f "+ ... (3-21)

k>0
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[MockomnbKy Kaxkzoe uddepeHIpoBaHNe YMEHbIAeT CTelleHb MHOTrOWIeHa Ha eJMHUILY, BCe clara-
eMble B TpaBoii yacTtH (3-21) obpaTaTcs B Hyslb ipu k > deg f. Takum 06pa3oM, AJIs1 KasKJ0ro MHOTO-
wieHa f € Q[t], nmpaBas yacTh (3-21) ABJAeTCA KOPPEKTHO OIpeeléHHEIM MHOTOWIEHOM, KaXXAbIi
K03 PUIMEHT KOTOPOTO BBIYUCIAETCSI KOHEUYHBIM YHUCIOM JeHCTBUM ¢ K03bdUIleHTaMU UCXOAHO-
ro MHorowieHa f u nepBbiMu deg(f) koadpduinentamu psaga @. JinHeHHocTh oTobpaskeHus (3-21)
osHauaert, yto ®(D)(af + Bg) = a®(D)f + fP(D)g nnsa Bcex a,f € Qu f,g € Q[t]. Pesynp-
TaTOM IIOZICTaHOBKH oriepatopa D B mpoussegenue psagos @(x)¥ (x) € Qx| asnsercs komnosuyus
®(D) o ¥ (D) =¥ (D)o ®(D) orobpaxkenuii @(D) u ¥ (D).
YIPAXKHEHUE 3.7. Y6eUTeCh B 3TOM.

TakuMm ob6pasoM, Bce oTobpakeHus Buga ¢ (D) mepecTaHOBOYHHI JPYT C APYTOM, U I GMEKTUBHO-
ctu otobpaskenusa @ (D) HEOGXOANMO ¥ JOCTATOYHO, YTOOHI CTeleHHOM paz @(x) 6T o6paTuM’ B
kosbLe Q [[x]] . B ciy muHetiHOCTH 3HaueHMe oTo6paxkeHus ¢ (D) Ha MPOU3BOIbHOM MHOTOWIEHE BBI-

pakaeTcs dyepes ero sHadeHuda @, (t) & @(D)t™ Ha 6a3UCHBIX OZHOWIEHAX t™:
®(D) (ag + at+ ...+ ant™) = ag + a; D, () + ... + a, P, (0).

MHuorouneH @,,(t) & @(D)t™ HaspIBaeTCA M-THIM MHO20UNeHOM Annens paza @. Ero creneHs He Tpe-
BOCXOZIUT M, a KO3 PUITMEHTHI 3aBUCHT JIUIIb OT MEPBBIX M + 1 KoadduiineHTOB psizza .

I[IPUMEP 3.9 (OIIEPATOPHI CZIBUTA)
Skcnonenta e =1+ D + D?/2 4+ D3 /6 + ... uMeeT MHOrOWIeHHI ATITiess

1 mm—-1)...(m—-k+1) m

D,.m k,m — — m—k _ m-k m

e’t —ké _k!D t" = E X t = E <k)t =t+1™.
20 k>0 k=0

Tostomy e? : f(t) = f(t + 1) — a0 onepamop cdsuza. Tak Kak psaasl e* u e ™ o6paTHHI APYT APYTY

B Q[x[], oneparopsr e? u e P Toxe obpatusl zpyr apyry, T.e. e 7P 1 f(t) — f(t — 1).

VITPAXKHEHUE 3.8. Y6eaurech, ato e%P : f(t) — f(t + a) npu mo6oM a € Q.
TTPUMEP 3.10 (BBIYMCIEHUE CYMMBbI CTEITEHEL)
151 IPOM3BOMBHO 3aGUKCHPOBAHHOTO M € Z,, PACCMOTPHM CyMMY

n
S E 0™+ 1M 2™ 4 3™+ 4™ = ) k™ (3-22)
k=0

kak ¢yHKIMIo oT n. [Ipum = 0, 1, 2, 3 dyHKIIMA S, () JOCTATOUHO U3BECTHBI:

Som=1+...+1=n
SSm=1+2+...+n=nn+1)/2
S,M)=1*+2%+...+n*=nn+1)2n+1)/6
Ssm)y=13+22+ ... +nd®=n*(n+1)?/4=5,(n)?*.

(3-23)

YTOOE!I TOTYIUTH ANIA Sy, () ABHOE BEIpAXKEHUE, IIPIMEHUM K 9TOH GYHKIIUU PABHOCMHbLI onepamop

Vi) = o) —et-1).

IT. e. umen HEHYJIEBO CBOOOZAHBIN WieH, CM. IpUM. 2.2 Ha CTp. 37.
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®yukuus VS, (t) IpUHUMAET py Beex t € Zy, Te e 3HaYeHWs, YTO U MHOTOWIEH t™. Eciu cyme-
CTBYeT Takoi MHOTOWIeH S,,(t) € Q[t], uto S,,,(0) = 0 u VS,,(t) = t™, To ero 3HaYeHUs B TOUKAX
t=0, 1, 2, ... nocseoBaTeIbHO BHIYUCIAIOTCA, HauKHad ¢ S, (0) = 0, mo popmyite

Sp(m) =S,(n—1)+VS,,(n) =S,,(n—1)+n™

Y COBIaZAIoT c cyMMaMu (3-22). [TokaxkeM, 4To ypaBHeHue VS, (t) = t™ umeet B Q[t] eJUHCTBEHHOE
pewenue S, (t) ¢ S,,,(0) = 0. CormacHo npum. 3.9 onepatop V. Q[t] — Q[t] umeeT Bug

_ -D
Vel1—eP=lz€¢"p.
D

Pazg (1 — e ) /x umeert cBo6oaubIi wieH 1 u o6patum B Q [x] . O6paTHEIi eMy psj
dx) e —%X ¢
(0% —— e Q]

HaspiBaeTcs padom Todda. Tloacrasnasa x = D B paBeHcTBo td(x) - (1 —e ™) = x, moy4aeM COOTHOIIE-
uue td(D)» V = D. Crano 6bITb, DS, (t) = td(D)VS,,,(t) = td(D)t™ = td,, (t) ABIsAETCI MHOTOWIEHOM
Anmnensa paga Toaaa, a MCKOMBIN HAMU MHOTOY/IEH S, (t) = / td,,,(¢t) dt nosmy4aeTca U3 Hero UHTErpu-
poBaHueM. 3anuiiieM psz ToAja B «3KCIIOHEHIINANbHOM dopmMe»

) = Y, Kk, (3-24)
&

CyMMa m-ThIX CTelleHel IIepBBIX ¢ HaTypaJbHBIX YKcesl paBHA

aktm—k+1

Smlt) = / ( y % prem) e = / (km; <’:> @™ k) de = » <7:>m——k+1 _

|
k=0 k! k=0

1 m+1 m+1 2 m+1 m m+1 ma1
= a,t+ a t“+ ...+ at™ + a,t .
m+1<< 1 > m < 2 > m-1 ( m > ! <m+1> 0

Ty dopMyITy 4acTO CUMBOJIMYECKU ITUIIYT B BUZE

(Mm+1)-S,t) =@ +™ —a,,,,

)m+1 k

IZle cTpesKa y a' mpeArnchiBaeT IPH PacKPBITUY GHHOMA (a + t 3aMeHATb a" Ha a;,. Koaddunu-

€HTBI (), PEKYPCHBHO BBIYMCIIOTCA U3 paBeHcTBa td(x) - (1 — e™*) /x = 1, KoTOpoe ¥MeeT BUz

a a a 1 1 1 1
1+a x+—2x2+—3x2+—4x4+...>~(1——x+—x2——x3+—x4—...):1.
< 1 2 6 24 2 6 24 120

YIIPAXXHEHME 3.9. HaliziuTe IIepByIO JI0KUHY YHCeN a;,, TpoBepbTe GOopMyIH (3-23), ZOIOIHUTE UX
ABHBIMU dopMynaMu A1 S,(n) u Sg(n) u BBIYHCIHITE S10(1000).

! gxoB BepHy/mm (1654 —1705), MOIb3yACh JTUIIb IIEPOM U 6yMaroii, cIoxmn 10-e CTeTleHy TIepBOi ThICA-
YU HaTypalbHBIX YKCEJ IPUMEPHO 3a 7 MUHYT, O 4éM He 6e3 TOpAOCTH HAIMKCal B CBOEM MaHYCKPHIITE «Ars
Conjectandi», uszansoM B 1713 rozgy y»xe Iocjie ero KOHYUHBL.
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3AMEYAHMUE 3.1. (uncyia BEpHy/in) Haspanue «psif Togzma» BOILIO B 0GMXOZ BO BTOPO# MoIoBHHe XX
Beka mocjie paboT Xupliebpyxa v I'poTeHAVKa, I/le OH MCIIOIh30BaICA A1 GOPMYIUPOBKU U [IOKa-
3aTeNbCTBa TeopeMbl PuMana — Poxa. Bo BpemeHa BepHymiu u Diinepa nMpeAnovnTa Iy Moab30BaThCS
pagom td(—x) = x /(e — 1), KoTopbiit omIMYaeTcs oT td(X) pOBHO B OZIHOM YJI€HE, TIOCKOIbKY

x x 2—e¥—e™*
td(x) — td(—x) = 1—e—x+1—ex =x'(1—e—")-(1—ex)=x

Tem cambIM, K03 durieHTsI IpH X B td(X) 1 B td(—X) paBHBEI COOTBETCTBEHHO 1/2 11 —1/2, a Bce mpouue
K03QOUIMEHTHI PU HEYETHBIX CTEIEHAX x2**1 ¢k > 1 B 0Goux pazax Hynesble. KoaduriueHTsl By,

B OKCIIOHEHIIUAJIBHOM IIpE€ACTaBJICHUN

X Bk k
ex—l_zﬁx

k>0

HaseIBalOTCA yucnamu beprynnu. Takum obpasom, B, = a;, npu k # 1 u obpamaroTca B Hy/Ib IIpU
BCex HeYéTHRIX kK > 3,a B, = —a; = —1/2. Co BpeMéH CBOEro OTKPHITHA YHcIa BepHy/LIH BRI3BIBa-
I0T HeocslabeBaloluii HHTepec. VM MoCBAmeHa 06IMpPHAs IUTepaTypa’ U ClelualbHblil HHTepHeT-
pecypc?, Ha KOTOPOM CpeJy IPOYEro eCTh MPOrpaMMa /I GHICTPOTO BHYMCICHHUSA YHCENT B}, B BU-
Jle HECOKPaTUMBIX PallMOHAIBHEIX Apobeil. OZHAKO, He CMOTPSI Ha MHOXXECTBO KPaCHUBBIX TEOPEM O
uymcIax bepHy/H, Ipo ABHYIO 3aBUCUMOCTD B,, OT n M3BecTHO HEMHOTO, U 000 cogep:KaTeNbHbIN
HOBBIH B3IVIs1Z] B 9TOM HaIlpaBleHUU ObUT ObI MHTEPECEH.

YIPAXKHEHMUE 3.10. [TomyuuTe Aa urcen bepHymu peKypcuBHyo GOpMyITy

n-1
(n+ 1B, =~ <":1) . B,.

k=0

'HauaTh 3HAKOMCTBO C KOTOPOi 51 COBETYIO ¢ I 15 kuuru K. Afipasud, M. Poysen. «<Kraccideckoe BBeieHHE
B COBPEMEHHYIO TEOPUIO uuces» U § 8 1. V kuuru 3. . Bopesguu, U P. Illlagapesuy. «Teopus duce.
thtp://www.bernoulli.org/
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OTBeThI U YKa3aHUA K HEKOTOPBIM yIIPpaXXHEHUAM

yrip. 3.1. Bocnosb3yiiTecs eMm. 3.1.

Ymp. 3.2. Ilo Teop. 3.1 Ha cTp. 54 anumopdusm  : K = Z/(30) » Z/(15), [n]5o — [nlys, packiagsr-
BaeTcs B KOMIIO3UIIMIO roMoMopdusma tg : K — KS™! u romomopdusma

g1 KS™ » Z/(15), [mls /128150 & [mlys[2157

CIOPBEKTHBHOI'O B CIJIy CIOPbeKTUBHOCTH TT. Ecout [m];, / [Zk]30 € kermg, To [m];s = 0, a 3HauwT,
[(mlso/[2K150 = [2ml50 /125415, = 0B KS™1. Tem campim, ker g = 0 U 715 MHbEKTHBEH.

yrip. 3.4. Tlo npasmy auddepernyuposanus kommosuuu (f™) "= mfmlf! orkyna

d d 1 m
hadl 1 _ -m - = ( ) — 1 _ —(m+1) .
dx( %) dx \1—x m( 2

HyxHasa dopMysna nosmydaeTea OTCloza 110 UHAYKIIUH.

Vmp. 3.5. [lepBoe paBeHCTBO BEITEKAET ¥ MpaBua AuddepeHIIPOBaHHA CI0XKHOM GyHKIMK', BTopoe

JoKa3bIBaeTcs AuddepeHIIIpoOBaHNEM 00X YacTel.

1 1
ymp. 3.9. OTBeTHL: a; = 202 =

61
691
2730’

1 1 1
a3:0,a4:—5,a5:0,a6:E,a7=0,a8=—5,a9=0,

5
Q19 = 55511 = 0,85, = —
S,(m)=nn+1)2n+1)3n*+3n-1)/30

Ssm) =n*(n+1)*’2n+ 1)(2n* +2n-1)/12
$,5(1000) = 91409 924 241 424 243 424 241 924 242 500.

ymp. 3.10. [TogcraBeTe t = 1B (M + 1) S,,,(t) = (a* + )™t — [

LCm. dpopmyny (2-8) Ha cTp. 38.
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