§10. I'pynnsbl

10.1. I'pymnmsl, MOATPYIIIBI, TUKIbL. MHOXeCTBO G Ha3bIBaeTcA epynnoil, ecyu Ha HEM 3azaHa olle-
panmA komnozuyuu G X G = G, (g,, g,) = 9,9, CO CBONCTBAMHU

accoyuamueHoCcmy: Vf,g.heG (fgh=f(gh) (10-1)
Hanuuue eQUHUYbL: deeG:Vget eg=g (10-2)
Hanuuue 06pamHbLX: Vgeec JglteG:g'g=e (10-3)

prnna Ha3bIBaeTCA Komymamueﬂoﬁ Win a6eﬂesoﬁ, €CJIN JOIMIOJIHUTE/IIbHO MMEET MECTO

KOMMYMAamugHOCMb: Vf,.getG fg=gf. (10-4)

JleBbIit 06paTHBIN K g 37eMeHT g+ u3 (10-3) ABIAeTCA Takke U MPaBbIM O6PATHBIM, T.€. g+ = e,

-1

4TO yCTaHABJIMBAETCA YMHOMKeHHEM IpaBoil U JleBoii 4acTu B g gg ' = eg ' = g~ ! cnepa Ha

JIeBbIit 06paTHLIN K g~ * 2/IeMeHT.
VIIPAKHEHUE 10.1. Y6eUTeCh, YTO OOPATHBIN K g 3JIEMEHT g © OIHO3HAYHO OPE/IEIAETCS SIeMEeH-
TOM g ¥ 4TO (g, ...gk)_1 =gxt...91"
Jna eguHune e u3 (10-2) npu 1060M g € G BBHINOMHATCSA TaK)XKe U PABEHCTBO ge = ¢, IIOCKOJIBKY
ge=9g'9) =99 Hg=eg=g.
YIIPAXKHEHMUE 10.2. YOeAUTeCh, YTO eJUHUYHBIN 3JIeMeHT e € (G eIUHCTBEH.

Eciu rpynma G KOHeYHa, YHCJIO 3JIEMEHTOB B Hell o603HavdaeTcs |G| ¥ Ha3bIBaeTCsA Nops0kom TPyII-
mel G. [logmHOXXecTBO H C G HasweIBaeTcs nodzpynnotl, eCiii OHO 06pa3yeT IPyIITy OTHOCUTEIBHO
nMemomeiica B G KOMITO3UIIUU. [l 3TOTO JOCTaTOYHO, YTOOBI BMECTe C Ka)XX/bIM 3IeMeHTOM h € H
B H nexas u o6paTHBIii K HeMy 37eMeHT h ™', a BMecTe ¢ Kax/0i Tapoii aneMeHToB h,, h, € H — ux
npousBefieHue h, h,. EAMHUYHLINI 271eMeHT e € ( aBTOMaTU4YeCKH OKakeTcA B H, T.k. e = hh~! st
IIpoM3BOJIBHOrO h € H.

YTIPAXKHEHHUE 10.3. IIpOBEpEBTe, UTO IIepecedeHue JI0O0T0 MHOXKECTBA MOATPYIIII SBJISETCS MOATPYII-
oM.

TTPUMEP 10.I (TPYIIIIbI IPEOBPA3OBAHUI)

MozenbHBIMY TPUMepaMU TPYIII ABJISAIOTCS 2pynnbsL npeobpazosaruil, obcyxaapyecs HaMu B 1n° 0.6.
Bce B3aMMHO OZJHO3HAYHbIE OTOOPaKeHUs IIPOM3BOIBHOIO MHOXKeCTBA X B ceOs1 04EeBHUAHO 06pa3yoT
rpynny. OHa o603HavaeTcss Aut X 1 HaseIBaeTcs epynnoti asmomop@usmos MHOKecTBa X . [Toarpymiie!
G C Aut X HaswIBarOTCA 2pynnamu npeobpaszosarnuil MHOxkecTBa X. [l g € G v x € X MHI 4acTo 0y-
ZieM coKpauaTh o6o3HadeHue g(x) zo gx. ['pymnmna Bcex aBTOMOPGHU3MOB N-3JIEMEHTHOT'O MHOXKECTBA
X = {1, ...,n} HaspIBaeTca n-Toi cummempuueckoil epynnoii u obo3Havaercs S,,. ITopazaok |S, | = n!.
YETHBIe IIepecTaHOBKYU 00pasyIoT B S,, IOATPYIITY, 0003Ha4aeMyI0 A,, ¥ 4acTO Ha3bIBaeMYIO 3HAKOMNe-
pemenHoli epynnoii. Ilopagok |4,| = n!/2.

10.1.1. IMukauyeckue rpymnnsl ¥ MOArpymnnsl. HauMeHblasa 1o BKIOYEHUIO IOArpymna B G, co-
Jep)kalas 3a/IaHHbIA 57IEMEHT g € G, COCTOUT U3 BCEBO3MOXKHBIX II€/IBIX CTEIeHel g™ aneMeHTa g,
r/7ie MBI, Kak 06br9HO, ojtaraeM g° € en g™ ¥ ( gt )n. OHa HasBIBaeTCA YUKAUUECKOIl nodzpynnoil,
MOPOXKAEHHOH g, 1 0603HavaeTcs (g). Ipymnna (g) abeneBa u siBisieTcsi 06pa3oM CIOPbEKTUBHOTO r'O-
MoMop¢ur3Ma abeyieBbIX TPy Yy L > (g), m — g™, KOTOPBIA MIEPEBOAUT CIOKEHNE B KOMIIO-
sunmo. Ecm ker g, # 0, Tokerg, = (n) u(g) ~ Z/(n), rae n € N — HaumeHbIIas CTENEHb,

Juist KoTopoi g™ = e. OHa HaskIBaeTCA nopAa0kom 31eMeHTa g U o6o3Hadaercs ord(g). B aTom ciydae
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168 §10 I'pyrmst

rpymma (g) umeet nmopsgok’ n = ord g u cocrout us anementos e = ¢g°, g = g%, g%, ..., g™ L.
Ecmu ker oy = 0,70 ¢ : Z = (g) ABAAETCA N30MOPHUIMOM U BCe CTeneHu g ONapHO PA3TuTHbI.
B 3TOM ciryyae TOBOPSIT, UTO g UMeeT beckoHeuHblll nopsadok ¥ Uiyt ord g = 0.

HanomHuM?

, 9TO Tpynna G Ha3bIBaeTCA YUKAUUeCKoll, eciy B Hel ecTh TaKoM aseMeHT g € G,
YTO BCE HJIEMEHTHI TPYIIILL ABJIAIOTCS €TO0 [[EJIBIMU CTENEHAMU, T. €. G = (g). DIeMeHT g Ha3bIBaeTCs
B 3TOM CJIy4ae obpasyioujell TUKINYeCcKou rpymmsl . Hanpumep, aAAuTUBHASA IPYIINA LeJIbIX Yuces Z
IUKJINYecKasi, U eé obpasyroleil saBiseTcs J00oi 13 aneMeHToB +1. Coracuo ci. 2.3 Ha cTp. 53,
BCSIKas KOHEYHAs OATPYIINA MyIBTUIUIMKATUBHOM I'PYIIIB II060TO MMOJIA UKINYecKasa. AJAUTUBHASA
rpymmna BerdeToB Z/(10) Toxxe nUKIIMYecKas, U eé o6pasyolell ABIAeTCs 000 U3 YeTHIPEX KJIacCOB>

[+£1]s, [£3]6.

YIIPAXXHEHMUE 10.4. YKQXUTe HEOOX0AUMEBIe U IOCTaTOYHbIE YCJIOBUA I TOTO, YTOOHI KOHEYHO II0-
. n n o
poxzéHHas abenea rpymma’ G = Z" @ Z/(p1") @ ... ® Z/ (pg®) 6blma UKIAIECKOH.

JIEMMA 10.1
DjeMeHT h = gk TOT/Ia ¥ TOJIBKO TOT/Ia IBJIsieTCsT 06pasyole IMKINIeCKOH IPyIIs g ) TOpsAIKa 1,
xorga HoA(k,n) = 1.

JlokA3ATENBCTBO. Tak Kak (h) C (g), paBeHctBo (h) = (g) paBHOcunbHO HepaBeHcTBY ord h > n. Ho
A = gmk = e ecu U TOBKO ecoiu n | mk. Ilpu HoA(n, k) = 1 Takoe BO3MOXKHO TOJIbKO KOTZAa m | n,
u B oToM ciydae ord h > n. Ecmxken = n,duk = kyd, taed > 1, 7o h™ = gk"1 = gnk1 =ewu
ordh<n, <n. |

10.1.2. PasnoxeHHe IepeCcTaHOBOK B KOMIIO3MIMM ITUKJIOB. [lepecTaHOBKa T € S, 110 KPyTy
TIepeBOAAmAd APYT B APyra KaKue-HUGYAb M PasIiMdHbIX 31eMEeHTOB"

O P T i T ) (10-5)

M OCTaBJAKOINAA Ha MECTE BCE OCTAa/JIbHbIE 3JIEMEHTBI, HA3bIBA€TCA UUKJIOM AJIVHBI M.

VIIPAKHEHME 10.5. [JoKaXkuTe, 4To Kk-Tast CTeNeHb MKIIA JJIUHBL M ABIAeTCA IIMKJIOM TOI/Ia U TOJIBKO
Torza, koraa Hoa(k, m) = 1.

Lwuk (10-5) yacTo 6biBaeT yA06HO 0603HAYATh T = Igseees im), HE CMOTPA Ha TO, YTO OJUH U TOT e
ukJi (10-5) gomyckaeT m pasnuuHbLx TAaKUX 3aMcel, TOMyYaroInXCs APYT U3 Ipyra TUKJINYeCKUMU
IlepecTaHOBKaMU 3JIeMEeHTOB.

YIPAXKHEHME 10.6. CKOJIBKO UMeeTcA B S,, Pa3INYHBIX LIUKJIOB JJIUHEL k?

TEOPEMA 10.1

Kaxxpaa nepecraHoBka g € S, ABIAETCA KOMIIOSULUEN g = T, ... T}, HeIepeceKaroluXxcs U, CTalo
OBITh, TIOMTAPHO KOMMYTHUPYIOIIUX APYT C IPYTOM ITUKJIOB, IPUYEM TaKOe Pa3IoyKeHUEe eIUHCTBEHHO C
TOYHOCTBIO [IO IIePECTAHOBKU IJUKJIOB.

! Taxum 06pasom, TOpAZOK 3/IeMeHTa PaBeH MOPAAKY HOPOXKASHHON UM IIUKIMYECKOH TOATPYIIIEL
2Cm.n° 2.5.1 Ha cTp. 52.

306paTuTe BHUMAaHMe, YTO HUKAKOH M3 IIECTH OCTABIINXCA KIACCOB 06pasyoleil He ABNAIOTCA.
4Cm. Teop. 7.1 Ha cTp. 124.

*Yucna iy, ... , i, MOTYT GBITH TOBLIMHU, He 06A3ATENLHO COCETHUMMU WM BO3PACTAIONIHMU.
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JTOKABATEBLCTBO. [TockobKy MHOXKecTBO X = {1, ...,Nn} KOHEeYHO, B ITOCIe0BATENLHOCTH
g g g g
x — g(x) — g*(x) — g3(x) — ..., (10-6)

BO3HUKAIOIIEH MPU MPUMEHEHUU ¢ K TPOU3BOJIBHOM TOYKe X € X, CIy4UTCs MOBTOP. Tak Kak Ipe-
obpasoBanHue g . X = X OMEKTHUBHO, IEPBBIM MOBTOPUBIIUMCS 3JI€MEHTOM OyZIET CTapTOBHIH 3J1e-
MeHT x. TakuM 06pa3oM, Kaxk/Jas TouKa X € X Tof AefCTBUEM g ABMKETCS TI0 IUKIY. B cuty 6uek-
TUBHOCTH ¢ /IBa TAKUX IMKJIA, IPOXOJSAIINE Yepe3 Pa3MYHbIe TOUYKK X U Y, TUOO0 He IepeceKaroTcs,
6o coBmagaioT. TakuM 06pa3oM, mepecTaHoOBKa g SABIAETCS MPOU3BEAEHNEM HellepeceKaromuXcs
IIUKJIOB, OYE€BHUHO, TEPECTAHOBOYHBIX IPYT C APYTOM. O

YIIPAXKHEHME I0.7. [IokakuTe, 4TO ABa LIUKJIA T,,T, € S, I€PECTaHOBOYHHLI POBHO B /IByX ClIy4a-
fIX: KOI/Ia OHU He [IepeceKaroTcs WIKM KOrja T, = 73 U 00a IMKJIA UMEIOT OAUHAKOBYIO JINHY,
B3aMMHO IIPOCTYIO C S.

ONPEAEJEHUE 10.1 (LIUK/JIOBOM THUI IEPECTAHOBKI)

HanucaHHbIH B TOpsAZKe HeCTPOTOro yGRIBaHMA HaGOp A/TMH HellepeceKaroIXCs [IUK/IOB ., B KOTOpbIe
packJaZibIBaeTcs IIepecTaHoBKa g € S,,, Ha3bIBaeTCs YUKI08bIM MUNOM TIePECTAaHOBKY g U 0603Ha-
vaercsa A(g).

LIMKJIOBOM THUII IEPECTAHOBKU g € S, yA0OHO N300paXkaTh n-KJIeTOYHOH AuarpaMmoii FOHra, a camu
IIMKJIBI 3aIIMCHIBATH IO CTPOKaM 3TOH AuarpaMmsl. Hanpumep, nepecraHoBka

1[6][3]4]
g=1(6,5,4,1,8,3,9,2,7)=|1,6,3,4)|2,5,8)|7,9) =[2]5]s
9
VMeeT IIUKJIOBOU THUII I l, T.e. A(6,5,4,1,8,3,9, 2,7) = (4, 3, 2). EzuHCcTBeHHOI1 IlepecTa-
HOBKOM IIMKJIOBOTO THIA A = (1,...,1) (oauu cTonbel BBICOTHI 1) SABASETCSA TOXKAECTBEHHAs Iepe-

cranoBka Id. [lTuarpammy 4 = (n) (ogHa cTpoKa yIMHBL n) UMelT (n — 1)! IIUKJIOB MaKCUMaTbHOU
JUTMHEL .

YIPAXKHEHME 10.8. CKOJIBKO IT€peCTaHOBOK B CUMMETPUYECKOH IpyIIe S, UMeOT 3a/laHHbIH IIUK-
JIOBOH THII, COAepsKaIINii /U KaKAoro i = 1, ...,n POBHO m; IIUKJIOB JJIUHBL i?

[TPUMEP 10.2 (BBIYMCJIEHUE ITOPAJKA I 3HAKA [IEPECTAHOBKH)
ITopAZOK TepecTaHOBKH g € S,, paBeH HauMeHblleMy 00LeMy KpaTHOMY AJIMH HellepeceKaouXcs
IIMKJIOB, M3 KOTOPBIX OHA cOCTOUT. Hanpumep, MOpALOK ITepecTaHOBKHI

(3,12,7,9,10, 4,11, 1,6, 2,8,5) =1, 3, 7, 11, 8) |2, 12, 5, 10) |4, 9, 6) € S;,
paBeH 5 - 4 - 3 = 60. Ilo mpaBwIy HUTOYEeK U3 NpuM. 8.1 Ha cTp. 132 3Hak I[UKJIA AJTUHBI ¥ paBeH
(=1)*~1. MosTOoMy mepecTaHOBKA YETHA TOIZIA ¥ TOJIBKO TOT/AA, KOI/JA Y Heé YETHOE YHCIIO IMKJIOB

YETHOH JJIUHBI.

YNPAXKHEHME I0.9. Halizute uéTtHocTh g = (6, 5, 4, 1, 8, 3, 9, 2, 7) € Sy 1 BEIYUCIUTE gls.

1BKJIIO‘Ia}:I IUKJIBL JJIMHBI OJVIH, OTBE€YAIOIINE 2JIEMEHTaM, KOTOPhBIE IIEPECTAHOBKA OCTABJIAET HAa MECTE.
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10.2. I'pynnsi ¢uryp. [ mob6oit dpurypst @ B eBKJINZ0BOM npocTpascTBe R™ 61eKTUBHBIE 0TO6-
paxkeHMs @ — @ MHAYIUPOBAHHEIE OPTOTOHATBHBIMU>
crBa R", nepesogamumu Gurypy @ B ce6s1, 06pasyroT rpyIIly IpeobpasoBaHuii Urypsl . 3ta rpyi-
I1a Ha3bIBaeTCA NOHOU epynnoil ueypst @ u obo3Havdaercs Oy . [ogrpynmy SO4 C Oy, COCTOAIIYIO
3 GHeKIMii, MHAYIMPOBAHHEIX COOCTBEHHBIMU® OPTOTOHAIBHBIMYU onepaTtopaMu R™ — R”, MbI 6y-
ZleM Ha3hIBaTh cobcmeennoil epynnoil guzypst @. Ecm durypa @ C R™ copepuTcs B HEKOTOPOI
runepmiockoct I1 C R™, To co6cTBeHHas rpymnma ¢urypsl @ COBIIaZaeT C MOMHOK: 6epsa KOMIIO-
3ULIUIO JIF0O0TO HeCOOCTBEHHOTO ABM)KEHUA U3 IPYIIBI GUTYPEL C OTPAKEHUEM B IUIOCKOCTH [, MBI
ToJIy4aeM cOOCTBEHHOE ABIKEHUE, KOTOPOE AeHCTBYeT Ha GUrypy @ TOYHO TakKe, KaK U UCXOAHOE

HecobCTBEHHOE ABHKEHHE.

JIMHEWHBIMU TPe0Opa30BaHUAMU IPOCTPAH-

YIPAXKHEHUE 10.10. VI3TOTOBBTE MOJIEH TISITH NJIAMOHOBbLX MeJl — TeTPaszipa, OKTasapa, Kyba, zio-
JeKaszpa U uKocaszpa, cM. puc. 1005 —puc. 1008 Ha cTp. 172-173.

[TpPUMEP 10.3 (TPYIIIBI AWDAPOB D,,)

['pyIIIa MpaBUILHOTO ILIOCKOTO N-yTOMbHUKA, JIeKaIero B IpocTpadcTse R3 Tak, 4To ero meHTp Ha-
XOAUTCA B Hyse, obo3HauaeTcs D,, 1 HasbIBaeTcs n-moii epynnoii dusdpa. [pocTeiinmii zusap — 08y-
Y20/IbHUK — BO3HUKAeT IpU n = 2. Ero MoXHO IpeACTaBysaTh ce6e KaK BBITAHYTYI CUMMETPHUYHYIO
JIYHOUKY C IByMs CTOPOHaMH, U300pakéHHy!o Ha puc. 1001. I'pynna D, Takoi IyHOYKY COBIaJAeT C
TI'PyIIaMH OIIFCAHHOTO BOKPYT Heé IPAMOYTONTBHMKA M BIIMCAHHOTO B Heé poM6a’. OHa coctout us
TOXK/IECTBEHHOTO OTOOpa)KeHUA U TPEX MOBOPOTOB Ha 180° BOKPYT MepIeHAUKY/ISIPHBIX APYT APYTY
oceli, o/iHa U3 KOTOPBIX IIPOXOJUT Yepe3 BepIINHEI IYHOUKH, Jpyras — depes3 cepeInHbI e€ CTOPOH, a
TpeThbs NepIeHAUKY/IAPHA IVIOCKOCTH JIYHOYKU U IIPOXOJUT €€ LIEHTP.

0323

Puc. 10¢1. /IByyroibHuK D, . Puc. 1002. I'pynina TpeyrojibHUKa.

YIPAXXHEHUE 10.11. Y6eauTech, uto D, ~ Z/(2) D Z/(2).

'HaromHIo, 4TO egkIud080CMb O3HAYAET buKcanuio B BEKTOPHOM IpocTpadcTBe R™ cuMMeTpryHOro 6u-
JIMHEWHOTO TMOJIOXKUTETHHOI'O CKaIAPHOTO Ipou3BefeHusa V X V. — R, o6o3HauaeMoro (v, w), CM. JIEKIUIO
http:/http://gorod.bogomolov-lab.ru//ps/stud/geom _ru/2122/lec_03.pdf.

2 JluneHHbIH omepatop F : R™ — R" Ha eBKIM0BOM IpocTpaHcTBe R™ Ha3BIBAETCA 0PMO2OHAILHBIM, ECIIH
OH COXpaHseT CKaJApHOe Mpouseenenue, T.e. Vv,w € R™ (Fv, Fw) = (v,w) (gocTtaTo4Ho, 4To6bI 5TO pa-
BEHCTBO BBIIIOJHAIOCH IPU ¥V = W), CM. JieKIuto http:/http://gorod.bogomolov-lab.ru//ps/stud/geom ru/
212%/lec_11.pdf.

3T. e. cOXpaHAIOIIMMYU OPUEHTAIMIO WIH, YTO TO JKe caMoe, C ompezienuTeneM 1, cM. paszen 10.2.1 Ha cTp.
133 nekiuu http://gorod.bogomolov-lab.ru/ps/stud/geom ru/2122/lec_10.pdf.

4Met TpearoiaraeM, 4To JyHOYKa TaKoBa, 4To 06a OHU He KBaZpaThl.
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Crnenytomas ausApanbHas IpyIIa — epynnda mpeyzonsHuka D; — COCTOUT U3 IeCTH JABIKEeHUN: TOX-
JIeCTBEHHOTO, IByX TIOBOPOTOB T, T - Ha +120° BOKPYT Il€HTpa TPEyroJbHUKA U TPEX OCEBBIX CHM-
METPHH 0;; OTHOCUTENBHO ero MezuaH (cM. puc. 1002). Tak Kak ABIKEHNE IVIOCKOCTH OAHO3HAYHO
3afaéTcd CBOUM /JelicTBIeM Ha BepIIMHBI TPEYTOJbHUKA, TPyIIa TpeyroibHuKa D; m3oMopdHa rpym-
Ile IepecTaHOBOK S; ero BepuInH. IIpy 3ToM oBOPOTH Ha +120° 0TOXAECTBIAIOTCA € LIUKJINIeCKU-
MU IlepecTaHoBKaMHu (2, 3, 1), (3, 1, 2), a oceBble CUMMeTPUU — € TPAHCHIO3ULUAMU 0,5 = (1, 3, 2),
0.5 =3, 2, 1),0,, = (2, 1, 3). IIockonbKy ABIKEHE IUIOCKOCTH, IlepeBozAAlIee B ce6s IpaBIIbHBIN
N-YTOJBHUK, OZHO3HAYHO OIIpeZesisieTCa CBOUM JieficTBHeM Ha apPUHHEIN perniep, 06pa3oBaHHBIN Ka-
KOM-HUOYZb BEPIIMHOMN 1 IIPUMEBIKAIOIIEeH K Hell Tapol CTOPOH, Tpynna Audapa D, Ipu kaxaoMn > 2
COCTOUT U3 2N ABIKEHUHN: BERIOPAHHYIO BEPIINHY MOXKHO IIepeBECTU B JIIOOYIO U3 N BEPILINH, IOCIe
Yero OZ[HUM U3 IByX BO3MOXXHEIX CIIOCOO0B COBMECTUTE pEGpa. OTH 2n JBIKEHUH CYTh 1 IOBOPOTOB
BOKDYT IleHTpa MHOTOYTOIbHYIKA Ha YIIbI- 21k /nck=0,1,...,(n—1) un oceBrix cUMMeTpuii? 0T-
HOCUTEJBHO MPSIMBIX, TIPOXOJAIINX IPU HEYETHOM N Yepe3 BEPLINHY U CEPEAUHY TPOTHUBOIOIOKHON
CTOPOHBI, a IIPX YETHOM N — 4Yepe3 IIaphbl IPOTUBOIIOIOKHEIX BepIIUH U Yepe3 cepeJUHbI IPOTHUBO-
TIOJIOXKHBIX CTOPOH (cM. puc. 1003).

Puc. 1003. Ocu ansapos D, D, u Dg.

YIPAXKHEHHUE 10.12. CoCcTaBbTe TabIuIbl YMHOXKEHUA B rpyniax Dy, D, u Dy, aHamorn4Heie Tabiuie
u3 popwm. (0-24) Ha cTp. 15.

TTPUIMEP 10.4 (TPYIIIIA TETPAD/IPA)

TTOCKOMBbKY KaXk/ioe IBUKeHHe TPEXMEPHOT'0 eBK/IN0Ba pocTpaHcTsa R* ofHO3HAYHO 3a1aéTcs CBO-
VM ZIefiCTBHEeM Ha BEPUIMHEI IPABWIBHOTO TETPA3Jpa U 3TO AeUCTBUE MOXKET OBITH IIPOU3BOIbHBIM,
IIOJTHAs TPYTINA IPaBIIBHOT'O TETPA3/pa C LIEHTPOM B HyJle H30MopdHa IpymIie S, IepecTaHOBOK ero
BEPIIVH U COCTOUT U3 24 ABmKeHU. COOCTBEHHAs I'PYIIa COCTOUT U3 12 = 4 - 3 ABMKEHUI: TIOBO-
POT TeTpaszpa OZHO3HAYHO 331aéTCsA CBOUM JielicTBreM Ha apPpUHHEBIN periep, 00pa30BaHHBIHM KaKOH-
HUOYZAb BEPIIMHOM 1 TPEMS BHIXOJSAIINMHE U3 Heé pébpaMu, U MOXKET IIePEBOJUTD 3TY BEPIINHY B JIIO-
Oyt0 13 YeTHIPEX BEPIINH, II0CJIE Yero OCTAI0TCA POBHO TPU BO3MOXKHOCTH JIJIsI COBMelIeHUs pébep,
COXPaHAOIIEro OPUEHTALINIO IPOCTPAHCTBA. [TOHEIN CITMCOK BCeX COOCTBEHHBIX JBI)KEHUN TeTpa-
37lpa TAKOB: TOX/IECTBEHHOE, 4 - 2 = 8 MOBOPOTOB Ha YIUIbl +120° BOKPYT IPAMBIX, IIPOXOASAIINX Yepe3
BEPLIVHY U IIEeHTP IPOTUBOIIOIOKHOM I'paHHy, a Takke 3 moBopoTa Ha 180° BOKpPYT IPSIMBIX, TPOXO/-
IIUX Yepe3 cepeANHbI IPOTUBOIIONIOKHEIX PEGep. B HecO6CTBEHHO IPyIIIIe, TOMUMO IePEUYHCIEHHBIX
IIOBOPOTOB, IMeeTcs 60TPaXKEeHHUH 0 ; B INIOCKOCTAX, IPOXOAAIINX Yepe3 cepeuHy pebpa [i, j] u mpo-

j
THUBOIIOJIO}KHOE pebpo, cM. puc. 1004.

1HpI/I k = 0 nony4aetcs TOXXIeCTBEHHOE Tpeobpa3oBaHue.
2w, 9TO TO XKe caMoe, ITOBOPOTOB Ha 180° B MPOCTPaHCTBE.
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[Tpu usomopodusme c S, oTpaxeHue oj j IEPEXOIUT B TPAHCIIO3ULIUIO OVKB [ ¥ j, TOBOPOTHI Ha
+120°, npezcrasAmwLe co60ii BCeBO3MOXHbIe KOMIIO3ULIUH 0; j0jk C TOMAPHO Pa3HBIMU i, ], k, me-
PEXOAAT B ITUKINYECKUE TIEPECTAHOBKY OVKB i, j, k, Tpu BpateHus Ha +180° oTHOCHUTENBHO OCeld, Co-
eZIMHSIONINX CEPENHbI TPOTUBOIIONIOXKHBIX PEOEp, — B OJHOBpPe-
MeHHBbIe TPAHCIIO3UIINY HellepeceKalomMXcs nap 6yKB: 0,,05, =
=(2,1,4, 3),0,30,, =3, 4.1, 2),0,,0,3 =4, 3,2, 1).

VIIPAXKHEHME 10.13. YOeuTech, 4YTO BMECTE C TOXK/ECTBEHHBIM
npeobpa3oBaHUEM 3TU TPU TOBOPOTa 00PA3yIOT TPYIITY ABY-

yroibHuka D, .

4

OcraBuImecd mecTbh HecOOCTBEHHBIX IIpe0Opa3oBaHUH TeTpaszapa
OTBEYAIOT IECTH IIUKINIECKAM [TEPeCTaHOBKaM BepinuH |1234),
[1243), |1324), [1342), |1423), |1432) u peanusyroTcs MOBOPO-
TaMu Ha +90° OTHOCUTETHHO MPSAMBIX, TPOXOASIINX Yepe3 cepe-
JIVHBI IPOTUBOIIOJIOXKHBIX PEDEp C OCTIEAYIONNM OTPRXKEHUEM B
IUIOCKOCTH, TIPOXOZAAIIel Yepes IIeHTpP TeTpas/pa U MepueHANKY- 1

JIIPHOM OCH NOBOPOTA. Puc. 1004. 3epKajo

YIIPAXXHEHUE 10.14. BeIpa3uTte 3T 6JBIKEHUH yepe3 oTpaske- OTPaXEHMA J;, U OCh IOBOPOTA
HUA 0;; Ha 180°.

ij*

[TPUIMEP 10.5 (T'PYIIIIA JIOZEKADIPA)

Kak u 11 TeTpaszpa, BCIKOe BpallleHUe o[ieKas/ipa O/HO3HAYHO 33/Ia€TCsA CBOMM JIeficTBUEM Ha ad-
bUHHBIHA peniep, 06pa30BaHHBIN BEPIIMHON U TPeMs BBIXOJSAIIUMY 13 He€ pe6paMu, U MOXKET ITepEBO-
JUTh 3Ty BEPUIHUHY B 106yI0 3 20BepIuH, a 3aTeM TpeMs criocobaMyl COBMeIaTh pébpa ¢ coxpaHe-
HUEeM opreHTaIuu. [IoaToMy cobcTBeHHas rpyIna gogekasapa (cm. puc. 1005) coctout us 20-3 = 60
JBIDKEHUH: 6-4 = 24 moBopoToB Ha Ykl 21k/5, 1 < k < 4, BOKPYT oceil, IPOXOAAIINX Yepe3 IIEHTPEI
TIPOTUBOIIOIOXKHEIX IpaHeli fofekaszgpa, 10 - 2 = 20 moBOPOTOB Ha YIVIbL +27 /3 BOKPYT OCelA, TPOXO0-
JAIINX Yepe3 IPOTHUBOIIONIOXKHBIE BePIIUHEL, 15 moBopoToB Ha 180° BOKPYT oceii, IPOXOAAIINX Yepe3
cepeIVHbBI MPOTUBOIIOIOXKHBIX PEOEp, U TOX/ECTBEHHOT0 ITpeobpa3oBanus. [1oHasA IpyIina gojeKa-
aapa coctout u3 20 - 6 = 120 ABWKEeHUH U IOMUMO IEPEYHCTIEHHBIX 60 ITOBOPOTOB COAEPIKUT UX
KOMITO3UIINY C IIEHTPaTbHON CUMMETPUEN OTHOCUTENBHO IIEHTPA Z0AeKas3pa.

Puc. 1005. [logexaszap. Puc. 1006. VIkocaszp.

YIPAXKHEHWUE 10.15. [IOKa)KHTE YTO MOJTHBIE TPYIINbI Ky6a, OKTaspa U MKOCa3[pa COCTOST, COOTBET-
CTBEHHO U3 48, 48 1 120 ABMKeHUH, a cOOCTBeHHbIE — U3 24, 241 60 TOBOPOTOB.
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10.3. Tomomopdusmsl rpymn. OTobpakeHue Ipynn ¢ © G; — G, Ha3bIBAETCA 20MOMOPPHUMOM, eC-
JIV OHO IIEPEeBOAUT KOMIIO3UIIMIO B KOMITO3UIIUIO, T. €. IS IIOOBIX g, h € G, BTpymIie G, BRIIOTHACTCS
cooTtHoenne @(gh) = @(g)p(h). TepMmuHb snumopduam, MOHOMOPPHU3M U U3OMOPPU3M TIPUMEHU-
TeJIbHO K OTOOPaKeHHUIO TPYIII BCETAA I0APa3yMeBaloT II0 YMOIYAHUIO, YTO 3TO OTOOpaKeHUe SBJIA-
eTcsA 20MOMOpPHU3MOM TPYIIIL.

YIPAXKHEHUE 10.16. YOeAUTeCh, YTO KOMITO3UIUSA TOMOMOP(U3IMOB TOXKE SABJISIETCSI TOMOMOPOU3-
MOM.

Puc. 1007. Ky0. Puc. 1008. OKTasap.

Kaxapiii romomopdusm rpynn ¢ : G; — G, IepeBOAUT eUHUILY e, I'PYIIIBI G, B €JUHUIY e, TPyII-
sl G,: paBeHCTBO ¢(e,) = e, Moiy4yaeTcsa U3 paBeHCTB @(e,)p(e,) = ¢(e,e;) = ¢(e;) yMHOXe-
HUeM TIPaBoii U JIeBoii 4acTh Ha ¢(e,) . Kpome Toro, yis mo60ro g € G BHITIOMHAETCA PABEHCTBO
@(g™") = ¢(g)™", nockonbky (g~ p(9) = 9(g™"g) = @(e;) = e,. losTOMY 06pas

def

ime = ¢(G,) C G,

roMmoMop¢u3Ma IrpyI ABJIAETCA nodepynnoil rpymisl G, . [TonHeIH Tpoobpas eAuHULE e, € G,

def

kerp £ 97" (e;) ={g€G, |plg) =e,} -
Ha3bIBaeTcs 10pomM roMOMOpPGU3Ma ¢ U SABJIAETCA IOATPYNIION B G, n60 U3 paBeHCTB ¢(g) = e,,

¢(h) = e, BrITekaeT paBeHCTBO @(gh) = @(g)p(h) = e,e, = e,, a U3 paBeHCTBa P(g) = e, —
paBeHCTBO 9(g 1) = @(g) ' =e; ' =e,.

[IPEZIJIOKEHUE 10.1
Bce HeIycThIe CJIOM IPOU3BOJIBHOIO roMOMOpdH3Ma I'pynit ¢ : G; — G, HaXOAWUTCS BO B3aUMHO Of-
HO3HAYHOM COOTBETCTBHM €To AApoM ker ¢, Ipuuém ¢+ ((p(g)) = g(ker @) = (ker ¢)g, rae

def

gkerp) € {gh|h€kerp} u (kerp)g ¥ {hg|h Ekerg}.

JloKASATENBCTBO. ECnn () = ¢(g), T0 9(tg™) = @()p(9)™" = en p(g™'t) = p(g) ' p(t) = e,
T.e.tg ' € kero u g~'t € kerg. Iloatomy t € (kerp)g ut € g(ker @). Haob6opor, ans Bcex

h € ker ¢ BemmonHAOoTCA paBeHcTBa @(hg) = @(h)p(g) = ¢(g) u p(gh) = p(g)p(h) = @(g). Tem
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caMBIM, TIOJTHBIH TTpoo6pas ¢+ (go(g)) anemenTa @(g) coBrnagaer u c (ker ¢)g, uc gker ), a (ker ¢)g
u g(ker @) coBmagaioT Apyr c Apyrom. BzaumHo o6paTHBIE GUEKLINH

h—~gh

ker ¢ gker )
g ltat

MeKy AZPOM M CJIoeM ¢+ ((p(g)) = g(ker @) 3aar0TCs JIEBBIM YMHOXKEHUEM 3JIEMEHTOB siipa Ha ¢,
a 27IeMeHTOB cJIosi — Ha g . [l

CJEJCTBUE 10.I
s toro, 4To6s1 roMmoMopdu3m rpynn ¢ . G, — G, ObUI UHBEKTUBEH, HEOOXOANMO U JOCTATOYHO,
YTOOBI €T0 PO UCYEPIIBIBAIIOCH EAMHUYIHBIM 3JIEMEHTOM. |

C/JEZICTBUE 10.2
s moboro romoMopdu3smMa KOHEUHBIX I'PYII ¢ : G; — G, BHIIOJHEHO PaBEHCTBO

lim(p)| = |G, | /] ker(p)]. (10-7)
B yactHocTy, | ker | u | im ¢| genar |G, |. (Il

[TPUMEP 10.6 (3HAKOIIEPEMEHHBIE I'PYIIIIbI)

CormnacHo ci1. 8.2 Ha cTp. 132 uMeeTcs My/JIbTUIUIMKATUBHEINA romoMopdusMm sgn @ S, — {+1}, co-
NIOCTaBJIAOIIMH ITepecTaHoBKe e€ 3Hak. fzpo sToro romomopdusma obosHavaercss A, = kersgn u
Ha3BIBAETCSA 3HAKONepeMeHHOU 2pynnoil WU IPyNIIoN YETHBIX lepecTaHoBOK. [lopanok |4,,| = n!/2.

TTPYIMEP 10.7 (JINHEMHBIE I'PYIIIIbI)

Bce inHelHbIe aBTOMOPGU3MBbI IPOU3BOIFHOTO BEKTOPHOI'O ITPOCTPaHCTBa V HaZl TPOU3BOIbHBIM I10-
sem k o6pasyioT nosanyio aunetinyro epynny GL(V). B cuny MyJbTUILTUKaTUBHOCTH onpe/:LeJn/ITeJml,
oTobOpakeHue

det: GL(V) - k*, F > detF. (10-8)

ABJISIETCA TOMOMOPGU3MOM TIONHON JMHEAHOMN TPYIINBI B My/IBTUIUIMKATUBHYIO rpymny K* moms k.
Ero siipo Ha3kIBaeTCsa cneyuanbHoll auHeliHol epynnotl 1 0603HaYaeTCs

SL(V) =kerdet={F:V >V detF =1}.
Ecm none k = F, cocTouT U3 q a1emenTos u dim V = n, monHas IMHeliHad rpynna KOHeYHa 1

|GL,(Fp)| = (@™ - D" - (@™ - ¢*) ... @™ —q""),

VIIPAYKHEHUE 10.17. YoeauTech B 9TOM.

2

Tak xak romoMop¢u3M (10-8) cIoOpbeKTUBEH” NOPAAOK CIIeI[UAIbHOM JIMHEWHOHN IPYIIITBI

|SL,(Fp)| = |GL,(F)|/1K*[(q" — D(@™ — @)(q" —q¢*) ... (" —q"" M) /(g —1).

'Cm. mpeayt. 8.2 Ha cTp. 137.
2 lnaroHaIbHELA oneparop F c cobcTBeHHbIMY unciamu (4, 1, ... ,1) umeer det F = A.
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TTPUMEP 10.8 (IIPOEKTUBHBIE I'PYIIIIBI)

HaroMHIo!, 4To ¢ KaX/IBIM BeKTOPHBIM TIPOCTPAHCTBOM I/ acCOLMHPOBAHO NPOeKMUBHOe NPOCMPAH-
cmeo P(V), ToukaMu KOTOPOTI'O ABJIAIOTCA OZHOMEPHBIE BeKTOPHBIE ITOAIIPOCTPAHCTBA B V miu, 4To
TO )K€ camoe, KJIacChl IIPOIIOPIIMOHATBHOCTY HEHY/IEeBEIX BEKTOPOB B V. Kaxkplil InHeHbIN onepa-
Top F € GL(V) KOPpeKTHO 3a7aéT GUEKITUIO F: PWV) - PV), IlepeBOZAAILYI0 Kacc BekTopa v # 0 B
kracc Bektopa F(v). Takum 06pa3oM Bo3HHKaeT roMoMopdusm F — F rpymmst GL(V) B rpymimy Giek-
THBHBIX IPe06pa30BaHUil IpoeKTUBHOTO IpocTpancTBa P(V). O6pas aToro romomopduzMa 0603Ha-
yaeTca PGL(V) 1 Ha3bIBaeTca npoekmusHoll iuHeliHoll epynnoil mpocTpaHcTBa V. Vi3 Kypca reoMmeTpun
M3BECTHO, YTO /Ba omepartopa F, G € GL(V) Torga u ToJabKO TOTr/a 3aal0T OAMHAKOBbIE IIpeobpaso-
BaHua F = G IPOeKTHBHOrO mpocTpaHcTBa P(V), KOrzia OHU IIPOIIOPIMOHANBHEL, T. €. F = AG s
Hekortoporo A € k*. TTosToMy si;poM anuMopdusMa rpyI b

1 GL(V) » PGL(V), Fm—F (10-9)

ApngeTcs nodepynna zomomemuil I' ~ k*, cocToaman us
CKaJIIPHBIX [UArOHAIBHBIX OTIEPATOPOB. TaKUM 06pa3oM,

rpynna PGL(V) obpa3oBaHa KjiaccaMu IIPOITOPIMOHATBHO-

CTU JIMHEWHBIX OMepaTopoB. Kiaccel mpomopuuoHaibHO-

CTH OIIEpaTOPOB C €JUHUYHBIM OIpeAeNuTeNeM 00pa3yroT

B Hell moArpymmy, o6o3Hagaemyto PSL(V) C PGL(V). Orpa-
uuuuBas srumopdusm (10-9) ua SL(V) C GL(V) moyuaem a
anmuMopdU3M

n’ 1 SL(V) » PSL(V), F~—F (10-10)

AZPOM KOTOPOI'O ABJIAeTCA KOHEYHAsA My/JIbTUIUVINKATUBHAA . ¢ >
noarpynna u, (k) C k* cogepxamuxcsa B mone k kopHeit

2

. . Puc. 1009. YeThIpEXBEIIMHHUK U
crenneHu” n = dimV = dim P(V) + 1 13 e AMHUIIBL. P

aCCOLMMPOBAHHBIN TPEYTONbHUK.
[TPUMEP 10.9 (BIIMMOPOU3M S, - S3)
Ha npoekTuBHOI1 iockocty P, Hazg mobeM mosieM k ¢ kaxz0# 4eTBEPKOH ToUeK a, b, ¢, d, HUKakue
TPH 13 KOTOPHIX He KOJUTMHEeapHHI CBsi3aHa Gpurypa, o6pasoBaHHast TpeMs TapaMu TPOXOASIUX Yepe3
5TH TOYKH MPAMBIX-
(ab) u (cd), (ac)wu (bd), (ad)u (bc) (10-11)

U Ha3bIBaeMasi UemblpexXgepuuHHUKOM, cM. puc. 1009. [Tapsl mpsaMbix (10-11) Ha3BIBaIOTCA npomueo-
NONONCHBIMU CMOPOHAMU YeTHIPEXBepIIUHHNKA. C YeThIPEXBEPIIMHHUKOM abcd accolluupoBaH Tpe-
YTOJIBHUK XYZ C BEpIIMHAMU B TOYKaX IlepecedeHus ap IPOTHUBOIOIOXKHBIX CTOPOH

x = (ab) N (cd), y = (ac)n (bd), z = (ad) N (bc) (10-12)

Kaxzpasa IepecTaHOBKa BEPIINVH A, b, c, d OAHO3HAa4YHO oIlpeaendeT JIMHEeNHOoe IIPOEKTUBHOE r[peo6pa-

soBanuet IUIOCKOCTH, YTO AaéT BaoxkeHue S, < PGL; (k). [IpeobpazoBaHus U3 S, IepeBOAAT aCCOLU-

1M1 mpezmonTaraeM, 4To YMTATENb 3HAKOM C IIPOEKTUBHEIME IPOCTPAHCTBAMY U IIPOEKTUBHBIMH Ipeobpa-
30BaHUAMM II0 KypCy 'eOMETPUH, CM. JIEKIIMU hitp://gorod.bogomolov-lab.ru/ps/stud/geom ru/2122/lec
16.pdf u http://gorod.bogomolov-lab.ru/ps/stud/geom ru/R122/lec_17.pdf.

2HaromHio, 4To 110 onpezgeneruio dim P(V) € dimV — 1.

30HH 0TBeYaIOT TPEM BO3MOXKHEIM CII0CO6aM pa3GuTh TOUKHY d, b, ¢, d Ha /Be apsl.

“HamoMHIo, 4T0 Kax/ioe TMHeHoe IIPOeKTHBHOE IPeobpa3oBaHie Fe PGL(V) oaHO3HAYHO olipeesseTcs
cBOMM jieticTBreM Ha JyitoOble dim V + 1 Touek mpocTpaHcTBa [P(V), Hukakue dim V 13 KOTOPBIX He JIEXKaT B
OJIHOM TUIIEePIUIOCKOCTH.


http://gorod.bogomolov-lab.ru/ps/stud/geom_ru/2122/lec_16.pdf
http://gorod.bogomolov-lab.ru/ps/stud/geom_ru/2122/lec_16.pdf
http://gorod.bogomolov-lab.ru/ps/stud/geom_ru/2122/lec_17.pdf
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HMPOBaHHBIN TPEYTONbHUK Xy Z B cebs, TIepecTaBJIsis eT0 BEPIIUHEL X, Y, Z coriacHo dopmynam (10-12).
Hanpuwmep, 3-nuki (b, c,a,d) € S, 3aaéT HUKINYECKYIO IIepeCcTaHOBKY (Y, Z, X), @ TPAaHCIO3ULIUU
(b,a,c,d), (a,c,b,d)u(c,b,a,d) naroT Tpancnosunyu (X, z,y), (¥, x, Z) u (Z,y, X) COOTBETCTBEHHO.
TaxuM 06pa3oM, MbI ITOTy4aeM CIOPbeKTHUBHBIN romoMopdusm S, - S;. Ero sAzpo nMeeT nopsazok
4! /3! = 4 ¥ COCTOUT U3 TOXKAECTBEHHOM TIEPECTAHOBKU U TPEX TMap He3aBUCHMBIX TPAHCIIO3UITUH
(b,a,d,c),(c,d,a,b),(d,c,b,a).

[TPUMEP 10.10 (S, ¥ COBCTBEHHAS I'PYIIIIA KYBA)

JInHeliHbIe Ipeobpa30BaHuUsA eBKINIOBA IPOCTPAHCTBA R, cocTapAomue cOOCTBEHHYIO IPYIIITY Ky-
6a c IeHTPOM B HyJle, IeHCTBYIOT Ha YeTHIPEX MPAMBIX a, b, ¢, d, coeJUHAIOMMX IPOTHBOIIOIOKHEIE
BepIIMHHI Kyba, a TAKKe Ha TPEX IPSAMBIX X, Y, Z, COeANHAIOMNX IEHTPHI €TI0 IIPOTHBOIIOIOXKHBIX I'Pa-
Hel, cM. puc. 10¢10. Ha npoekTHBHOI I1ocKocTH P, = P(R®) 5TH 7 IPAMbIX CTAHOBATCA BepPIIMHA-
MU YeTHIPEXBEPUIMHHUKA abcd M accOMMPOBAHHOTO C HUM TPeYToJbHUKA Xy Z, KaK Ha puc. 1009.
[ToBopoTt Ha 180° BOKPYT OCH, COeANHAIOIIEN cepeANHBI IPOTHUBOIMOJIOXKHBIX pEGep Kyba, MEHIET Me-
CTaMU PHUMBIKAIOIINE K 3TOMY pebpy ZJUaroHaIu U NEPeBOAUT B ce6s1 KaXKAYIO UX JBYX OCTABIINXCS
auaroHaseil. Tem caMbIM, BpalleHUs Ky6a OCYIIeCTBIISTIOT TPAHCIIO3ULIUHY TIOOBIX IBYX COCEAHUX AUa-
TOHaJIeH, ¥ MBI UMeeM CIOPbeKTHBHBIN TOMOMOP)U3M SOy = 54 Tax Kak o0e I'pyIIIbl UMEFOT MOPs-
Z0K 24, 370 n3oMopdr3M. OH IepeBoAUT 6II0BOPOTOB Ha +90° BOKPYT NPSAMBIX X, Y, Z B 6I[UKJIOB JJI1-
HBI 41IMKJIOBOTO TUMA [ | | | |, 3moBopoTta Ha 180° BOKPYT TeX e MPAMBIX — B 311aphbl HE3aBUCUMBIX
TPAHCIIO3ULINH IUKJIOBOTO THUIIA Hﬂ, 8noBopoToB Ha +120° BOKpYT IpAMBIX a, b, ¢, d — B 8IUKJIOB

JUTMHBL 31IUKJIOBOTO THUIA H:D, a 6 moBopoToB Ha 180° BOKPYT ocei, MPOXOAALINX Yepe3 cepeu-

HEI IIPOTUBOIIOJIOXKHEIX pEGep — B 6IPOCTHIX TPAHCHIO3ULIUIN I[UKJIOBOTO THUIIA a] T'omomopduzm

SOyys — S3, BOHUKAIOIMI U3 AENCTBUs TPYNIbl Kyba Ha NPAMBIX X, ¥, Z, COIIACOBaH C M30MOP-
duzmom SOy => Sy M snmuMmopdusMoM S, - S; U3 npezAbiayuiero npuM. 10.9. Ero A7po cocToUT 13
cOBCTBEHHBIX OPTOrOHAIBHEIX IIpeo6pa3oBaHyil eBKIK0Ba IIpocTpaHcTBa R, mepepozamux B ce6s
KayKZ[ylo U3 /IeKapTOBBIX KOOPAMHATHBIX oceil X, y, Z B R, u coBnazaeT, Takum 06pa3oM, ¢ FpyTIIOi
AByyrolbHUKA D, c ocAMU X, Y, Z. B TakoM KOHTeKCTe 3Ty T'pYIILy HHOTZA Ha3hIBAIOT Uema8epmHoll
epynnoti Knetina u o6osHavator V,. Visomopdusm SO, s = S, NEPEBOANT €€ B AAPO snmMopdusma
S, » S3 n3mpum. 10.9.

Puc. 10010. OT Kyba K Puc. 10011. OguH U3 AT KyOOB Ha
4eThIPEXBEPIINHHUKY. JoJeKaszape.
ITPUMEP 10.11 (COBCTBEHHAS I'PYIIIIA JIOJIEKADZIPA U1 A;)

JItobast AuaroHastb 10601 TpaHy ZiofeKasapa eIMHCTBEHHBIM 00pa3oM JA0CTPauBaETC [0 JIEXKAIIETO
Ha MTOBEPXHOCTH ZloZleKadpa Kyba, 06pa3oBaHHOTO JUAaroHaIsIMU IPaHel TaK, YTO B KAXK/OU rpaHu
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pHCyeTcA POBHO OZ[HA AvaroHaib ', kak Ha puc. 10011, Bcero Takux Ky60B Ha OBEPXHOCTH J0AeKa-

37pa UMeeTCs POBHO IATh, ¥ OHU OMEKTUBHO COOTBETCTBYIOT IIATH AUArOHAIAM KaKOH-HUOYAb GUK-
cupoBaHHOH rpaHu. CobcTBeHHAs IPyIIA AoAeKadpa epecTaBisieT 3TU KyOHl APYT ¢ APYroOM, YTO
Aaét romoMopdr3M coOCTBEHHOU I'PYIIIIHL oeKas/pa B CUMMETPHUYECKYIO IPYIITy S

Yuon: SOpoq = Ss - (10-13)

[ Ha MOZIETb ZIoieKas/ipa, JIETKO BUETH, uTo obpaszamu 20-3 = 60 TOBOPOTOB, U3 KOTOPHIX COCTO-
UT rpyIna SO/m ABJstt0oTCs 60 YETHBIX TEPEeCTAaHOBOK: TOXK/AECTBEHHOE IIPeobpa3oBaHue Jo/eKasapa
3a/1aéT TOXKJECTBEHHYIO TIEPECTAHOBKY KyOOB; 6 - 4 = 24 moBopoTa Ha ymibl 2k /5,1 < k < 4,
BOKPYT Ocel, MPOXOAIINX Yepe3 1IeHTPhI IPOTUBOIIOIOXKHBIX I'PaHel, IIepexoaT BO BCeBO3MOXKHbBIE
LIUKJIBL IJTUHEL 5, T. e. B 24 epecTaHoBKY nukioBoro Tiuna [ [ [ [ | J; 10 - 2 = 20 moBopoTOB Ha yT-
JIBL 27 / 3 BOKPYT Oceli, IPOXOAAILINX Yepe3 MPOTHUBOIOJIOKHbIE BEPIIUHEI T0AeKasApa, IIepeX0sIT

BO BCEBO3MOXXHBIE ITUKJIbI IJITMTHBI 3, T.e. B 20 II€epECTaHOBOK IIMKJIOBOI'O THUIIA | | 5 15 IIOBOPOTOB

Ha 180° BOKpyT ocell, MPOXOASAIINX Yepe3 cepeIUHbI TPOTHUBOIOIOKHEIX PEGEp JoAeKad[pa, Iepexo-
JIIT BO BCEBO3MOJKHBIE IIaphl He3aBUCUMBIX TPAHCIIO3ULINH, T. e. B 10 IlepecTaHOBOK I[UKJIOBOT'O TUIIA

Hﬂ Taxum obpaszom, romomopduam (10-13) aBnsercs usomopdru3MoM COOCTBEHHOH TPYIITIHI 07ie-

KasZpa co 3HaKoIlepeMeHHOH moArpynmoi A C Ss. B omnane ot npum. 10.4 mepexof OT coOCTBEH-
HOM T'pYMIIBL 0ZieKasgpa K TMOJHOM He J06aBiseT HOBBIX MEPECTAaHOBOK KyOOB, TOCKOIBKY KaskZoe
HecOO6CTBEHHOe ZIBMKEHVE SBJISIETCS KOMITO3UIIMeN cOOCTBEHHOTO ABMKEHUA U IIeHTPaJIbHOU CUM-
MEeTPHUH, KOTOpast IEPEBOAUT KaXKAbIH 13 KyOOB B cebs.

YIPAXKHEHMUE 10.18. [ToKa)kuTe, YTO CUMMeTpHUJeckas Ipymnna S He 130MopdHa [0IHOM rpymie 1o-
Jexaszgpa.

10.4. [leiicTBHe rpymIbl Ha MHOXecTBe. [IycTb G — Tpymma, a X — MHoXecTBo. O603HAaYMM Yepe3
Aut(X) Tpymimy BceX B3aUMHO OZJHO3HAYHBIX 0TOOpakeHui us X B cebs. Tomomopduam

¢ G- Aut(X)

Ha3bIBaeTcsA Oelicmauem IPynnbl G HA MHOXecTBe X WM npedcmagjeHuem TPyIIbl G aBTOMOpOU3-
Mamu MHOxXecTBa X. Otobpaxenue ¢(g) : X — X, oTBevarolllee 31eMeHTy g € G IIpH JeHCTBUU @
Jacro ObiBaeT yA0OHO obo3Ha4aTh Yepes @, 1 X — X. ToT daKT, 4To ComocTaBneHne g — @4 AB-
J11€TCs TOMOMOPGU3MOM I'PYIIN, 03HAYAET, YTO Pgp = Pg © Pp A BeeX g,h € (. Ecm MOHATHO,
0 KaKOM JIeMCTBUM UJET pedb, MBI YacTO OyzZeM COKpaIliaTh @g(x) mo gx. Ilpy HaIMIUK AEHCTBUSA
rpynnsl G Ha MHOXXecTBe X MBI umieM G : X. JleiicTBue Ha3bIBAETCA MPAH3UMUBHBLM, €CIIH JIIOOYI0
TOYKY MHOXKecTBa X MOXKHO TIEpeBeCTH B JIIOOYIO IPYTYIO TOUKY KaKUM-HUOYZAb ITpeobpa3oBaHUEM
n3rpynnsl G, T.e.Vx,y € X 3g € G : gx = y. Bonee obummM 06pazom, JeiCTBHE HAa3bIBAETCSA
M-MPAH3UMUBHbLM, ECJIU JIFOObIe IBa YIIOPAZOYeHHBIX HA00pa U3 M Pa3INYHbIX TOUYeK MHOXKeCTBa X
MOXXHO II€PEeBECTH PYT B APyTa IIOAXOAAIINMY Ipeo6pa3oBaHUAMHY U3 G . JleficTBHE HAa3bIBAETCS C80-
600HbIM, €CIT KOKABIN OTVINYHBIN OT eIWHULIBI 3IeMeHT I'PYIIIEL JeHcTBYyeT Ha X 6e3 HelloABIKHEIX
Touek, T.e.Vg € GVx € X gx = x = g = e. [lefictBue ¢ : G — Aut X HasbIBaeTca moursm (WK

porme Bcero sTo yBUAETH Ha MOAENH AOAEKA3APA, KOTOPYIO A ellé pa3 HACTOATENbHO PeKOMEH/YIO U3r0-
TOBUTb — cM. ymp. 10.10 Ha cTp. 170.
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appexmusHbIM), €CIU KOKABIA OTIMUHBIN OT eJUHUIILI 3JIeMeHT T'PYIIIHI eiicTByeT Ha X He ToX/e-
CTBEHHO, T. €. Korzia ker ¢ = e. TouHOe Mpe/icTaBleHHE OTOXAECTB/AET G ¢ TPYIIION Mpeobpa3oBaHuii
@(G) C Aut(X) mHOXecTBa X. OTMeTHM, 4TO Jito60€e CBOGOAHOE ZIEHCTBYIE TOYHO.

Eciu rpymma G geiicTByeT Ha MHOXKeCTBe X, TO OHA ZIEHCTBYET M Ha IOAMHOXKECTBaX MHOXKe-
cTBa X: aJIeMeHT g € G TepeBOAUT IOAMHOXecTBO M C X B moaMHOxecTBO gM = {gm | m € M}.
ITpu aTom orobpaxkenue g : M — gM, x — gx 6UEeKTHUBHO, U OOPATHBIM K HEMY SIBJIAETCS OTOOpa-
xeHue g~ ' gM — g, — g 'y, u60 g~ 'gx = ex = x. ToBOpAT, 4TO 31eMeHT g € G 1-1opfvza/1u3yem1
moAMHOXXecTBO M C X, ecmu gM = M, T.e. gx € M pna kaxgoro x € M. KaXablii TakoH 3/1eMeHT
3azaét 6uekuuio gly : M — M. Ecnu 3Ta 6MeKnna TOXAeCTBEHHa, T.e. gx = X AMA Bcex x € M,
TO TOBOPST, UTO dJIEMEHT g yeHmpanusdyem MOAMHOXKecTBO M. MHOXeCTBO BceX 3jIeMeHTOB g € G,
HOPMAaJTU3YIONINX (COOTB. IIEHTPATU3YIOMINX) JaHHOE TIOAMHOXKecTBO M C X obo3Hauaercs N(M)
(cooTB. Z(M)) 1 Ha3BIBAETCI HOpMAIU3amopom (COOTB. ueHmpanusamopom) noaMHoxkectsa M C X
[P 33JaHHOM JIeICTBUY IpymIel G Ha X.

YOPAXKHEHUE 10.19. YoeauTech, uto N(M) u Z(M) ABAAIOTCS MOATPYIIIaMU B G .

[TPUMEP 10.12 (PET'Y/ISPHBIE JIENCTBUSA)
O603Ha4ynM yepe3 X MHOXKECTBO 3JIEMEHTOB I'PYMIIEL G, a 4epe3 Aut(X) — rpymnmy aBToMop$u3MOB
aTOro MHONMecmaa®. Otobpaxenue 1 : G — Aut X, lepeBozsIee a/MeMeHT g € G B IpeoGpa3oBaHue’

Ayt X > gx IEBOrO yMHOX€EHUs Ha g SIBJIETCS TOMOMOP(QU3MOM IPYIII, TOCKOJIBbKY

Agn(0) = ghx = A,(hx) = A4 (A5(x)) = A ° A (x).

OHO Ha3BIBAETCA J1e8blM pe2yAsapHbiM Oelicmeuem TpyIel G Ha cebe. Tak Kak paBeHCTBO gh = h B
rpyrmie G BIeY€T PABEHCTBO g = e, JIEBOE PETYIAPHOE JeHCTBYE CBOOOAHO U, B YaCTHOCTH, TOYHO.
CrnMMeTpUdHEIM 06pasoM, npasoe pezyasipHoe Oeticmeue 04 G — Aut(X) COMOCTABIAET JJIEMEHTY
g € G mpeobpasoBaHue X — Xxg ' IpaBoro yMHOXeHHUA Ha o6parHsIi? K g DJIeMeHT.

YIPAXKHEHUE 10.20. Y6eIUTECh, UTO Q g ABISIETCA CBOOOJHBIM JIeCTBUEM.

Tem cambiM, T106as a6CTpaKTHAA rPymna G MOKET 6bITh pealn30BaHa Kak IPYIa npeobpasoBaHuii
HEKOTOPOTO MHOKecTBa. Harpumep, JieBble PeryisipHbIe NPeCTABIEHNs YUCIOBBIX TPYII PEaIn3y-
0T aAAUTUBHYIO rpynity R rpymmnoii cABUroB A, : X — X + ¥ YUCI0BOM IPAMOI , @ My/IBTUIUINKATHB-
Hy!o rpyniy R* — rpynmoii romoreTuii A, . x — cx mpokonoToi npsamoit R* = R~ {0}.

[TPYIMEP 10.13 (ITPUCOEAVHEHHOE JIEVICTBUE)
Orobpaxenne Ad: G — Aut(G), comocTapisioliee 3JeEMEHTY § € G aBTOMOPOU3M conpsiceHust
3THUM dJIEMEHTOM

Ad,: G- G, hw ghg™*, (10-14)

g-

Ha3bIBAETCA NPUCOeOUHEHHBIM Jelicmauem TPYTIIHI G Ha cebe.

B 5TOM ciIyuae Takke FOBOPAT, 4TO HOAMHOXECTBO M C X ABIAETCA g-UHBAPUAHTHBIM.

2B03MO3KHO, He TlepeCTaHOBOYHEIX C MMEOIIeHics B G KOMIO3UIHE, T. €. He 0643aTeIbHO AB/IAIOIINXCH aB-
ToMopduaMamu 2pynnst G.

306paTure BHMMaHHe, YTO 5TO NpeobpasoBaHUe MHOXKeCTBA X He ABIACTCA TOMOMOPGU3MOM T'PYIIIH G,
ITOCKOJIBKY paBeHCTBO g(h, h,) = (gh,)(gh,), BoobIlle TOBODs, He BHIIOMHAETCA.

“ITosiBnenue g~* He ciydaiiHO: IPOBEPETE, UTO COIMOCTABIEHNE JMEMEHTYy § € G OTOGpaKeHUA PaBOro
YMHOKEHUS Ha g ABJISETCsA He TOMOMOPPU3MOM, a aHTUTOMOMOPGHU3MOM (T. €. 060pavHUBaET MOPSJOK COMHO-
JKUTeJIEN B IPOU3BEIEHUSX).
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YIPAXKHEHMUE I0.21. YbezuTech, 4To V g € G compskeHue (10-14) aBnaerca comomopdusmom us G
B G ¥ 4TO OTOOpakeHue g — Adg ABJIsIETCS ToMoMOpdu3MoM 13 G B Aut G.

O6pas npucoesuHéHHOro AeiictBua Ad(G) C AutG o6o3Haudaerca Int(G) u HasbIBaeTCA TPYNIION
8HympeHHUX asmomopgusmos Tpymmsl G. He nexainue B Int(G) aBToMOpdU3MEI I'pyTiel G Ha3bIBa-
IOTCA 8HeWHUMU. B OT/IYMe OT JIEBOTO U IPABOI'0 PEry/IAPHBIX JeicTBUIM IprcoeANHEHHOE AelicTBHE,
BOOOI1Ie roBOPsI, He CBOGOAHO U He ToYHO. Hampumep, eciiu rpymina G abesieBa, Bce BHyTPEHHUE aBTO-
Mopdusmel (10-14) ToxxZecTBeHHBIE, U AAPO IPUCOEANHEHHOTO JeHCTBHA B 9TOM CJIydae COBIIaZaeT
co Bceli Tpymmoii. B obmem ciyuae ker(Ad) o6pasoBaHo TakuMu g € G, uto ghg~' = h a1 Beex
h € G. llocneaHee paBeHCTBO PaBHOCWIBHO PaBEHCTBY gh = hg U 0O3Ha4aeT, YTO g KOMMymupy-
em co BCEMU 3JIeMeHTaMU rpymibl. [IoArpyma a1eMeHTOB, IEPeCTAHOBOYHBIX CO BCEMHU dJIeMEHTaMU
I'pynnsl G Ha3bIBAETCA YeHmpoM IPYIIEL G 1 0603HaYaeTCs

Z(G)=ker(Ad)={ge€ G|Vhe G gh=hg}.

CrabwMsaTop 3aJaHHOTO 37ieMeHTa g € G B IPUCOEANHEHHOM AeHCTBUY COCTOUT U3 BCEX AIEMEHTOB
I'PYIIIBI, KOMMYTHPYIOIINX C g. OH Ha3BIBAETCS YeHMpPAaiu3amopom 3JeMeHTa g 1 0603HadaeTcs

Z(g)={he€ G| hg=gh}.

10.4.1. Op6Gurtsl. Co BCAKOH Ipynnol mpeobpa3oBaHuil G MHOXecTBa X CBA3aHO OMHApHOeE OT-
HOILIIeHWe y ~ X Ha X, o3Havalollee, YT0 y = gx JJisI HEKOTOPOro g € (. DTO OTHOIIEHHE pediieK-
CHBHO, H60 X = ex, CUMMETPHYHO, TIOCKOJIbKY ¥ = gX < X = g 'y, ¥ TPaH3UTUBHO, T.K. U3
PaBEHCTB Yy = gx U z = hy BBITeKaeT paBeHCTBO z = (hg)x. Takum 06pa3oM, 3TO OTHOIIEHHE SB-
JIIeTCsA SKBUBAJIEHTHOCTBIO. Kjlacc SKBMBa/IEHTHOCTH TOUYKU X € X COCTOMUT U3 BCeX TOYEK, KOTOphIe
MOJKHO ITOJIYYHTD U3 X, IPUMEHSA BCEBO3MOXKHbIE Tpeobpa3oBaHus U3 rpymisl G. OH o603HavaeTcs
Gx = {gx| g € G} u HaspIBaeTca opobumoil x nox aeiictBueM (. CornacHo n° 0.4 Ha cTp. 11 MHo-
»KecTBO X pachafiaeTcs B AU3BIOHKTHOE 00befuHeHre opouT. MHOXKECTBO BCeX OpPOUT Ha3hIBaeTCs
Paxmopom MHOXKecTBa X TI0 IEHACTBUIO TPyl G U ob6o3HavdaeTcss X / G. C Kaxkaoi opoUToit Gx CBs-
3aHO CIOPBEKTHBHOE 0TOOpakeHHe! MHOXECTB ev,: G » Gx, g — gx, clol KOTOPOro HaZl TOYKOU
¥y € Gx COCTOUT U3 BCeX Ipeobpa3oBaHUi IPyIIEL G, epeBOAAIUX X B Y. OH Ha3BIBAETCS MPAHCNOP-
mépom X By 1 06o3Hadaercs Gy, = {g € G| gx = y}. Coii HaZ caMOii TOYKOM X COCTOUT U3 BCeX
peobpa3oBaHUi, OCTABIAIOIMNX X Ha MecTe. OH Ha3BIBAETCA cmMabuiu3amopom TOUYKY X B rpymie G
u obosHavaercs Stab;(x) = G, = {g € G| gx = x} wm npocTto Stab(x), eciu MOHATHO, O KaKon
rpymnme G UAET pedb.

YIPAXKHEHMUE 10.22. Y6eguTech, uTo Stab(x) ABn1sgeTca noarpymnnoi B rpynme G.

Eciuy = gx uz = hx, To ana mo6oro s € Stab(x) mpeo6pasoBanue hsg™ ' € G, HaoGopor,
ecmu fy = z,To h™'fg € Stab(x). Takum 06pa3oM, MBI IMeeM O6paTHEIE ZPYT APYTY OTOGPaXKeHHs

MHOXXECTB:
s—hsg™t
Stabx) ____— Gy, (10-15)
h"ifgef

¥ CTasio GBITh, /U1 JTIOOBIX TPEX TOYEK X, Y, Z U3 OAHOH G-0pOUTH UMeeTcs GueKuua Mexzay G,y 1
Stab(x).

ll'IpH JK€JIaHUU €TI0 MOXXHO BOCIIPUHUMATh KaK <<H€KOMMyTaTI/IBHO€>>Om06pameHU_Fl 8blHUC/IeHUA.
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[IPE/I/IOXKEHMUE 10.2 (POPMYJIA /111 ZI/THBI OPBUTBHI)

JlmiHa opOUThI TPOU3BOJIBHOM TOYKM X TIPU IEUCTBUY Ha He€ KOHEYHOM I'PYIIIIBI peobpa3oBaHuii G
paBHa |Gx| = |G| : |Stabg(x)|. B 9acTHOCTH, AJTMHEL BceX OPOUT U NOPAAKY CTAOIIN3aTOPOB BCEX
TOYEK SABJISIOTCA JeJIUTENIMY MTOPSIAKA TPYIIIIHL.

JlOKABATE/IBCTBO. ['pynmia G sABIAETCA AUSBIOHKTHBIM O0beAHEHNEM MHOKECTB Gy, IO BCceM y € GX
Y COIVIACHO IIpeZbIAyIeMy BCe 3T MHOXKeCTBa cOCTOAT U3 |Stab(x)| anemenToB. U

[IPEAJIOXKEHME 10.3
CrabmIn3aTophl BCEX TOYEK, JIEXKANUX B OAHONW OpOUTe KOHEYHOU I'PYIIIEL, CONPSIKEHBI:

y = gx = Stab(y) = g Stab(x) g~* = {ghg™* | h € Stab(x)} .
B 4acTHOCTH, BCE OHU UMEIOT OZITHAKOBBIN TOPS/IOK.
JIOKA3ATEJILCTBO. DTO cpasy ciexyet u3 guarpammsl (10-15). O

[TPUMEP 10.14 (AEMCTBUE ITEPECTAHOBOK BYKB HA CJIOBAX)

3adukcupyem Kakoh-HUOYAb k-OykBeHHBIH andaBut A = {a,, ..., a; } ¥ paCCMOTPUM MHOXeCTBO X
Bcex N-OyKBEHHBIX CJIOB W, KOTOPbIE MOKHO HAIMCATh C €ro IOMOIIbI0. MiHavye X MOXKHO BOCIIPUHU-
MaThb KaK MHOXKECTBO Bcex oTobpaskenuit w . {1,...,n} — A. ComocTaBUM KaXA0¥ TepecTaHOBKE
o € S, npeobpasoBaHhe W — WG
BaeT! ¢. TaAKMM 06Pa30M, MBI TIOTY4FIIM ZIefiCTBHE CUMMETPUYeCKO IPyTITIH S,, Ha MHOMKECTBE CJIOB.
Opbura cioBa w € X moj IeCTBUEM 3TOM TPYIIITBI COCTOUT M3 BCEX CJIOB, TZe KaKaasa OykBa ajda-
BUTA BCTPEYAETCSA CTOIBKO JKe pa3, CKOJIBKO B cioBe w. CtabwiusaTop Stab(w) ciioBa w, B KOTOpOM
OykBa a; BcTpeuaeTcsa m; pas (a1g kaxgoroi = 1,..., k), coCTOUT U3 IlepecTaHOBOK MeXay cob60i0
OZIMHAKOBBIX OYKB M MMeeT IopsAfoK |Stab(w)| = m,!...m;!. Tem cambIM, AyIHA OPOHUTHI TAKOTO
CJIOBa paBHA MYJBTUHOMHUAIBHOMY KO3GOUIIUEHTY

, KOTOpOe TepecTaBiisieT OYKBBI B CJIOBAX TaK, KaK MPEATKCHI-

|7 n! n
[Stab(w)| my!...my! my ... my

OTOT mpUMeEP MOKA3bIBAET, UTO Pa3Hble OPOUTH MOTYT UMEThb PAa3HYIO JJIMHY, U TIOPSAKHU CTabWIN3a-
TOPOB TOYEK U3 PA3HBIX OPOUT MOTYT OBITH Pa3HBIMHU.

YIPAXXHEHUE 10.23. I KQKJ0T0 U3 IATH IUIATOHOBBIX TeJl PACCMOTPUTE JeHCTBUE IPYIIIIBI 3TOTO
TeJla Ha ero TPaHsAX U 110 GopMyJIe A JIUHbI OpOUTH HaliIuTe MOPSAZOK COOCTBEHHON 1 HECOD-
CTBEHHOMU I'PYIIIBI KAXKOT'O U3 IVIATOHOBBIX TeJL.

[TPUMEP 10.15 (KJIACCBHI COTNTPSDKEHHOCTY B CUMMETPUYECKOM T'PYIIIIE)

IlepecranoBka Ad,(0) = gog~', cOnpskEéHHAsA TIEPECTaHOBKe 0 = (0, ...,0,) € S,, A9 KaX-
goroi = 1,2,...,n nepeBoAUT d1eMeHT g(i) B aneMeHT g(o;). [IoaTOMY IIpU CONPSKEHUU IUKIIA
T =|iy,...,0g) € S, IEPECTAaHOBKOH g = (g, ... , J) TIONYIUTCA LUK gTg ~ = |gi1, ,gik>. Ecm

IepecTaHoBKa ¢ € S, MMeeT IUKJIOBON TUM A U ABJAeTCA IIPOU3BeJeHNeM He3aBUCUMBIX I[UKJIOB,
3aIMCaHHBIX 110 CTPOKaM JiarpaMMEbl A, TO ZeCTBYEe Ha TaKylo [epeCTaHOBKY BHYTPEHHEr'0 aBTO-
mMopdusma Ad, 3aKII09AETCA B IPUMEHEHNH OTOOPQXXEHHA g K 3all0NHEHUIO AMarpaMMsl 4, T. €. B
3aMeHe Ka)KZ|0ro 4McJIa | YUC/IOM g;.

T, e. mepeBoAMT CIOBO W = a,, ..a, BCiOBO@, ., @, , - ...Qy , ,Ha i{-TOM MeCTe KOTOPOT'O CTOUT
n o o o n,
Ta 6yKBa, HOMep KOTOPOI B NCXOJHOM CJIOBE W IIEPEBOAUTCS IIEPECTAHOBKOM 0 B HOMED i.
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TakuM 06pasoM, OpOUTHI IPHCOEAMHEHHOTO AEHCTBHA CHMMETPHYECKOl IPyNIEL S, Ha cebe B3a-
MIMHO OZHO3HAYHO COOTBETCTBYIOT N-KJIETOYHBIM Auarpammam IOHra, 1 op6uTa, OTBevaromas Aua-
rpaMMe A, COCTOMT U3 BCeX [IePeCTaHOBOK LMKJIOBOro THia A. Ecm anarpamma A MMeeT m; CTpOK
JAUIVIHEL { U1 KKAOro § = 1, ..., 7, TO LieHTpaIM3aTop IGO0 IepeCcTaHOBKY 0 LIUKJIOBOIO THIA A CO-
CTOWT U3 TAKHUX [IEPECTAHOBOK 3JIEMEHTOB 3all0JHEHNUs AUarpaMMbl A HE3aBUCHMBIMY LUKIAMU TIe-
DECTaHOBKH 0, KOTOPbIE HE MEHSIOT 0, T. €. IUKIMIECKU [I€PECTABIISIOT 3/IEMEHTHI BAOJIb CTPOK WIN
IIPOM3BOJIBHBIM 06PAa30M I1EPECTaB/IIOT CTPOKY OAUHAKOBOM IMHEL MeX/y cOGOI KaK eAUHOE Iie-
noe. TeM caMbIM, IOPSAOK CTAGUINBATOPA NIEPECTAHOBKY [IUKJIOBOIO THIIA A 3aBHCUT TOJIBKO OT A 1
paBeHz, = 1™1-m,!-2"2-m,!-....n™-m, | = [[}-, m;! i"™. Konm4ecTBO nepecTaHOBOK LIKIOBOTO
TUna A, T. €. ANMHA COOTBETCTBYIOLIEH OPGHUTHI IPUCOEAMHEHHOTO AeHCTBYSA, paBHA N! /2.

10.4.2. IlepeuncieHue op6urt. IToacuéT yrcia ameMeHTOB B pakTope X /G KOHEYHOTO MHOXKe-
cTBa X 10 1eMiCTBUIO KOHEYHOM I'pymIibl ¢ HaTaJIKMBAaeTCA HAa 04eBUAHYIO TPYAHOCTD: TIOCKOIBKY AJIU-
HBI ¥ OPOUT MOTYT OBITH pa3Hble, YUCJIO OPOUT «pasHOI0 TUIA» IPUJETCS IIOACIUTHIBATD IO OTAEIb-
HOCTH, 3a0ZJHO YTOYHSAA 110 XOZy ZieJ1a, YTO UMEeHHO UMeeTcs B BUZY [0/ «TUIIOM OpOUTHI». Pa3oM mpe-
ofioyeTh 06e 3T TPYAHOCTH II03BOJIAET

TEOPEMA 10.2 (®0PMYJIA [10/11IA — BEPHCA/IA)

[TycTh KOHeuYHas rpymma G AelCcTByeT Ha KOHEYHOM MHO)KecTBe X. JIis Kaxkoro g € G 0603HauYUM

yepes X9 = {x € X| gx = x} = {x € X| g € Stab(x)} MHOXECTBO HEMOABMKHEIX TOUEK IIpeobpa-
-1

soBanus g. Toraa | X /G| = |G| dea |X9].

JlOKA3ATE/IbLCTBO. O603HaunM yepe3 F C G X X MHOXXeCTBO BceX Takux map (g, x), uto gx = x. Ha-
de F MOXHO omucath Kak F = | |, ., Stab(x) = | | gec X 9. TlepBoe U3 9THX ONMUCAHUH MOIYIAETCS
U3 pacCMOTpeHud npoekuuu F - X, BTOpoe — U3 pacCMOTpeHus npoekuuu F - G. ComacHO BTO-
pomy omucaunuio, |F| = Y 9eG |X9|. C mpyroii CTOPOHBI, U3 IIEPBOTO OIMCAHKUA MBI 3AKII0IaEM, 9TO
|F| = |G| - |X/G]. B camom fesne, cTaGWIM3aTOPH BCEX TOUEK, TIPUHAJIEKAIIUX OJHOM OpOUTe, UMe-
IOT OZVWHAKOBHIH ITOPAZOK, ¥ CyMMa 3THUX ITOPSAZAKOB II0 BCEM TOYKaM OpOUTH PaBHA IIPOU3BeAEHUIO
Mopsiika cTabuIn3aTopa Ha AJUHY OpOuTH, T. €. |G |. CkinagpiBas o BceM | X /G| opbuTam, osydaeM
TpebyeMoe. O

TTPUMEP 10.16 (OXKEPEJIbs)

[TycTh MMeeTCss HeOrpaHUYEHHBIH 3alac OZUMHAKOBBIX 10 GopMe OYCHH N Pa3IUYHBIX IBETOB. CKOJIb-
KO Pa3JIMYHBIX OXKEPEJTUN MOXKHO cZles1aTh U3 6 6ycrH? OTBETOM Ha 3TOT BOIIPOC SABJISETCSA KOJTMIECTBO
opbuT rpymninsl Ausapa Dy Ha MHOXeCTBe BceX paCKpacoK BepIIHH IIPABWIBHOTO IeCTUYTOJIbHUKA B N
1BeTOB. I'pynma D, cocTouT 13 12 21eMeHTOB: TOXK/JeCTBEHHOTO IIpeo6pa3oBaHus e, IByX I0OBOPOTOB
7! Ha +60°, AByX MOBOPOTOB T2 Ha +120°, IEHTPATbHON CUMMETDPHH T°, TPEX OTPAKEHUH T, 4, Ty,
03¢ OTHOCHUTENIBHO OOJIBIINX JUaroHaNel ¥ TPEX OTPAKEHUHN 044, 0,3, 034 OTHOCUTEIBHO CPEMHHEIX
TepreHAUKYIAPOB K cTopoHaM. EfuHuIa ocTaB/seT Ha MecTe Bee n® packpacok. Packpacku, CHMMeT-
PUYHBIE OTHOCUTETHHO OCTAIbHBIX TPe0Opa3oBaHuid, TOKa3aHkbl Ha pyuc. 10012 Ha cTp. 182. Beps Ha
3THX PUCYHKaX BCe JIONyCTUMEIE COUeTaHUs I[BETOB, MOydaeM, COOTBETCTBEeHHO, n, n®, n®, n* u n?
packpacok. ITo Teop. 10.2 urc/Io 6-6ycHHHBIX oxepeanit paBHo (n° + 3n* + 4n3 + 2n? + 2n)/12.

YIIPAXKHEHHUE 10.24. [TogcunTaiiTe KOJTUYECTBO oXepenuii u3 7, 8,9, u 10 6ycuH.
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10.5. CmexHbIe kiacesl ¥ pakTopusanus. Kaxzasa nogrpynna H C G 3a7aét Ha rpyne G ABa OTHO-
IIeHUA SKBUBAJIEHTHOCTHU, IPOUCXOZAAIIYE U3 IEBOT'O U [TPABOT'0 PETYIAPHOTIO IeCTBUA MOATPYIIITEI H
Ha rpymne G. JleBoe fieficTBue A, . g — hg IPUBOAUT K DKBUBAJIEHTHOCTU

917 92 < g, = hg, zAnaHexoroporoh € H, (10-16)

pasbuBaromieii rpyny G B IM3bIOHKTHOE 06beiuHeHe opout Buza Hg & {hg | h € H}, HasbiBae-

MBIX NPABbLMU CMENCHBIMU Kaaccamu (WIN npassimu cosuzamit) noAarpynist H B rpymnmne G. MHoxecTBO
IIPaBhIX CMEXKHBIX KJ1accoB ob6o3Hauaetcs H\G.
YIPAXKHEHMUE 10.25. [TokaxuTe, 4yTo paBeHCTBO Hg, = Hg, PaBHOCWIBHO JIOO0OMY 13 9KBUBAJIEHT-
HBIX IPYT APYTY BKMIodenuit g7 g, € H, g5 g, € H.

1 1 1
2 6 2 6
3 5 3 D
4
T-UHBapUHTHEBIE OYCHI 12-uHBapuUHTHEBIE 6yChI 73-unBapuHTHBIE GyChI

4 4

0,4,-VHBApUHTHBIE OYChI 0, ,-VHBApUHTHBIE OyCBI

Puc. 10612. CUMMeTpUYHbBIE OXKEPEJIbs U3 IIeCTH OYCHH.
C IpaBBIM JeHCTBUEM 0, & g —> gh_1 CBfA3aHO OTHOIIIEHHUE 3KBUBAJIEHTHOCTU

91% 92 < g, = g,h AnaHexoroporoh € H, (10-17)

pas6uBarolee Ipymiy G B AU3BIOHKTHOE o6beauHeHre opout gH & {gh | h € H}, KOoTOpEle Ha3kIBa-
IOTCS JIe8bIMU CMENCHbIMU Kaaccamu (MTh sesbimu cOguzamu) oATpymmbl H B rpymmne G. MHOXeCTBO
JIEBBIX CMEXHBIX Ki1accoB obo3Havaerca G /H.

[TocKOBKY ¥ JIEBOE U TIpaBoe JeHCTBUA MOATPYIEl H Ha rpyrme G cBOGOAHEL, BCe OPOUTHI KaK-
JIOTO M3 HUX cOCTOAT U3 |H| amemeHTOB. TeM caMbIM, YUCIO OPOUT B 06OUX ZEHCTBUSAX OAUHAKO-
BO ¥ paBHO |G|/ |H|. OTo umcio HasbiBaeTcs uHOekcoM MOATpymnsl H B rpynme G u o603HavaeTcsa
[G : H1 ¥ |G /H|. Hamu ycTaHOB/IeHa
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TEOPEMA 10.3 (TEOPEMA JIATPAH)XA OB NH/IEKCE ITO/TPYIIIIbI)
[MopszoK M MHAEKC 000 MOATPYHITEl H B TPOU3BOJILHOM KOHEYHOU Ipymiie G HaIeIo JAeJIAaT IOopsi-
mokGulG : Hl = |G| : |H|.

CJ/IECTBYE 10.3
[MopsAzoK Ir060r0 s/1eMeHTa KOHEYHOM TPYIITHI HAIIEO AeTUT MOPSAOK IPYIIIHI.

JIOKABATE/BCTBO. I[1opsAzZOK a/ieMeHTa g € (G paBeH HOPSAKY IOPOXKAEHHON UM I{UKINYECKOH TI0A-
rpynmst (g) C G. O

10.5.1. Hopmanbpnblie norpynmsl. [Toarpynna H C G Ha3bIBaeTCs HOpMaAibHOU (MU UHBAPUAHM-
Hoii) , ec/tu s M06OT0 g € G BHINIONHAETCA paBeHcTBO gH g~ = H wiu, uto To e camoe, gH = Hg.
MHade MOXXHO CcKa3aTb, 4yTo noArpymnmna H C G HopMaabHa TOTZia U TOJIBKO TOTAA, KOTZa JeBad U IIpa-
Bas skBUBaneHTHOCTH (10-16) u (10-17) coBmazaroT Apyr ¢ ApyroM u, B yacTHoctu, H\G = G /H.
Ecnu noarynna H C G HopMasbHa, ML uiieM H <1 G.

ITPUMEP 10.17 (7IPA TOMOMOP®H3MOB)
Anpo moboro romomopdusma rpynn ¢ ;. G; — G, ABIAeTCA HOPMAJIbHOM IOATPYIION B G,, TO-
ckonmbky mipu @(h) = e aa moboro g € G umeeM paseHcTBO @(ghg™) = @(g)p(h)p(g)™* =
= p(g9)p(g)~" = e, osnauaromee, uto g (ker ¢) g~* C ker .

YIPAKHEHUE 10.26. [TOKaXuTe, YTO ec/iu i Mo6oro g € G ectb Bkitouenue gHg ™' C H, To Bce

3TU BKJIIOYEHUs — paBeHCTBA.

OTMeTHM, YTO COBIIaZieHIe IIPABhIX U JIEBBIX CMEXKHBIX KiaccoB szpa g (ker ¢) = (ker ¢) g yxe 6bU10
YCTaHOBJIEHO HaMU paHee B nipei. 10.1.

ITpumeP 10.18 (V, <1 S,)
[oarpynna Kieitna V, C S, cocTosinas U3 nepecTaHOBOK LIUKJIOBOTO TUIIA HH U TOXXJECTBEHHOH
IepecTaHOBKYU HOPMAaJIbHA.

[TPUMEP 10.19 (BHYTPEHHUE ABTOMOP®U3MBbI)
[Moarpymnna BHyTpeHHUX aBToMOopon3moB Int(G) = Ad(G) HopMmanbHa B rpymne Aut(G) Bcex aBTOMOP-
$u3MOB rpyIIIEl G, OCKOJIBKY CONpPsAras BHyTpeHHNUI aBToMOpdusM Ad, : h ghg™* npousBonb-

HBEIM aBTOMOPOU3MOM ¢ : G = G, MBI [I0JIy4aeM BHYTPEHHU# aBTOMOPU3M ¢ ° Ad o™t = Adyg)-

VIIPAYKHEHUE 10.27. YOeZUTECh B OTOM.

TTPUMEP 10.20 (TTAPAJLIEIBHBIE [TEPEHOCHI)

T[Moarpymia napaleJbHBIX TIEPEHOCOB HOpManbHa B rpyme Aff(A™) Bcex 6MeKTUBHBIX adGpUHHBIX
npeoGpasoBanuii apduHHOrO MpocrparcTBa A", T. K. conpsiras napaJule/bHbIM IIEPEHOC T, Ha BEK-
TOp ¥ MObbIM apGUHHBIM TpeobpazoBaHueM ¢ : A" — A", monyyaem mepeHoc! Tp,,(v) HA BEK-
Top D, (v).

VIIPAYKHEHUE 10.28. Y6euTech B STOM.

[TPUMEP 10.21 (HOPMAJIU3ATOP U LIEHTPAJIM3ATOP, CP. C YIIP. 10.19 HA CTP. 178)
IlycTs rpymma G AelicTByeT Ha MHOXecTBe X 1 M C X — IIPOM3BOIBHOE TIOMHOXecTBO. HarmoMmHi0?,

'HamomHro0, uTo mpeobpasosanue @ : A(V) — A(V) abdunHoro nmpocrpascrsa A(V), acCOLMUPOBAHHOTO
C BEKTOPHBIM IIPOCTPAHCTBOM V/, Ha3BIBAETCA aPPunhbim, eciu oTobpaxkeHune D, : pq — @()p(q) apnser-
Cs1 KOPPEKTHO OTIpe/Ie/IEHHBIM JTMHEHHBIM Tpeo6pa3oBaHreM BEKTOPHOTO IpocTpaHcTBa V (OHO Ha3bIBaeTCs
Juddepenyuanom oTobpaxkeHus Q).

2Cm. n° 10.4 Ha cTp. 177.



184 §10 I'pymmel

yTo noarpynnbl N(M) € {g € G| Vx € M gx € M} uZM) € {g € G| Vx € M gx = x}
Ha3bIBAIOTCA COOTBETCTBEHHO HOPMANU3AMOPOM U YeHmpaausamopom noaMHoxecrsa M. ITockosb-
Ky /151 Mio6e1x g € N(M), h € Z(M) u x € M BbITIONHAETCA paBeHcTBo ghg *x = gg~'x = x, ubo
h(g~*x) = g~ 'x, Tak kak g~ 'x € M, IeHTpanM3aTOp ABAETCA HOPMATbHOM MOATPYIITON B HOpMa-
Ju3aTope.

10.5.2. ®akTop rpynisl. [IonbITKa OIpeAeTUTb YMHOXKEHNE HA MHOXECTBE JIEBBIX CMEXXHBIX KJIac-
coB G / H HeabeneBoti rpynmsl G popmyoi

(g:H) - (9,H) £ (9:9,)H, (10-18)

BOOOIIIe TOBOPS, HEKOPPEKTHA: pasinyHble 3anuc g, H = f;H u g, H = f, H ofHUX U TeX >Ke KJIacCoB
MOTYT IPUBOAUTD K pasiuuHbM knaccaM (g, g,)H # (f1f,)H.

YIPAXKHEHME 10.29. Y6eauTech, 4To /A IPynnsl G = S; U NOATPYIILL BToporo mopsaaka H C G,
MOPOXK/AEHHOH TpaHCHO3ULKEH 0, ,, bopmysna (10-18) HeKOppeKTHa.

[TPEJIOXKEHME 10.4
Jna toro, 4yTobs! npasmio g, H - g,H = (g, g,)H KOppeKTHO onpezesswio Ha G /H cTPyKTypy IPYIIIIHL,
HEOOXOAIMMO U IOCTATOYHO, YTOOHI oArpymna H 6buia HopMasibHa B G .

JloKA3ATE/bCTBO. Eciiu popmyia (10-18) KoppeKTHa, To OHa 3a]aéT Ha MHOYKECTBE CMEXKHBIX JIEBBIX
KaccoB G / H TpyIIIOBYIO CTPYKTYPY: aCCOIMATHBHOCTD KOMIIO3HIMM HaclenyeTca u3’ G, euHuIeit
cyxut knacc eH = H, o6paTHBIM K K1accy gH — xnace g~ H. ®axropusanua G - G /H, g — gH,
ABJIsIETCSI rTOMOMOpdM3MoM rpym ¢ sapom H. [Tostomy noarpymmna H HopmasibHa B cury mpum. 10.17.
Hao6opor, eciu H HopmansHa u fiH = g, H, ,H = g,H, 10 f, /H = fi9,H = ffHg, = g,Hg, =
= g,9,H B cuny paBenctBa g,H = Hg,. ]

ONPEJE/NEHUE I0.2
MHOKeCTBO CMeKHBIX Ki1accoB G / H HopMmastbHOM noarpymisl H <1 G ¢ oneparueit

9.H - g,H g (9192)H

HaseIBaeTcs hakmopom (vnu pakmop epynnoil) rpynmsl G 1o HopMaibHOU noArpymie H. FTomomop-
¢usm rpyrin G » G /H, g — gH, HaspiBaeTcst 2omoMopPuamom akmopusayuul.

C/IE[ICTBVIE 10.4

Kaxzsrit romomopdusm rpynn ¢ : G; — G, ABIAETCA KOMIIO3UIMeH anuMopdusMa GaKTopu3anuy
G, » G,/ker ¢ umoHOoMOpdu3ma G, /ker ¢ & G,, IepeBOAAIIETO CMEXHBIN Ki1acc g ker ¢ € G, /ker ¢
B JIeMeHT ¢(g) € G,. B 9acTHoCTH, im ¢ =~ G /ker @.

JTIOKABATENLCTBO. ClIe/ICTBHE YTBEP/K/AET, 4TO CJIoM ¢+ ((p(g)) romoMmopdusMa @ HaJ KaKAOH ToU-
KOH ¢(g) € im¢ C G, ABIsAeTCA JIEBBIM CIBUTOM s7pa ker ¢ Ha 3/1eMeHT g, YTO MBI YKe BUJEIU B
npegt. 10.1 Ha cTp. 173. U

1(g1H'ng)'g3H = (glgz)H'g3H = ((9192)93)1‘1 = (91(9293))H = ng-(g2g3)H =g1H'(ng'g3H)-
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[IPEAJ/IOKEHME 10.5

Ecmu noarpynma H C G Hopmanusyet! moarpymmy N C G, To MHoxxectBa HN = {hn| h € H, n € N}
uNH = {nh| n € N, h € H} coBnagaioT ApyT C ApyroM U ABJAIOTCA MOATPYNIION B G, IPUYEM
N <HN,HNN <<HuHN/N ~H/(HNN).

JlokA3ATENCTBO. NH = HN u6o nh = h(h™*nh) € HN u hn = (hnh™')h € NH gnascexn € N,
h € H. 3to moarpynma, Tak kak (nh)™* = h™'n"* € HN = NHu

(n,h)(nyh,) = n,(hyny)h, = n,(nghy)h, = (nyny)(h;h,) € NH

(cymecTBoBanue Takux n; € N u h; € H, 910 hyn, = n;h,, BeITekaeT u3 paseHcTBa HN = NH).
Hoarpymnst H NN <1 H u N <1 HN HOopMa/bHbI, TaK Kak 110 yciaosuio ANh™' C N gna Bcex h € H.
Orobpaxenue ¢ : HN — H/(H N N), nepeBozsiee mpousBeZeHye hn B cMeXXHbIi knacc h - (H N N),
Ompe/iesieHo KOPPEKTHO, TIOCKOMbKY pu hyn, = h,n, anement hy*h, = n;n;* € H N N, otkyza
h,-(HNN)=h, - (h[lhz) -(HNN) = h, - (HNN). OHO CIOpbeKTUBHO U ABJIAETCA FTOMOMOPGU3MOM,
nockonbky @(h,n,h,n,) = @(hyh,(hy*n hy)n,) = hih, - (H N N). Tak kak kerp = eN = N, no
cn. 10.4umeem H/(HNN) =im¢ ~ HN /ker¢op = HN /N. (|

YIPAXKHEHME 10.30. [TycTb ¢ : G; - G, — CIOPbeKTUBHBIM roMoMopduaM rpymir. [Tokaxure, 9To
nonHbii mpoo6pas N; = ¢~ *(N,) mo6oii HopMasbHo# noarpymnmsl N, <I G, ABNSAETCS HOPMAab-
HOH moArpynnoi B G, u G, /N, ~ G, /N,.

10.6. KommyTant. B rpymne G npoussesenue (g, h) & ghg~'h~! maspBaeTca kommymamopom? sre-

MeHTOB g, h. Ha3Banmue cBsizaHo c TeM, 4TO (g, h)hg = gh. ByactHoCcTH, gh = hg ec/u ¥ TOJIBKO eciiu
(g, h) = e. OueBuzHO, uT0 (g, h) ™t = (h,g) u Adf(g, h) = (Adf g,Adf h), toe

Adf: GG, x fxf™,

aBTOMOPQU3M COTPsKEHUA. [I03TOMY BCeBO3MOXKHEBIE KOHEUHBIE TPOU3BeIeHNS KOMMYTaTOPOB 3JIe-
MEHTOB IPYMIH G 06pa3yloT HOpMaIbHYIO TIOATPYIIY, KoTopas o6o3HadaeTcss G’ <I G 1 Ha3bIBaeTCs
Kommymanmom rpynusl G. Tak kak (g, h) = Adg(h)h_l, KOMMYTaTOPEHI 3JIEMEHTOB g € ( C 2JIeMeH-
Tamu h u3 060 HopManbHOU noArpynmsl N < G nexatB N, T.e. (G, N) = (N, G) C N. B yacTHOCTH,
(G,G") C G'.Beakuii romomopdusm ¢ : G — H orpanndmBaetcs B romomopdusm ¢|g @ G\ — H',
U eCJIU ¢ CIOPbeKTUBEH, TO CIODbeKTUBEH U @ | /.

[IPE/I/IOXKEHUE 10.6 (YHUBEPCAJIBHOE CBOMCTBO ®AKTOPA IO KOMMYTAHTY)

Besikuit romomMopdusm ¢ : G — A B abesieBy rpyminy A eAMHCTBEHHBIM 06pa3oM IIPOITYCKAETCs Yepes
roMoMopdusM pakTopuzanuu . G - G/G’,T.e. cylecTByeT e[MHCTBEHHbII TaKO TOMOMOP)UIM
@' G/G' - Auto @ = ¢'m.

JIOKA3ATENLCTBO. [ToMoMopdusM ¢’ 06si3aH AeiicTBoBaTh 1o TpaBuny gG' — ¢(g). OHO KOPPEKTHO,
Tak Kak G’ C ker ¢, IOCKO/MbKY B A Bce KOMMYTaTOPhl TPMBUANbHBI. U

CIEICTBME I10.5
®axrop rpynmna G /N abenesa eciu ¥ Tonbko ecmi N D G’

T.e. ANh™* = N gnsiBcex h € H.
2Unu 2pynnossim KoMmymamopom, KOTOPHIi He clIeAyeT MyTaTh ¢ KOMMyTaTopoM [f, gl = fg — gf ane-
MEHTOB aCCOLIUAaTUBHOM aure6pEl.
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JoKA3ATENBCTBO. [IpuMenseM npeas. 10.6 k amumopdusmy G - G /N. U

[TPUMEP 10.22 (KOMMYTAHTBI CUMMETPUYECKUX 1 3HAKOIIEPEMEHHBIX ['PYIIIT)
TTOCKOMIbKY KaK[bIii KOMMYTATOP B S,, IBJISETCS YETHOM MepecTaHoBKOH, S, <1 A,,. Tak Kak |A,| = 3
¥ rpynma S, He abeneBa, Sy = A;. TeM caMbIM, TIPH JT060M N KOMMYTAHT S, COAEPYKUT BCE 3-IIUKIIBL.

YIPAXXHEHME 10.31. Y6eauTecs, 4To Irpymmna A,, mopoxgaercs 3-IUKIaMH.

MeI 3aKmo4aem, 4to S;, = A,,. [lockonbky |4, /V,| = 3, rpynna 4, /V, ~ 7 /(3) abenesa, oTKyzAa
A} C V, no cn. 10.5. Tak kak rpynma A, He abenesa, A; COZEPXKUT I1apy He3aBUCUMBIX TPAHCIIO3U-
UM, a 3HAYUT, ¥ BCE CONPSDKEHHBIE €M Maphl, T. €. Ai = V,. OTcioza BBITEKAET, YTO IIPH JIOO0M N
KOMMYTAaTOP A/, COAEPXWT BCe Maphl He3aBUCUMBIX TPAHCIIO3UIIHIA.

YIPAXXHEHME 10.32. Y6eauTech, 4To Ipu n > 5 rpynna A, NOpoXzAaeTcsa apaMu He3aBUCHMBIX
TPaHCIIO3ULUH.

I
Me1 3axmogaeM, 4T0 A, = A, mpun > 5.

[TPUMEP 10.23 (KOMMYTAHTBI INHEUAHBIX I'PYTIIT)
ITycts k — mpousBonbHoe nose. Tak kak det(f, g) = 1 anda Beex f, g € GL,,(k), MbI 3ak109aeM, 4To
GL/ (k) < SL,, (k). Tlokaxewm, uto SL,, (k) = SL, (k) 3a uckmoueruem ciydaes SL,(F,) u SL, (F).

YIPAXKHEHME 10.33. YoeauTech, uTo SL, (F,) = GL,(F,) ~ S; u SL,(F;) /{+E} ~ A,.

Jlerko BUZIETh, uTO J00yt0 MaTpully us SL, (k) MoxHO IpeBpaTUTh B €AMHUYHYIO SJeMeHTapHbIMU
MpeoOpa3oBaHUAMH, 3AKTIOYAIOIINMUCA B IPU6GABIeHUH K OJHOU U3 CTPOK APYTOH CTPOKH, YMHO-
’KEHHOIT Ha IIPOM3BOJILHOE YUCIIO, T. €. B YMHOXEHHM MaTPHUIlbI CleBa Ha MaTPHUIly Buzal

Tij(@) £ E + aEy;. (10-19)

VIIPAXXKHEHME 10.34. YO€IUTECH B 3TOM.

KommyTarop TpancBekuuu (10-19) ¢ suaronanpHoi Matpuneit D(S,, ..., By,), TAe H Bi=1, paBeH2
(E + QE;j)(ByEqy + ... 4 BpEnn)(E — @E; )BT Eqy + ... + By Eny) =

Ecmmn > 3mwmk # {—1,0,1} pasnocts 1 — 3, /B i MOXKHO CZjes1aTh HeHy/IeBoit>. [103TOMY KOMMY-
TaHT SL;l(]k) COZIePXXUT BCe TPAHCBEKLUUHU, U TEM CaMbIM GL;L(]]«) = SL;(]k) = SL,,(k) ectun > 3 win
k # F,, F,.

VIIPAYXKHEHHUE 10.35. BEIYMC/INTE KOMMYTaHTBI SLé(IFZ) u SL;(IF3).

! Takue MaTpPUIIEI HA3HIBAIOTCS MPAHCEEKUUAMLL.
2Cm. popmymny (5-13) Ha cTp. 96.
306paruTe BHUMaHe, YTO IPU N = 2 PAa3HOCTD 1 — ﬁi/ﬁj =1 — B} zanynserca ecmu k* C {+1}.



OTBeThI U YKa3aHUA K HEKOTOPBIM yIIPpaXXHEHUAM

yop.10.1. Ecmm fg =eugh=e, 0 f = fe = f(gh) = (fg)h = eh = h.
ymp. 10.2. JInA ABYX eAMHUYHBIX 31eMeHToB e’ u e” BhimonHens! pasencteae’ =e’e” =e”.

Vmip. 10.4. OtBeT: 6o r = 1 u Tors(G) = 0 (T.e. G ~ Z), mubo r = 0 (T.e. G KOHEYHA) U KAXK0E
mpocToe Yucyio p € N mpucyTCTByeT B KAHOHUIECKOM Pa3IOKEeHUN

Z Z
G=—7~&..0 —

(1) (pa*)

He Oosiee ogHOrO pasa. JJoKa3aTeabCTBO aHAJIOIMYHO Z0Ka3aTeNbCTBY Ipet. 9.4 Ha cTp. 155.

ymp. 10.5. IIycts k = dr, m = ord(tr) = ds, rae Hoa(r,s) = 1. Eciu d > 1, To 7% apnsiercs npousseze-

HUeM d He3aBUCHMBIX [IMKJIOB JJIMHEL S, U TF = (rd)r OyaeT IpPOU3BeJeHEM S-ThIX CTEITeHEeH dTUX
1ukiIoB. OcTaéTes mokasaTh, 4To Korzia ord(T) = m B3auMHO IMPOCT € k, TO 7% To3ke nmK FIMHEL M.
Ecu 719 KaKoTo-TO 3JIeMeHTa a IIUKJIA T BBIIOJTHAETCS PABEHCTBO (‘L’k )r (a) = a, To kr genutcsa Ha
m, uto 1pu Hoz(k, m) = 1 BO3MOXXHO TOJIBKO KOTZA T IeTUTCA Ha m. [losToMy r > m, T.e. JIMHA

COZIEPIKAIIIETO A IIUKJIA IIEPECTAHOBKU ¥ He MenbIme m.

ymp. 10.6. OtBer: n(n — 1) ... (n — k + 1)/ k (B unciurene gpobu k coMHOKUTENEH).

Ynp. 10.7. Henepecekarommuyecs LUK/IbI O4eBUAHO KOMMYTHPYIOT. EC/Ii KOMMYTUpYIOIYe UKL T; U
T, IlepeceKaloTcs Mo 3/IeMeHTy a, TO T,(a) ABJAeTCA 3JleMeHTOM IIUKJIA T,, IOCKOJIbKY B IPOTUBHOM
ciydae 7,7,(a) = 7,(a), a 1,7,(a) # 7,(a), Tak Kak 7,(a) # a. [lo Tol xe Nnpu4KHe T,(a) ABIAETCA
3JIeMEHTOM LIMKJIA T,, ¥ 3HAYUT, 06a IUKJIA COCTOAT U3 OJHUX U TeX e dreMeHToB. ITycTb 7,(a) =
‘r;(a). JIrob6o1i a/1eMeHT b, Ha KOTOPBIHM 00a IIUKJIAa PealbHO AEHCTBYIOT UMeeT BUJ b = Tg(a), ¥ LIUKJT
T, JIeCTBYeT Ha HETo KaK T5:

7,(b) = 1, 75(a) = 137, (a) = 15375(a) = 1375(a) = 13(b).

Bropoe yrBep:xaeHue cneayet us yip. 10.5.

. noom, .
yme. 10.8. Otset: n!/[];_, i™m;! (cp. c dopm. (0-12) Ha cTp. 11). PeleHne: COMOCTABIM KaXAOMY
3aMOIHEHUIO JUArPAMMBI IMKJIOB A HETIOBTOPSIOUMMHUCSA YUCIaMU OT 1710 n mpou3BeieHre He3aBU-
CHUMBIX IIMKJIOB, IUKJIMYECKY [T€PECTABIAIOMINX J/IEMEHTHI KQKA0H CTPOKY CIeBa HAIIpaBo; II0IydaeM

CIODbEKTUBHOE OTO6pa}KeHI/Ie MHOK€eCTBa 3al0JIHEeHUH Ha MHOXKECTBO BCEX IIepeCTaHOBOK IJKJIOBO-
n m
=1t

JPYT U3 Ipyra He3aBUCHMBIMU [TUKIMYECKMMHY IIEPECTAHOBKAMH 3JIEMEHTOB B KaKIOM CTPOKE U IPO-

M3BOJIbHBIMY IIEPECTAHOBKAMU CTPOK OJUHAKOBOU JTMHBI MEXY 00010 KaK eJVHOrO 1eJIOTO.
ymp. 10.9. |1,6,3,4)*° - 2,5,8)*° . |7,9)*° = |1,6,3,4)"*-|7,9) = (4, 2,6,3,5,1,9,8,7)

Ymp. 10.14. OTBeT: |1,2,3,4) = 0,,0,3034,11,2,4,3) = 0,,0,,034,11,3,2,4) = 0,30,30,5,4,11,3,4,2) =

ro tuma A; mpoo6pas Kaxoi mepecTaHoBKU cocTouT 13 [ | im;! 3amoJHeHUH, OTyYaroIuXCs

013034054, |1,4,2,3) = 0,,0,30,3,1,4,3,2) = 03,0,30,,.

ymp. 10.15. IToACYET A1 TPYTIIBI Ky6a AOCIOBHO TOT )K€, YTO U /IJIsI TPYIIIH o/ieKadapa. ['pyTinb OKTas-
pa ¥ UKocasdgpa U3oMOopQHEI rpynmaM Kyba U foJeKaJpa ¢ BeplIMHaMU B LIeHTpaX rpaHel OKTaspa
Y MKOCa3/[pa COOTBETCTBEHHO.

ymip. 10.17. 3aduxcupyem B V kaxoii-mubo 6asuc v conocraBuM oneparopy F € GL(V) 6a3uc, coctos-
wmii U3 BeKTopoB f; = F(e;). JUis Bei6opa nepBoro 6asucHoro Bekropa f; umeercs |V| -1 =q" — 1
BO3MOXKHOCTEI, 17151 BbiGopa BToporo — |V|—|k- f; | = ¢" —q BoaMoxkHOCTEH, /151 BBIGOPA TPETHETO —
VI-|k-f, ®k-f,| = q" — q° Bo3MOXHOCTe} 1 T. /1.
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Yrip. 10.18. Iloacka3ska: OeHTpaJibHasA CMUMMETPUA KOMMYTUDPYET CO BCEMU dJIEMEHTaMU ITOJIHOM TPYIIIIbL
AoJZEKasJapa; IMOKaXXUTe, YTO €ANHCTBEHHAasA II€peCTaHOBKAa B 55, KOMMYTHPpYIOLIada CO BCEMU I1€epecTa-
HOBKaMHU U3 SS — 9TO TOX/JAECTBEHHOE HpeO6p330BaHI/Ie.

Yrip. 10.23. [IpowuTiocTpUpyeM paccy:kZeHue Ha IpuMepe HKocaszapa. V1 cobcTBeHHAs U TOTHAs TPyTI-
IIbI TPAH3UTUBHO eHCTBYIOT Ha 20ero TpeyroibHbIX rpaHax. CTabwIn3aTop IpaHu B COOCTBEHHOU U
IIOJTHOM TPyIIIax npejcTaBisieT co6oii cO6CTBEHHYIO U ITOHYIO TPYIIY TPEYTOJIbHUKA Ha IUIOCKOCTH,
COCTOAIIYIO, COOTBETCTBEHHO U3 3u U3 6rpeobpasoBanuil. I1o dopmyste A AIUHEL OPOUTHI HOTyYa-
eMm|SO,,,| =20-3=60u|0,,|=20-6=120.

ymp. 10.25. PaBeHctBO hyg, = h,g, BneuéT paBeHcrsa g,g; ' = h,'h, € Hug,9,* = hy'h, € H.C
ZIPYTOI CTOPOHBI, €C/TH O[MH U3 OGPATHBIX ZIPYT APYTY 3NEMEHTOB g; ' g, U g, - g, nexut B H, T0 B H
nexut v BTopoit, u Hg, = H(g,97")9, = Hg,.

HUKO HUKO

V1P, 10.26. Brmouenne gH g™ C H Bneuét Bkmouyerne H C g~ 'Hg. Ecnu 310 Tak 414 Bcex g € G, TO
3aMeHss g Ha g~ ' MBI HoJTydaeM o6paTHOe K MCXOAHOMY BKItouenue gHg ™' D H.

Vip. 10.27. 9 o Adgep™ i h s (g (W) g™") = (@) ho(g) ™.

yrip. 10.28. Jlna mo6oit Touku x € R™ monoxkum p = ¢~ 1(x). Tak kak ¢ : R™ — R™ apdunno, ¢(p +
v) = x + D,(v). IloaToMy @ © T, ptixH ept+v)=x+ Dy ().

ymp. 10.30. Ecu ¢(x) € N,, 10 p(gxg™") = p(g)e(x)p(g)"* € N, B cuty HopmanbHocTu N, <I G,.
Mostomy N, = ¢~ *(N,) <I G,. KOMIIO3UIIHs CIOPbeKTUBHBIX TOMOMOPdU3MOB G, » G, - G, /N,
ABJIAETCSA CIOPbeKTUBHBIM TOMOMODPGU3MOM C AZpoM N, .

Ymp. 10.31. [TOCKOMIBKY S,, TOPOXKAAETCS TPAHCIO3ULUSAMU, ITOATPYIIA A, IOPOXKAAETCS TapaMU TPaHC-
mosunuit. Ho |ij)|jk) = |ijk) u |ij)|k€) = |ijk)|jk¢) npu paznuunbix i, j, k, €.
Yrip. 10.32. Bocmonb3yiitech paBeHcTBOM |if)|jk) = |ij)|[€m)|jk)|¢m) ans pasnuunsix i, j, k, £, m.

Ymip. 10.33. IlepBbIif usoMopdusM 3azaéres getictBueM rpymmsl SL, (F,) ~ GL, (F,) Ha Tpéx HeHy/IeBBIX
BEKTOPaX KOOPAMHATHOM IVIOCKOCTH IF% , BTOpOH — AelicTBueM rpynmsl PSL, (IF5) €L, (F3)/{+E}Ha
9eTHIPEX OHOMEPHBIX BEKTOPHBIX MOATIPOCTPaHCTBax B [F3 wiu, 4To TO %e camoe, IeficTBUeM IPOGHO
JIMHEeHHBIX TpeobpasoBanuii t — (at+b)/(ct+d),tae a,b,c,d € F; mad # bc, Ha 4eTBIpEX TOYKAX
mpoekTuBHoM npamoit P, (F;) = {—1,0,1, c0}.

ymp. 10.35. Tak Kak SL,(F,) = GL,(F,) = S,, kommytanr SL, = {E,T,T?} ~ A, rae

0 1 1 1
T = T?2=T"1=
(1) - (5 o)

LIUKJINYECKH ITePeCTaBIIAIOT HeHyeBble BeKTopkI (1, 0), (0, 1), (1, 1) mpocTpaHcTBa IF%. [Ipu pakTopu-
sauuu SL,(F,) > PSL,(F,) ~ A, o noarpyme {+E} C SL,(F,) xommyrast SL,(F;) CIOpbeKTHBHO
oTo6paxkaercs Ha rpynmy Kieitna V, = A}, cocTosIy o He3aBUCHMBbIX TPAHCTIO3UIIUI ABYX T1ap TOYEK
npoekTuBHoM npsamoit P, (F;) = {(1 : 0),(0 : 1),(1 : 1),(1 : —1)}, KoTopble 3afat0TCA CIeAYIOIIU-
MU MaTpunamu u3 SL, (IF;) ¢ TouHOCTBIO /10 3HAKa

0 -1 1 1 -1 1
=) -G ) =)
Y6eaurech, uto [2 = J> = K> = —Eul] = =]l = K,JK = —K] = I, KI = —IK = ]. Takum 06-

pasom, Ipu JiFo60M BEIOOpE 3HAKOB Y TPEX MATpHIlL +/, &/, £K 5Tu TpU MaTPUIIBI TOPOXKAAIOT IPYIIIY
xeamepHuonHblx edunuy Qg £ {+E, +1,+], +K } nopszka 8, u SL,(F;)" = Qg.
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