§2. KoMMyTaTUBHBIE KOJIbIIA U MOJIS

2.1. OnpeneneHusa u MpuMepsl. I'0BOps BOJIBHO, IT0JIe — 3TO UMCIOBasA 00JIacTh, B KOTOPOIL
€CTb UeThIpe OOBIUHBIX apuPMeTUUeCKNX OIlEepaLIL: CIOXKeHIe, BhIUUTAHEe, YMHOXEHIE U
IeyieHMe, oOJIafarolyie IPUBBIUHBIMIL CBOICTBAMII COOTBETCTBYIOILMX HeJICTBUII HaJ palyio-
HaJIBbHBIMU UKCIIaMU. AKCIOMATU3alNsA 3TUX CBOMCTB IPUBOAUT K TAKOMY OIIpeesIeHUIO:

Onpepenexue 2.1
MmuoxectBo F ¢ nsyma onepanuamu F X F — F: cnoxenuem (a,b) = a + b u ymHoxcenuem
(a,b) — ab Ha3BIBaETCS NOJIEM, €CIIV BBIIOIHIIOTCS CIEAYIOLINE TPU Habopa aKCUoM:

CBOWCTBA CJIOXKEHUS

KOMMYMAamueHoCmb: a+b=b+a VabeF (2-1)
accoyuamuBHoOCmb: a+b+c)=(@+b)+c Va,b,ceF (2-2)

Hauuue HyJs: 30e€F: a+0=a VaeF (2-3)

Hayuuue nPomMuEOnOIOHCHHIX: VaeF 3J(-a)eF: a+(-a)=0 (2-4)

CBOMCTBA YMHOXeEHUA

KOMMYMAamueHoCmb: ab=ba Va,beF (2-5)
accoyuamueHoOCmb: a(bc) = (ab)c Va,b,ceF (2-6)
Hanmuuue eOUHUYbL: d1€F: 1la=a Va€eF (2-7)
Hamuyuue 00pamHblx: VaeF\0 3Ja'eF: aa'l=1 (2-8)

CBOWCTBA, CBA3bIBAIOLLME CIIOXKEHUE C YMHOXKEHUEM
ouCmpubymueHoCmb: alb+c)=ab+ac Va,b,ceF (2-9)

HeMpUBUATLHOCTNY: 0#1 (2-10)

Mpumep 2.1 (nosie n3 ABYX 3N1€MEHTOB)

IIpocrerimmit 06BEKT, YAOBIETBOPSIOLINIL BCeM akcroMaM 13 omp. 2.1 — aro moute F,, cocros-
mee n3 0 m 1, Takux 4To 0 + 1 = 1 - 1 = 1, a Bce oCTaJIbHBIE CyMMBI ¥ IIPOM3BEICHN PAaBHbI
HyJto (Brirodas 1+ 1 = 0).

Ynpaxnenue 2.1. IIpoBepsbrTe, uto [, neficTBUTENBHO IBIAETCS IOJIEM.

DJIeMEHTHI 9TOTO II0JISI MOYKHO BOCIIPMHMMATD KaK KJIACCHI BHIYETOB II0 MOAYJIIO 2, a OTlepaLiy
CIIO’KEHMSI Y1 YMHOKEHISI — KaK OTePAIINY CJIOKEHNS ¥ YMHOKEHIS KIIACCOB BBIUETOB, OIIPeIe-
néunste popmynamu (1-20) u (1-21) u3 yp. 1.9 Ha ctp. 11. C gpyroit CTOPOHBI, 3JIEMEHTHI TOJIS
[F, MOI'yT MHTepIIPETUPOBATHCSI KaK «JIOKb» = 0 1 «ucTMHA» = 1, CIO)KeHMe — KaK JIormye-
CKOe «JCKJIIoUalolllee JIN ' », a YMHOKeHIe — KaK JIOTMUecKoe «u’°». IIpu takoit mHTepIpeTa-
uu aarebpanyecKye BHIYNMCIEHNS B roie [F, ImpeBpalaroTcs B JOrMUeCcKie MaHUITYIISLUI C
BBICKa3bIBAHMSIMIL.

!T. e. BbICKa3bpIBaHMe A + B MCTMHHO TOTAA ¥ TOJIBKO TOTAa, KOTAa UCTUHHO POGHO 00HO 13 BBICKA3bI-
Bauuii A, B
%1, e. BBICKa3bIBaHMe AB MCTUMHHO , €CJIM U TOJIBKO €CJIM MCTUHHBI 00d BbICKasblBanud A, B
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YnpaxHeHue 2.2. Hanmuinte Han nmoneM F, MHOTOUJIEH OT X, paBHBIN «HeE X», a TAKXKe MHO-
TOUJIeH OT X U Y, PABHBIN «X VI Y».

Mpumep 2.2 (paumnoHanbHble uncna)
HamomHuM, 4TO Iojie paloHAJIBHBIX Yyces]l Q MOXXHO OIpeIesUTh KaK MHOXKEeCTBO Apobeit
a /b, roe mon «ApoOBIO» ITOHMMAETCS KJIAacC SKBMBAJIEHTHOCTY YIIOPSIOUEHHOI mapsl (a, b)
ca,b € Zub # 0 no orowmenumw (a,,b;) ~ (a,,b,) npu a,b, = a,b,, KoTopoe ABIAETCA
MVHUMAaJIbHBIM OTHOIIIEHVEM 5KBUBAIEHTHOCTH, COJEPIKAIIMIM BCe OTOXKIECTBICHIS

a _ac

E_% yexo

b bc
(cm. n° 1.4.1). CnoxxeHne 1 yMHOKeHIe Opobeit onpenensercs GopMyIaMu

Sdifad+bc a ¢ 4 ac (2-11)
d bd ~ b d bd

o

—+

S| Q

YnpaxHeHue 2.3. [IpoBepsTe, UTO 3TU OIlEpaLI ONIpefesIeHbI KOPPEKTHO (pes3yJIbTaT He 3a-
BICHUT OT BBIOOpA MpeacTaBUTENel B KJIAcCaX) U YIOBIETBOPIIOT aKCOMaM ITOJIA.

Mpumep 2.3 (BelecTBEHHbIE YnCra)

MHOKeCTBO BellleCTBEHHBIX uyices R ompemessercs B Kypce aHanm3a HECKOJIBKIMIMIL pasiiny-
HBIMI CII0CO0aMM: KaK MHOKECTBO KJIACCOB 9KBIBAJIEHTHOCTI JeCITUUIHBIX” Npobeil, KaK MHO-
KECTBO [leleKIH/OBBIX CEUEHNII YIIOPATOUeHHOTO MHOKeCTBa Q, MM KaK MHOKECTBO KIIACCOB
9KBUBAJIEHTHOCTH PallMOHAJIBHBIX I10CIeqoBaTenbHocTell Kot MbI mosraraem, 4to unrareisb
3HAKOM C 9TMIMI OIIpefesIeHMsIMI 1 IIOHMMAaeT, KaK OHY CBsI3aHBI ApYT ¢ Apyrom. Kakoe Obr
OIMICaHVe MHO)KeCTBa R HII MICITOJIB30BAIOCH, 3aJaHIe HA HEM CJIOKEHMS M yMHOKEHIS I IIPO-
BepKa aKCMoM 13 o1ip. 2.1 TpeGyIoT HeKOTOPOiT paboThI, TPAAVILIMIOHHO IIPO/IeIBIBAEMOIL B Kypce
aHaIM3a.

2.1.1. KoMmMyTaTuUBHBIe KOJbIIa. MHOXecTBO K ¢ oIlepaliisiMU CIIOKEHNS Y YMHOKEHUS
HAa3bIBAETCI KOMMYMAMUSHLIM KOTbYOM C eOUHUYell, eCITU STY ITU OIleparnyl 00IaaoT BCEMU
cBoricTBaMu 13 omp. 2.1 Ha cTp. 16 3a MCKIIOUeHNeM CBOJICTBA (2-8) CyILLeCTBOBAHNS MYJIBTI-
ILUIMKATUBHO 00OpaTHOTO 3JI€eMEHTa.

Ecou, kxpome cyiiecTBoOBaHMS OOPATHOTO, 13 CIICKA AKCUOM IIOJIS MCKIIFOUAIOTCI TpeOoBa-
HIE CYLIECTBOBAHNSA € IMHUIbI 2-7)u ycaoBue 0 # 1, To MHOKeCTBO K ¢ IByMd oIlepaliiaMIL,
YIOBJIETBOPAIOLIVIMI OCTABIIIMCS aKCMIOMaM, Ha3bIBa€TCA IIPOCTO KOMMYMAMUEHbIM KOTIbYOM.

ITpuMepaMy OTIAMYHBIX OT IIOJIEN KOJIEL ¢ € AMHUIAMH IBJISIOTCSA KOJBIO LEeJIbIX Uncesl Z 1
KOJIBL[O MHOTOUJIEHOB ¢ K03 duimeHTaMn B MPOU3BOJIHHOM KOMMYTATHBHOM KOJIbLIE C €II-
Hurei. IIpyuMepsl KOMMYTAaTHBHBIX KoJell 0e3 eIMHUIbI JOCTABJIAT UETHBIE IeJIble UMCIa,
MHOTOUWIEHBI C UETHBIMU LeNBIMU K03 uiimeHTaMy, MHOTOWIEHB! 6e3 CBOGOHOrO UjIeHa C
ko3¢ duimeHTaMu B TI060M KOMMYTATUBHOM KOJIBIIE U T. II.

'3mech MMeeTCss B BUAY OOBIYHOE, He MICKIIIOUAOIlee «VIIV»: MHOTOWIEH [OJDKEH IPUHIMATE 3Ha-
uyeHe 1 TOra u TOJIBKO TOTHA, KOTa Xoms Obl 00HA U3 IIepeMeHHBIX paBHa 1

MY IPUBS3aHHBIX K KaKOM-I1O0 APYTOIl MO3MLIMIOHHO CUCTeMe CUMCIeHNs, HallpyMep, KBOMU-
HBIX
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2.1.2. A6eneBsI rpynnbl. MHOXecTBO A ¢ 00HOU omepanueil A X A — A, yIoBIeTBOPS-
IOILIe}T TIEPBBIM UeTHIPEM aKCHOMaM CJIOXKeHM U3 orp. 2.1, Ha3bIBaeTcs aberesol epynnoi. Ta-
KM 00pasoM, BCIKOe KOMMYTAaTUBHOE KOJBIO K ABJIgeTcd abeeBOIl IPYIIIION OTHOCUTEIBHO
oIepanny CJIOXKeHMs. ITa IPyIIa HasbIBaeTCs ad0umueHotl epynnotl kornvya. Ilpumep abeeBoit
IPYIIIBL, HE ABJIAIOLIENICI KOJIBIIOM, JOCTABIIAIOT 6eKMOopbl.

Mpumep 2.4 (reomeTpryeckme BeKTOPbI)

Bynmem HasbIBaThb 2eoMempuueckum 6eKmMopom KJIAcC HAIPABIEHHOTO OTpes3Ka (Ha IJIOCKOCTM
UM B IIPOCTPAHCTBE) IO OTHOIIEHNIO SKBMBAJIEHTHOCTY, OTOKAECTBIIAIONIEMY OTPe3KH, I10-
Jydarouyecs APYT U3 ApyTa MapajjelbHbIM IepeHocoM. HyieBhIM BEKTOPOM Ha30BEM KJIacc
SKBUBAJIEHTHOCTIL TOUKM — 3TO €AMHCTBEHHDIN BEKTOP, MMEIOIIMII HyJIEBYIO IUIMHY JI HE JIMe-
foIuii HanpasieHus. CI0KeHIe BeKTOPOB OIIpefielIseTcsd CTAaHJApTHBIM 00pa3soM: HAaJO BBI-
Oparp ImpeacTaBuUTeNel BEKTOPOB a U b Tak, YTOOBI KOHEIl a@ COBIIAJ C HavyajoM b, 1 oObIBUTE
a + b paBHBIM BEKTOPY C HadaJIoM B HadaJle @ ¥ KOHIIOM B KoHIle b . KoMMyTaTuBHOCTD 1 ac-
COLMATUBHOCTD 3TON OIlepallNM JEMOHCTPUPYIOTCA Ha pUC. 201 1 puc. 202.

a+b+c

Puc. 201. [IpaBuno mapamnenorpaMma.  Puc. 202. [IpaBmito 4eThbIpEXyTONIbHIKA.

HYJIeBI)IM 9JIEMEHTOM ABJIAECTCA Hy.]IeBOI;I BEKTOD. BeKTOp —-a, HpOT]?IBOHOJIO)KHbe/I BEKTODY a,
II0JIy4Ja€TCAa M3 BEKTOpPaA a M3SMEHEHVEM €TI0 HallpaBJIEHV Ha IIPOTVBOIIOJIOKHOE.

Mpumep 2.5 (MyabTUNAMKATMBHAS rpynna noss)
YeTbIpe aKCMOMBI YMHOKEHNS U3 OIIp. 2.1 Ha cTp. 16 yTBep)KAai0T, TO MHOYXECTBO

FFEF.0

BCEX HeHYsTegbix 3IeMeHTOB Ios F saBisgeTcs abesieBoil TPYIIIION OTHOCUTENBHO YMHOKEHNS.
9Ty rpynIy Ha3eIBAIOT MYIbMUNTUKAMUEHOU epynnoti noas. Pons HyIsS 13 agAVITUBHON TPYyII-
el F B MynbrunmkaTusHoi rpymmne F* ncnonuser eqnauia. B aberpakrHoit aGesneBoit rpyri-
Ile TAKOJ 3JIEMEHT Ha3bIBAETCH HeUumpanvHbiM. MyJIbTUINIMKAaTMBHBIM aHAJIOIOM Ilepexoda K
IIPOTMBOIIOJIOKHOMY 3JIEMEHTY SIBJISETCI IIepeXox K 0OpaTHOMY 3JIeMeHTY.

Nemma 2.1
B mr06011 abeneBoit rpyrre A HelITpaJbHBIL 3JIEMEHT eMHCTBeHEH, U I JIIo0oro a € A aJe-
MEHT, IIPOTMBOIIOJIOKHBIN K @, OQHO3HAUHO OIpefensercs 1o a (B uactHoctu, —(—a) = a).

HoxkasaTtenbcTBo. Bygem sammceiBaTh onepanuio B A afAUTUBHO. Eciin ecTh Ba HyJIEBBIX 3JIe-
menTa 0, m 0,, To 0, = 0, + 0, = 0, (mepBoe paBEeHCTBO BHIILTHEHO, IIOCKONBKY 0, ABIAETCI
HYJIEBBIM 3JIEMEHTOM, BTOPO€ — B CILIY TOTO, TO HYJIEBBIM 3JeMeHTOM siBisgercs 0,). Ecau ects
fiBa 51€eMeHTa —a 1 —a’, IPOTUBOIOIOXKHBIX K a4, T0 —a = (—a) + 0 = (—a) + (a + (-a')) =
=(—a)+a)+(-a)=0+(-a)=-d'. O
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Jlemma 2.2
B nr060M KOMMyTaTHBHOM Koublle K s 11060T0 @ € K BBIIONIHSIETCs paBeHcTBO 0 - a = 0, u
ecinu B K umeercs equanna, 7o (—1) - a MpOTUBOIIOIOXKEH K a I JII000r0 a € A.

[okaszatenbctBo. [Iyctha-0=b. Tormab+a=a-0+a=a-0+a-1=a(0+1)=a-1=a.
IIpnGasnsas k 0beuM YacTsaM 3TOrO paBeHCTBa (—a), monyuaeM b = 0. Bropoe yrBep:kmeHme
nposepsercd BbIKIankoi (—1)-a+a=(-1)-a+1-a=(-1)+1)-a=0-a=0. O

3ameuanue 2.1. Axcuoma HeTpuBHaIbHOCTU (2-10) B OIpemesleHUN MOJS PABHOCWIBHA Tpe-
6oBanuo F # 0, nockoyubKy npu 0 = 1 gug Kaxporo a € F BBINOIHAJIOCH ObI paBeHCTBO
a=a-1=a-0 = 0.006pa3oBanue, COCTOsIIIee U3 OTHOTO HYJI, COIVIACHO IIPEeIbIAYILIM
OIIpeeJIeHNSM SIBJISLETCS KOMMYTATUBHBIM KOJIBLOM (0€3 e JUHUIIBI), HO He ITOJIEM.

2.1.3. BerunraHnue u geseHue. 113 sem. 2.1 BbITEKaET, UTO B 110001 abeJIeBOI IPYIIIIE KOP-
PEKTHO OIIpefesieHa Pa3HOCMb JIIOOBIX IBYX 9JIEMEHTOB

a-b¥a+(-b). (2-12)

B uwactHOCTH, Omeparus BEIYMTAHUSA MMeETCS B abesIeBOil rpyIe Jo60ro KOMMYTATHBHOTO
KOJIbL[a. B roJre HeHyIeBbIe 3JIeMEeHThI 00pasyIoT abejeBy IPYIIILY 10 yMHOXeHUo. [loaTomy B
JF060M I10JIe UMEETCS POBHO OMH €AVHIUHBII 9JIEMEHT, U I JTI000r0 HEHYJIEBOTO dJIEMEHTA
@ 0BpaTHEIIT K HeMy 3JIeMeHT 4+ OJHO3HAUHO OIpeeNaioTcs o a. TeM caMbIM, B T1F060M IoJte
IIOMIMO CJIOXKEHUs, YMHOKEHVS U BBIUNTAHYS (2-12) MMeeTcsI OIepaumnus OesieHus Ha JII00bIe
HeHYJIeBbIE 3JIEMEHTHI

a/b¥ab™', b#£0. (2-13)

2.2. [1eIMMOCTB B KOJIbIIe IIeJIBIX umce. OCHOBHBIM OTJINUYNEM KOMMYTAaTUBHBIX KOJIEI C
eQVHULEN OT IT0JIeVl SIBJIETCI OTCYTCTBME OOPATHBIX 9JIEMEHTOB K HEKOTOPHIM HEHYJIEBBIM
aJleMeHTaM KOJIbIa. DJIeMeHT d KOMMYTAaTMBHOIO Koyiblia K ¢ equHUIIelT Ha3bIBaeTCsI 00pamu-
MbLM, €CJIV B 3TOM KOJIbLIe CyILIeCTBYeT TaKoil 3JIeMeHT @, uto a” ‘a = 1. B mpoTuBHOM ciTyuae
3JIeMEHT A Ha3bIBAETCS HeoOpamuMblM.

Hanpumep, B xoJyblie Z 0OpaTMMbIMU 3jIeMeHTaMM SBISIOTCI ToJbKO 1 m —1. B kombige
Q[x] MHOrOWIEHOB C PAUMOHAIBHBIMI K03 uIimreHTaMy 0OPATUMBIMIL 3JIEMEHTAMI SIBJISIIOT-
sl TOJIBKO HEHYJIeBble KOHCTAHTHI (MHOTOWIEHBI CTENIEHU HYJIb).

T'oBOpSIT, UTO 9JIEMEHT a OeTumcs Ha 9JIEMEHT b, eCJIU B KOJIbLIE CYIIIECTBYeT 9JIEMEHT ¢, Ta-
KOI1 UTO @ = bq. ITO 3amuchIBaeTCa Kak b|a (unTaercs «b meauT a») Win Kak a : b (uuraercs «a
menutcs Ha b»). OTHOIIIeHe HeIMMOCTI TECHO CBA3aHO C pellleHeM JMHEHBIX ypaBHEeHNIL.

2.2.1. YpaBHeHnue ax + by = k m HO/I B xosb1ie Z. 3adukcupyem Kakue-HIOYIb LIeJIbIe
yncna a u b u 0603HAUMM Uepes

(a,b) ¥ {ax + by | x,y € Z) (2-14)

MHO>KECTBO BCeX LIeJIBIX UMCell, IpeCTaBUMBIX B BUJE ax + by ¢ LeJIBIMU X, y. ITO MHOKECTBO
06pasyeT B Z IOIKOJIBII0, ¥ BMECTE C K&KIbIM CBOMM 3JIEMEHTOM COJEPKUT U BCE €0 KpaTHBIE.
Kpome Toro, Bce uncia us (a, b) HaleI0 OeNsITC Ha KaXKIbIN OOt [eINTeTh uucesl a u b, u
camu a u b Toxxe BXon4r B (a, b).

O6o03Haunm uepe3 d HaMMeHbIIIEe MONOKUTEIBHOE UKCIO B (a, b). OctaTok oT meneHus
soboro uncna z € (a,b) Ha d neXuUT B Kouble (a,b), IOCKOIBbKY OH IIPEeNCTABISIETCS B BUE
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z—kd, a zu kd nexat B Konble (a, b). Tak Kak 3TOT 0OCTaTOK CTPOTO MeHBbIIIe d, OH paBeH HYJIO.
CrnemoBarelbHO, (a, b) COBIAgaeT C MHOXXECTBOM BCEX UIICEJI, KPATHBIX d.

Taxum o6pasom, uncio d sBiseTcs oOIUM feanTeIeM uncen a, b € (a, b), mpencrapisercs
B Buge d = ax + by u menutcs Ha n100011 061mii KeuTens uncel a u b. [[ponsBonbHOe UMCIO0
k € Z npepncrasisgercd B Bune k = ax + by Torga 1 TOJBKO TOTAa, KOI'la OHO JeNNUTcI Ha d .
Yucero d HasbIBaeTCA HAUOOIbULUM 00U UM Oentumernemuucen a, b € Z u obo3uauvaerca Hoa(a, b) .

YnpaxHeHue 2.4. O6001mmnTe IpeRbIAyliee paccyKaeHue: I JII000ro KOHeYHOro Habopa
4uceN Ay, dy, ... ,0,, TOCTPOIITe YNCIO d, KOTOpOe MEIUT BCe a;, MeNMTCA Ha JI000M MX
00LLMIT KeIUTeNb U IpeACTaBIAeTca B Buae d = a;X; + a,X, + *+* + X, C LEeJIbIMI X;.
Ilokaxxute, UTO ypaBHEHNME N = A,X; + AyX, + -+ + A, X, PA3PEIINMO OTHOCUTEIBHO X; B
KOJIBlle Z TOT[la U TOJIBKO TOTAa, KOIrja n AelnTca Ha d .

2.2.2. Anroputm EBKnupa nossosyigeT 9BHO HaiiTu Hopa(a, b) U IpeacTaBUTh €T0 B BUE
Hoa(a, b) = ax + by. Ilyctb a > b. [lonoxum

E,=a, E; =b, E, = ocratky ot geneuus E,_, Ha E,,_; (mpu k > 1). (2-15)

uciaa E, ctporo yObIBaIOT 0 TeX IIOP, IIOKa ouepeaHOe unciao E,. He pa3aesnT HalleJIo IIpeabl-
q E, (o E,

nyiee uucio E,_;, B pesyibTare uero £, 4 obparurcs B HyJIb. [locie HMIT HEHYJIEBOTI 9IEMEHT
E, nocnenosarensHOCTH E,, u Oymer HamGompmyM OOIIMM 0OIIMM menauTesneM umuceln (a,b),
NpUYEM OH aBTOMATHYECKH IOJIyUNTCA NPeACTaBIeHHbIM B Buje E, = x - Ey+y - E,, eciu ipu
BBIUMICIIEHNN KaKIoro E;, MbI OyaeM IpefcTaBiATh ero B Bumge E r=x-E;+y-E,.

YnpaxHeHue 2.5. [lokaxure 3To.

Hanpumep, nng uncen n = 10203 u m = 4 687 BeIUMCIIeHNE COCTOUT U3 BOCBMU IIaros:

E, =10203
E, = 4687
E,= 829= E,—2E, = +1E,  —2E,
E,= 542= E,-5E,= —5E, +11E,
E,= 287= E,—E;= +6E, —13E
4 2 3 0 1 (2-16)
E.= 255= E,—E,= -11E, +24E,
Eg= 32= E,—E;= +17E, —37E,
E,= 31= E;—7E,= —130E, +283E,
Eg= 1= E,—E,= +147E, -320E,
[E;=  0=E,—31E; =—4687 E,+10 203E, |

(B3siTas B CKOOKM IOCIIETHAA CTPOKA CIIY>KUT IJIs IpoBepku). Takum obpasom,

Hoa(10203,4687) =1 =147 - 10203 — 320 - 4687.

YnpaxHeHue 2.6. [lokaxuTe, 4YTO B BOSHMKAIOIIEM Ha IIOCJIEHEM ILIare paboThl aIropuTMa
EBxnmpa npencrasnennuy Hynd B Buge 0 = E,; = q,E, + q,E, uncino |quE,| = |q,E,]|
paHoO HaumeHbuieMy o0uemy KpamHomy Hok(a, b).
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3ameuaHue 2.2. C BBIUMCINTEIBHON TOYKM 3peHNs aIroputM EBKinma Heconocmagumo 6bICT-
pee pasJIokeHNUsA Ha IPOCTbIe MHOXuTenu. UnraTemro mpejmaraerca yoeanTbCa B 3TOM, ITO-
MBITABIINCh «BPYYHYIO» PasjIOKIUTh Ha MPOCTble MHOKUTeNN unciaa n = 10203 u m = 4 687
13 aGCOIIOTHO PYYHOro BerumcieHns (2-16). Haiitu gBa oueHb GOIBIINX IPOCTHIX YMCIIA 110 3a-
JaHHOMY MX IIPOM3BEIECHIIO HEBO3MOXXHO 3a pasyMHOe BpeMs Jake Ha MOILLTHOM KOMIIBIOTEPE.
9TO 0OCTOATENBCTBO JICKUT B OCHOBE MHOTHX ITOIYJIAPHBIX CHCTEM IIM(PPOBAHNS JAHHBIX.

2.3. Bzanmuas mpocToTa. B Koiblie 1enbIx uncesn Z ycioBue Hoa(a,b) = 1 paBHOCMIIBHO
paspelmMocT B LeNbIX UMCIaX ypaBHeHud ax + by = 1, u uncna a, b, obnagaronime sTumMn
CBOJICTBaMU, HAa3bIBAIOTCI 63AUMHO NPOCMbIMU.

B npou3BoJIbHOM KOMMYTaTUMBHOM KoJiblle K ¢ eQMHUIEN 13 paspellIMOCTI ypaBHEHIUI
ax + by = 1 BbITeKaeT OTCYTCTBUE Y SJIIEMEHTOB a 1 b HeOOpaTUMBIX OOLIUX IeTUTEEN: eCIu
a=da,b=dp,unpusromax + by =1,10d(a+ ) =1ud obparum.

OpHaxko, oTCyTCTBME ¥ @ M b HeOOpaTMMBbIX OOIIMX AeIUTeNIell, BOOOIle TOBOPS, He rapaH-
THUPYeT paspellrnMOCT! ypaBHeHud ax + by = 1. Hanpumep, B KoyIbIle MHOTOUJIEHOB OT ABYX
nepeMeHHBIX Q[x, y] OXHOUWIIEHBI X U Y He MMEIOT OOIIMX [eINTeN e, OTIMUHBIX OT KOHCTAHT,
O[IHAKO paBeHCTBO f(x,y) - x + g(x,y) - ¥y = 1 HEBO3MOKHO HIU IIpM Kakux f, g € Q[x, y].

YnpaxHeHue 2.7. O6bsiCHITE ITOUEMY.

B IIPpOM3BOJIPHOM KOJIBII€ IMEHHO Pa3pe€IINMOCTDb YPABHEHMS ax + by = 1 Bieuér 3a co00I0 Ha-
JI4ne 'y 3JIEMEHTOB a, b MHOTUIX NIPUATHBIX CBOJICTB, KOTOPBbIMMI o6na,ua10T B3alIMHO IIPOCThIE
IeJIbIe€ Unciia.

OnpepeneHue 2.2
SneMeHTEI a ¥ b IPOM3BOIBFHOI0 KOMMYTATUBHOTO KOJIbIIA K ¢ eMHUIIe Ha3bIBAIOTCS 63AUM-
HO npocmviMu, eciy ypaBHeHUe ax + by = 1 paspernmo B K OTHOCUTEIBHO X 1 Y.

Jlemma 2.3
B npon3BoabHOM KOMMYTaTUBHOM KoJblie K ¢ eqUMHNIEN O nr000ro ¢ € K 1 1100bIX B3aIMHO
NPOCTHIX a, b € K cripaBeqIMBbI MMILIMKAIIAIL:

(1) ecnu ac menuresa Ha b, To ¢ genurcsa Ha b

(2) ecnut ¢ menuTcs m Ha a, ¥ Ha b, TO ¢ MeNUTCA U Ha ab.
Kpome Toro, ecit a € K B3aMHO IIPOCT € Ka>KIBIM I3 3JIEMEHTOB b4, b,, ..., b,,, TO OH B3alIMHO
MIPOCT U C UX NMpou3BeAeHneM b, b, ... b,,.
[NokasatenbcTBo. YMHOXKas 06e uacTu paBeHCTBa ax + by = 1 Ha ¢, mony4uaeMm ¢ = acx + bcy,
OTKy[a cpasy cienyor obe mmmmukanun (1) u (2). Ilycrs ais Kaskaoro i CyIecTBYIOT Takue
x;,¥; € K, uro ax; + b;y; = 1. IlepeMHOXUM Bce 3TU PaBEHCTBA M PACKpPOeM CKOOKM B JIEBOI
yactu. Iloxyunm cymmy, roe Bce ciaraemsele, kpome (b b, -+ b,) - (y,¥, *-* V), AeldaTcd Ha a.
Brrrocs a 3a cKOOKy, IPUXOAMM K COOTHOLIEHUIO @ - X + (b by -+ b)) - (y1y, = yp) = 1. O

YnpaxHeHnue 2.8. [lonb3ysch jeM. 2.3, TOKQKUTe CIERYIOIIYI0 TeopeMy 00 OQHO3HAUHOCTHU
pasioKeHNd Ha IIPOCThIe MHOKIUTEIN B KOJIbIIE Z: BCAKOE I1eJI0e UMCIIO Z ABJIIETCA IIPOM3-
BeZleHMEeM KOHEUHOTI'0O UMCiIa IIPOCTHIX YNCell', MPUUEM JII00bIe [Ba TAKUX IIPeCTaBICHS
PPy Px = Z = (44 *** q,, UMEIOT OOMHAKOBOE UICJIO COMHOXMUTeNE Kk = m, u aTn
COMHOXXUTEJIN MOKHO IIepeHyMepoBaTh TaK, YTOObL Vi p; = ;.

1Hal'IOMHI/IM, UTO LEJIO€ UMCJIO HAa3bIBACTCA NPOCMbiM, €CJIVL OHO HE PACKIIAABIBACTCA B IIPOU3BEOECHIIE
ABYX UJICEJI, Ka’KAO0€ 113 KOTOPBIX OTIINYHO OT +1
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2.3.1. 3ameuanue o HO/I. B mpousBoIbHOM KOMMYTAaTUMBHOM KoJiblle K, 3JIeMeHTBI KO-
TOPOTO HUKAK He YIIOPSATOUEHBI, HAuboIbuuti 00ujuti Oesiumenv 3JIeMeHTOB a, b € K onpenens-
eTcsl KaK Takoil ajieMeHT d € K, KOTOpBIiT OeNnuT a U b ¥ [eJIuTcs Ha 0001 9JIeMeHT C TaKIM
CBOIICTBOM. ITO OIIpe/esieHNe He FrapaHTUPYeT HI e JMHCTBEHHOCTY HAaMOOJIbIIIEro O0IIEro Ie-
nurens (qaxke B KOJIbLE Z IO 3TOMY OIpEeHeIeHII0 MBI ITOJIyUYaeM [Ba HAMOOIBIINX OOLIMX
OeNTeNs, Pa3Inyaroecs 3HaKOM) HY ero IIPeCTaBUMMOCTH B Bue d = ax + by.

2.4. Koxsno Bprueros Z/(n). HamomuuMm, uto umcia a,b € Z Ha3bIBAIOTCI CPAGHUMbBIMU TIO
MoAyJiio n (4To 3ammchIBaeTcs Kak a = b (mod n)), ecnu ux pasHOCTh @ — b HenuTcs Ha N.
CpaBHIMOCTD I10 MOAYJIIO N SIBJISIE€TCS OTHOILIIEHEM 3KBUBAIEHTHOCTH (cM. n° 1.4) 1 pa3buBaer
MHOKeCTBO I1eJIbIX YJcell Ha HellepeceKalolyecs KJIacChl CPaBHMMBIX 110 MOAYJIIO N UM Cesl. ITI
KJIACCHI HA3bIBAIOTCS KTACCAMU 6blHermo6 No MOJYTio N, a UX COBOKYIIHOCTH 0003HaUaeTCsI uepes
Z/(n). Me1 6ynem nucats [al,, € Z/(n) o 0603HaUEHNS KiIacca, CORepsKalllero mucio a € Z.
Takas 3anmch Kak o003HaUeHMe I KJlacca HeOQHO3HAUHA: uncia x € Zuy € Z 3afaoT OquH
M TOT ke Kjaacc [x],, = [y],, Toraa u TOJIbKO TOrAa, Koraa x = y + dn ayid Hekotoporo d € Z.

Bcero nmeercs n pasnuuHbIx Kiaccos: [0],, [1],,, ... , [(m = 1)], . C1oxeHne u yMHOKeHIE
KJIaCCOB BBIUETOB 3a[aéTcs IpaBIIaMU:

[a]l + [b]1 € [a+b], [a]-[b]= [ab]. (2-17)

CoruacHo ymp. 1.9 Ha ctp. 11, 9T onepauuy onpenereHbl KOppeKTHO'. OHM OUEeBMIHBIM 00-
pa3oM YIOBIETBOPSIOT aKCIOMaM KOMMYTATMBHOTO KOJIbLA C equHMIEl — Gopmyist (2-17)
CBOJSAT OIlepalyiy HaJl BbIUeTaMMU K OIIeparysIM HaJ| [{eJIbIMI YMCIaMI, AJIS1 KOTOPBIX AKCHOMBI
KOJIbIla BBITIOJIHAKTCHA.

2.4.1. [lenuTtesu HyJIs M HIWIBIOTeHTHI. B Z/(10) nponsseneHue kiaaccos [2] u [5] paBHO
HYJIIO, XOTS KaxOblil U3 HUX OTJIMUEH OT HYJIA, a B Kouble Z /(8) HeHyIeBOII Kiacc [2] umeer
Hynesoit ky6 [2]® = [8] = [0].

B npousBonbHOM Kojblie K aseMeHT a € K HasbIBaeTcs denumesieM HYis, ecnu a # 0 u
ab = 0 gns HekoToporo HeHysneBoro b € K. OOparumbiit ajaeMeHT a € K He MOKeT ObITh
OeNnTeseM HYJIs, IIOCKOJIBbKY, YMHOas 00e uacTy paBeHCTBa ab = 0 Ha a™l, M roJiyuaeM
b = 0. ITosTOMy KOJIBI[O C qeTUTENIMU HYJIS He MOKeT ObITh mojieM. Kosbiio ¢ eguuuieit 6e3
JeJnTesell HyJisd Ha3bIBAeTCI YeT0CHbIM.

HewnyeBoii snemMeHT a KosbIla K Ha3bIBA€TCA HUIbNOMEHMOM, eciiu a’* = 0 [JIsI HEKOTOPOTO
n € N. Bcaxkuil HUIBIIOTEHT aBTOMATIYECKY ABJISIETCS JqenuTesieM Hyisa. Kosblo ¢ enmHuIen
6e3 HIJIBIIOTEHTOB HA3BIBAETCS NPUSLOEHHbIM. BCSIKOE 11€10CTHOE KOIBIIO0 aBTOMATUUECKY IIP-
BeMeHO.

YnpaxHeHue 2.9. CoctaBbTe TaONUIIBI CIIOKEHMS U YMHOXXEHNSI B KonbLax Z /(n) miua n =
=3, 4, 5, 6, 7, 8. Hatimute B 9TUX KOJIbI]aX BCe AEJINTENN HYJId, BCe HUJIBIIOTEHTHI, U BCe
obpatuMble 37eMeHTHI. [[711 00paTUMBIX 9JIeMeHTOB cocTaBbTe Tabmiry oopaTHbrx. Kakme
713 9TUX KOJIeL ABJIATCA HOJIHMI/I?

2.4.2. O6paTuMbIe 3JIeMeHTHI KOJbIa BbrueToB. O6patumocTts Kiacca [m], € Z/(n)
03HayaeT CyILIeCTBOBaHME TAKOTo Kiacca [x],, uro [m],[x], = [mx], = [1], . Ilociennee pa-
BEHCTBO PaBHOCIMJIBHO HAJIMUMIO TaKUX X,y € Z, yTo mx + ny = 1 B Kojble Z. TeM caMbIM,
Knacc [m], obpartuM B Koublie Z/(n) Torga u ToJIbKO TOTAa, Korga Hoa(m,n) = 1 B Z.

1. e. He 3aBUCAT OT criocoba 3amycy KIacCoB MM, UTO TO K€ CaMOe — OT BbIOOpa IIpeCTaBuUTeeln
a€lalub € [b]
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IIpoBepuTh, 06paTUM JIM JAHHBIN Kiacc [m], ¥ BBIYUCIUTD [m],:1 MO>KHO IIPY IIOMOILN
anxroputma EBkianna us n° 2.2.2. K npumepy, Borunciaenne us Gopmyiisl 2-16 Ha 20 TOKa3bIBaeT,
uro kiacc [10 203] obparum B Z /(4 687) u [10 20317 = [147](mod 4 687), a xiacc [4 687]
obpatum B Z /(10 203) u [4 687]"! = —[320] (mod 10 203).

O6partuMsble 3y1eMeHTHI Konbla Z / (n) o6pasyroT abesieBy IpyIIly OTHOCUTEIHHO yMHOXe-
Hust. OHA HA3BIBAETCAZPYNNOL 00PAMUMDBLX 6blHemo6 TI0 MOLYJII0 n 1 obo3Hauaercs Z /(n)*. Eé
TOpANOK paBeH KOJMYECTBY HATypPaJIbHBIX UMCeJ, MEHBIIUX N U B3aMIMHO IpocThIX ¢ n. OH
o6o3Hauaercs uepes @(n) u HasbIBaeTCa PyHKyuetl Jilrepa qucia n.

2.4.3. IToxg BbIUeTOB [Fp = Z/(p). I3 cka3aHHOTO BBIIIIe BHITEKAET, UTO KOJIBIIO BBIUETOB
Z /(n) saBisgeTcs MOJeM TOTa M TOJBKO TOIMa, KOTAa N ABJSETCI npocmouim uuciom. B camom
Ieje, eCiu 1 = mk cocTaBHOe, HEHyJeBble Kiaccel [m], [k] € Z/(n) OyoyT mennurensMu HYJIs
1 He MOTYT OBITh 00paTuMbl. HanpoTtus, eciu p mpocroe umncio, To Hoa(m, p) = 1 mis Bcex m,
He KPaTHBIX p, M 3HAUNT, KOKIBII HeHYJIeBoI Kiacc [m] € Z/(p) obparum. [lone Z / (p), roe p
IpOCTOE, IPUHATO 0603HAYATD Fp.

Mpumep 2.6 (buHom HbioToHa no moaysio p)
B none F,, = Z/(p) BbINONHAETCS 3aMeUaTeIbHOE PABEHCTBO

1+1+ - +1 =0. (2-18)
e e——
D pas

VI3 HEro BBITEKAeT, UTo JUIA MOGBIX @, b € F, BBIMIONHIETCA PABEHCTBO
(a+ b =aP +bP. (2-19)

B camom pneste, packpsiBas ckoOku B OnHOME (a + b)P, MBI I KasKaoro k TOJTy4YNM (2) OIHO-

wrenos a*bP ¥, cymma xoropeix pasma a*bP* . (1 + 1+ - + 1), rme B cko6Kax CTOUT cyMMa
(z) eVHYIL, paBHas Hyo rmpu 0 < k < p.

Jlemma 2.4
[Ipn mpoctom p u m06om k B mpenenax 1 < k < (p — 1) GuHOMUMATBHBIN Ko3dduImeHT (Z)
IeJINTCS Ha P.

[NokazatenbcTBo. [I0oCKOIBKY UMCIIO p B3aMMHO IIPOCTO € KXKIBIM M3 YMCeN B Ipenesax oT 1
Io p — 1, oHO 1O JeM. 2.3 B3auMHO IIpocTo ¢ npousBeneHueM k! (p — k)!. ITockonbky p! ne-
murca Ha k! (p — k)!, Mb1 u3 TOoro Xe jyem. 2.3 3akiaouaem, uto (p — 1)! genurcsa Ha k! (p — k).

1
CienmoBaTenbHO, (z) = kwﬁ"k)' JeINTCA Ha P. O

Cnepnctsue 2.1 (manas Teopema Pepma)
s mo6oro a € Z u noboro mpocroro p € N BeinonHseTcs cpasHeHne a’ = a (mod p) .

NokasaTtenbcTBo. Hago mokasath, uto [aP] = [a] B mose JFp. CormacHao (2-19), umeem

[ = ([ +[11+ - +[1])P = [P +[1P + -~ +[1P = [1+[1]+ - +[1] =[a].

V

a pas a pas a pas

YnpaxHenue 2.10. ITokasxkure, 4To (";Zn) = m (mod p) npu Hoa(m,p) = 1.
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2.5. Ilpamblie npousBemeHus. IIpsamoe nmousseneHne

[14 =4, x4, % x4, ={(a.a5.....a,) | @, € A, Vv} (2-20)
v

abeseBBIX Ipynn A, 4,, ..., A, COCTOUT U3 yIOPSITOUEeHHBIX HAOOPOB (a;, a,, ..., d,,) dJIEMEH-
TOB a,, € A, 1 o0JafaeT eCTeCTBEHHOI CTPYKTYpOIl abesieBOil IPYIIIBI OTHOCUTEIBHO IIOKOM-
TIOHEHTHBIX OIlepaLINIi:

(ay,ay,....a,)+ (by, by, ....b,) =(a; + by, ay + by, =+, ay, +byy,). (2-21)

YnpaxHeHue 2.11. IIpoBepbTe, 4TO Tak omnpeneIéHHad ollepanys KOMMYTaTUBHA M aCCOLIM-

aTUBHA, HYJIEBBIM 3JIEMEHTOM [JIs Heé siBisteTcs Habop Hyureit (0,0, ..., 0), a mpoTuBOIIO-
JIOKHBIM K Habopy (a,, a,, ..., a,,) ABJIgeTcT Habop (—a,, —a,, ..., —Ap,).
AbeneBa rpynna (2-20) HasbpIBaeTCSI NPsIMbiM npoussedeHuem abeseBbIX Tpynn A, A4,, ..., 4,, .

Ecnu Bce TPYyIIIIbI Ai KOHEUHBI, IIPpAMOE IIPOU3BEACHIIE (2-20) TOKE€ KOHEUHO U VIMEET ITOPANOK

[T =111

[Ipsamere mponsBeaeHNI MMEIOT CMBICI He TOJIBKO JJI KOHEUHBIX, HO M JIJIS JIIOOBIX CeMeJICTB
abeJIeBBIX IPYII A,,, 3aHYMePOBaHHBIX JIeMEeHTaMI V € X Ipou3BoJbHOro MHOXxecTBa X. Co-

OTBETCTBYIOIIIEE IIPOM3BENEHIIE 0003HauvaeTCcsa B 3TOM ciIyyae yepes H Av .
veX

AnanornuasiM 06pa3oMm, LI JIF000T0 ceMeicTBa KOMMYTATUBHBIX KOJIEL] {K X }x <x OTpene-
JIeHo TmpsaMoe npousBefeHue | [ K, mpencrapisiolee cOG00 MHOXECTBO CEMEIICTB 2JIEMEHTOB
(ax)x cx> B KOTOPBIX KaKIbIil 2JIEMEHT a, JIeKMM B CBOE€M Koiiblie K, . Onepaunu cioxeHus 1
YMHOXEHHIS TaKXKe OIIpeeIgioTcsa ITOKOMIIOHEHTHO:

(ax)xeX + (bx)xeX = (ax + bx)xeX ’ (ax)xeX ) (bx)xeX = (ax ’ bx)xeX

YnpaxHeHnue 2.12. Y6enurecs, uTo H K, aBjsgerca KoabLoM, IIPUUEM eciu Bee K, OBLIIN KOJIb-
aMI C egMHUILEN, TO H K, Taxxe 6yaet xoapuoMm ¢ equHnnein (1,1,...,1) € H K,.

Hanpumep, ectn X = RuBce K, = R, T. e. nepeMHoOXaeTca KOHTMHYyalbHOE CEMEJICTBO OfIHa-
KOBBIX 9K3€MILUIAPOB noyd R, 3aHyMepOBaHHBIX NEMICTBUTEIbHBIMU unciamu x € R, To mpo-

usBenenre || R, kaHOHMYecKu u3oMopdHO Konbly yHKIuit f : R - R ¢ 00bIYHBIMU OIle-
xeR

pauysIMy IIOTOUEYHOTO CIOKEHNUSA Y YMHOXEeHMS 3HaUeHMIT QYHKIMIL. 9TOT M30MOopdu3M IIe-

peBoouT CeMeVICTBO BeIIeCTBEHHBIX UIICE] (fx) S H Rx’ 3aHyMEPOBAHHOE BE€ILIECTBEHHbBIM
x€R

ynciaoM x, B pyukuo f : R - R, 3HaueHNe KOTOPOIL B TOUKe X € R paBHO X-TOMY 3JIeMEHTY
cemericTsa: f(x) = f, .

B npssMoM npou3sBemeHNY KOJIel TI000i1 HeHYJIeBOI 9JIeMeHT, MMEIOIIiT XOTs ObI OOHY HY-
JIEBYI0O KOMIIOHEHTY, gBiideTcs gennutesneM Hynd. Hanpumep, (0, 1, ..., 1) apngeTca genureneM
Hynq, T.k. (0, 1, ..., 1)(1, 0, ..., 0) = (0, 0, ..., 0) = 0. ITosTOMy ITpOoU3BeieHIE HECKOIBKIX "
Koutell (B YaCTHOCTH, IIPOU3BeEHIIEe HECKOIBKIX II0JIEN) HUKOTA He SIBIISETCS II0JIEM.

Ecnn F, u F, — KOHeYHbIe 110151, COCTOSILL{YIE COOTBETCTBEHHO 13 P ¥ ¢ 3JIEMEHTOB, TO B UX
npoussenenuu F, X F, 6yner posHo (p —1)(q — 1) 06paTnMBbIX 371€MEHTOB (@, b), COCTABIISIOLINX

IT. €. KaK MUHMMYM OBYX
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* K
MYJIbTUILUIMKATUBHYIO TPYIIITY IFp X IFq u p +q — 2 genurens HyJId, uMerolnux Bun (a, 0) n (0, b)
ca,b #0.
B ob1iem ciyuae anement a = (a;, a,, ..., a,,) € Ky XK, X -+ XK, 06paTuM TOTga U TOJIBKO
TOTa, KOTJa KaKaas ero KOMIIOHeHTa a,, € K, obparuma B cBoéM koiblie K. [ToaTomy rpymnma
00paTUMBIX 3J1eMeHTOB Kosbla | [ K, SBIfeTcs mpsAMbIM IPOU3BeJeHIeM IPYIIIT 0OpATUMbIX

3JIEMEHTOB KoJjel K :
*
(ITx) =IIx: (2-22)

2.6. Tomompdusmbel. OToOpaskeHMe abeleBbIX IPYII ¢ : A — B Ha3bIBaeTCS 20MOMOPPHU3-
MOM, eCIIV IJ1s JII000TI IIaphl 9JIEMEHTOB a,,d, € A B B BbIIIOJIHEHO COOTHOIIIEHE

p(as +a,) = ¢(a,) + ¢(ay) (2-23)
B yacTHOCTH, 5TMM yCIOBUAM YROBIETBOPSET HYJeol (MMM MPusuasbHulil) romoMopdusm,
oTOOpasKaroILMii BCe 3JIeMeHTHI A B HYJIeBOII 9JIeMeHT B.
YnpaxHeHue 2.13. Y6equrech, UTO KOMIIO3MILIVSA TOMOMOP(U3MOB TOXKe ABJILETCS TOMOMOP-
dnsmom.
JIro60it romoMopdusM ¢ : A — B IepeBOJUT HYJIEBOIL 3JIeMEHT IPYIIIIBI A B HyJIEBOIL 9JIeMEHT
rpynnsl B: u3 paBeHcTBa ¢(0) = ¢(0 4+ 0) = ¢(0) + ¢(0) BoITekaer, uto 0 = ¢(0) . PaBeHcTBa

p(a)+¢(=a) = pla+(-a) = ¢(0) = 0
MOKa3bIBaOT, uTo @(—a) = —¢@(a). Takum obpasom, o6pa3 im ¢ = ¢(A) C B n1w060ro romomMop-
¢usma ¢ : A —» B saBusercs abeneBoil IOATPYIIIION B B.
2.6.1. Anppo romomopdusma. [lonHerit mpoobpas HyIeBOro sneMeHTa B mpu romomop-
dusme ¢ : A — B HaswIBaeTcs A0pom roMoMopdusMa ¢ 1 0603HaYaeTCs
kergp = ¢ '(0) ={a € A| p(a) =0} .
Anpo obpasyer B A moarpymnmy, T. K. U3 paBeHcTB ¢(a;) = 0 1 ¢(a,) = 0 BbITeKaeT paBEHCTBO

pla; £ a,) = p(a) £p(a,)=0+0=0.

[Mpennoxenne 2.1

Crnoit 1r060ro romoMopduama abeneBsIX TPy ¢ : A — B Hax IPOM3BOIBHOI TOUKON b € B
7m6o mycr, mubo paBen ¢ (b)) = a +kerp = {a+ad’ | a’ € ker ¢}, Tme a € A — xakoi-HUGY b
9JIeMeHT, IepexXondIuuii B b. B uacTHoCTH, MHBEKTUBHOCTh FoMOMOp(dM3Ma ¢ PaBHOCKIbHA
paseHcTBY ker ¢ = 0.

HoxkasaTtenbcTBo. PaBencrBa ¢(a,) = ¢(a,) n ¢(a, — a,) = ¢(a;) — ¢(a,) = 0 paBHOCUJIBHDL.
[TosTOoMYy 351€eMeHTEI a4, A, € A IIepeXOoIAT B OAVH I TOT XKe 3JIEMEHT U3 B, ecJIM 1 TOJIBKO eCII
a, — a, € ker(o). |

2.6.2. I'pynma romomopguamos. [l aGenessrx rpyi 4, B uepe3 Hom(4, B) mbI 0603Ha-
YyaeM MHOKECTBO BCEX 20MOMOpPu3sMoé A — B. ITo MHOXKeCTBO SIBiIIeTCI abeIeBOIl TPYIIIIOl
OTHOCHUTEJIBHO OIlepalllil II0TOYEUHOTO CIOKEHMA 3HaUeHIIL:

@+, i a- @ (a)+@,(a).

Hynesbim anemenToM rpynisl Hom(A, B) aBnsgeTcs Hyme6oti 20MOMOPPHU3M, 0OTOOPasKAIOIIIIIL Bce
3JIEMEHTHI A B HyJI€BOI 3JIeMEHT B.
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2.6.3. Tomomopdusmsl kosern;. OtobpaxkeHue konen ¢ : A — B Ha3bIBaeTCS 20MOMOp-
¢uszmom Kosey, ecyt Oy 000 Maphl 3JIEMEHTOB a,,a, € A B B BBIIIOJTHEHBI COOTHOLLIECHNS:

fla; +ay) = f(ay) + f(ay)

f(a1a2) = f(a1)f(a2) .
IMockonbky romomopdusm koisen ¢ : A — B sBisercs romoMopdu3MOM afAUTUBHBIX abee-
BBIX TPYIII, OH 00JIaaeT BCEMM IIE€PEUNCIEHHBIMY BBILIIE CBOICTBAMM TOMOMOP(U3MOB abe-

neBbIx rpymn: ¢(0) = 0, ¢(—a) = —¢(a), 1 Bce HEMYCThIE CJIOU ( IPENCTABISIOT COO0I0 CABUTM
cj0s Hafg HyJEéM: ecin ¢(a) = b, To

(2-24)

o lb)=a+kerp ={a+ad |a €kero)

(B uacTHOCTHM, 0 MH'bEKTUBEH TOTIA M TOJIBKO TOrna, Korma ker ¢ = {0}).

Anpo romomopdusma kosen ¢ : A - B BMecTe ¢ K&KIbIM 3JIEMEHTOM a € Ker ¢ comepKur
M BC€ KpaTHbIE €My 3JI€MEHTBI ad’, TOCKOJIBKY p(aa’) = p(a)p(a’) = 0. B uactHOCTH, ker ¢
SIBJISIETCS TOIKOJIBIIOM B A .

O6pa3s romomop¢nama kosern; ¢ : A — B, oueBUIHO, IBISIETCS IMOAKOIBIIOM B B. Boobirie
roBOPS, OH MOXKET He cofepyKaTh eqUHULBL, 1 1 € A Moxer He nepeiit B 1 € B. Hanpumep,
orobpaxenue Z/(2) — Z/(6), [z], — [3z], , ABIgeTCA TOMOMOP(PU3MOM KOJIELl I ITOCHLIAET

[0], = [O]g u [1]; = [3]6 -

[MpennoxeHune 2.2
JIx060it HeHyJIeBOV FOMOMOP(I3M IPOM3BOIHFHOTO KOJIBIA C eQMHULIEN B I[€JIOCTHOE KOJIBIIO
IepeBOONUT eAUHNIY B eIMHUITY.

[okasatenbctBo. Tak kKak ¢(1) = ¢(1-1) = (1) @(1), mbl mMeeM paBeHCTBO ¢(1)(p(1)—1) =0,
KOTOpOE B I[EJIOCTHOM KOJIblle BO3MOXHO Jn6o mmpu ¢(1) = 1, mmn6o mpu ¢(1) = 0. Bo Bropom
ciyyae Va€A ¢(a) =@l -a)=¢L)p(a) =0. O

2.6.4. T'omomopdusmsl moureii. Ecinu kosbiia A u B ABASIIOTCS HOJISMU, TO BCIKNI HEHY-
neBoit romoMop¢usM Kosery ¢ : A — B aBusercs roMOMOp(U3MOM MYJIbTUILINKATUBHBIX
rpymnn stux noieit. B wacraoctu, ¢(a/b) = ¢(a)/@(b) nis Bcex a U BCcex HEHYJIEBBIX b .

[MpennoxeHune 2.3
JIro6011 HeHyJIeBO FOMOMOP(U3M U3 IIOJIS B IIPOU3BOIBHOE KOJBIO SBIIAETCS BIOKEHUEM.

[NokasaTtenbctBo. Ecnu ¢(a) = 0 gns xkakoro-Hubynb a # 0, To0 VheEA
@((b)=¢ (ba_la) = (ba_l) p(a)=0.
Iosromy nr06011 HeHYIEBOTI TOMOMOP(U3M U3 IOJIS UMEET HYJIEBOE SIPO. O

2.7. Kuraiickasa Teopema 06 ocraTkax. [Iycts uncia ny,n,,...,n,, € Z IOIapHO B3aMIMHO
IIPOCTBI M N = Ny N, -+ N,,, . OToOpaskeHMe

¢ 1 Z/() — (Z/(ny)) X (Z/(np)) X - X (Z/(nyy))

2-25
(2], = (2], (2], oo s (2], ) s -
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COIIOCTaBJIAIOLIee BhIUeTy Z (mod n) Habop BBIYETOB z; (mod n;) , ABJISIETCI KOPPEKTHO OIIpesie-
JIEHHBIM roMoMopdu3MoM KoJtell. [[eiicTBUTENbHO, IpU BbIOOpEe Pa3IMUHBIX IIpeCTaBUTeIEI
Z, = z, (mod n) ux pa3HOCTb Z; — Z, AEINTCA HA N = NN, *** N,,, @ 3HAUUT, I Ha KOKI0e N;, TaK
uTo [z = [z IIpu Bcex i. PaBeHCTB

o [z,1,, = [2,],, Tipu Beex i. PaBencrsa

o([z], + Wl,) = @([z+wl,) = (2 + Wl , [z+ W], , ..., [z+w], )=
= ([zly, + Wy, (2], + W,y s oo s (2], + (W, ) =
= ([2]n, [2)y s o s (2] ) + (Wl W s oo s (W, ) = 0(I2],) + @(IW],,)

II0Ka3bIBAIOT, UTO ¢ IIepecTaHOBOUEH CO cloKeHueM. [lepecTaHOBOUHOCTD ¢ ¢ YMHOXEHIEM
IIPOBEPAETCA NOCIOBHO TAKOI K€ BBIKJIAIKOI.

Jlerxo BumeTsh, uTo ker ¢ = 0: ecut BBIYET [Z],, TAKOB, UTO BCE BBIUETHI [z]ni = 0, T0 z menuTcy
Ha KaXJ0€e n;, a 3HaUNT, 110 JeM. 2.3, M Ha MIX IPOU3BEeHNE N = NN, ... N,,, OTKyAa [z],, = 0.
[TockonbKy roMoMOpd¥3M C HYJIEBBIM SIIPOM MHBEKTUBEH I10 Iipet. 2.1 n 06a kobia Z/(n) u
II Z/(n;) cocTOAT 13 OOMHAKOBOI'O YICJIA 3JIEMEHTOB N = I n;, oTobpakeHne (2-25) 6MeKTUBHO.

ITOT BaKT U3BECTEH KakK Kumatickas meopema 06 ocmamkax. Ha »XxuTeiickoM si3bIKe OH 03Ha-
YaeT, uTo I JII0O0ro Habopa OCTATKOB I'y,T,, ..., T, OT AeJeHNS Ha IIOIIapHO B3aMMHO IIPO-
CTBIE UMCIA N, Ny, ..., N, BCErIa HAMIETCA LIEJIOE UMCIIO Z, KOTOPOe JAa€T OCTATOK 7; OT AeJI€HI
n; cpasy os ecex i, MpMUEM JI00bIe ABa TAKNX UNCIIA Z,, Z, PA3JIMYAIOTCS Ha I1eJI0e KpaTHOe UliC-
Jan = nyn, - n, . g IpakKTUYECKOT0 OTHICKAHMA Z IIOJIE3HO YCTAHOBUTH CIOPBEKTMBHOCTD
romomopdusMa ¢ HEMOCpeaCTBEHHO, He npuberas K npem. 2.1.

W3 B3amMHOJI IPOCTOTHI YMCJIA 1; C OCTAIBHBIMIU N, BBITEKAET, UTO N; B3aMMHO IIPOCTO € UX

npoussenenuem m; = [[ n, (cm. nem. 2.3). [ToaTomMy uIst KaXKgoro i HalixyTCs Takue X;, y; € Z,
VH#IL
uro n;x; + m;y; = 1. Uucmo b; = m;y; maér ocraTox 1 OT feleHNA Ha n; U JEIUTCA Ha BCe N, C

v # i. [loaromy uncno z = r b, + r,b, + -+ +r, b, pelaer sagauy.

st pemoHcTpanuy 3¢ (HeKTUBHOCTY 9TOTO AITOPUTMa HAMIEM, K IIPUMepY, HaIMeHbIIIee
HaTypaJIbHOE YICIIO, IMelolllee OCTaTKU 1y = 2,7, = 7 U r3; = 43 OT AeJIeHUs, COOTBETCTBEHHO,
Han, = 57,n, =91 uny; =179.

Cuauana HaitgéM uncio, obpatHoe K 91 - 179 mo moxyaio 57 . Tak kak 91 - 179 = 34 -8 =
= —13 (mod 57), g 3TOro JOCTAaTOUYHO NIPUMEHUTD anroput™ Esknunpa x £y = 57 n E; = 13.
B pesynbrarte nmonyunum 22 - 13 — 557 = 1, orkyma —22 - 91 - 179 = 1 (mod 57). Yucio

b, =-22-91-179 (= 22-13(mod 57))

maér nmpu geneHuu Ha 57,91 n 179 ocrarku (1, 0, 0). AHAJIOTMYHBIM 06pa30M HaxoIMM UIcia

b,
bs

—-33.57-179 (=33 - 11 (mod 91))
—45.57.91 (= 45 - 4 (mod 179))

narorye Ipu geneHuu Ha 57, 91 u 179 ocrarku (0, 1, 0) n (0, 0, 1) coorBeTcTBeHHO. Tpebye-
MbIe oCcTaTKu (2, 7, 43) MMeeT UMCIIO
z=2b,+7b,+43b;=—(2-22-91-179+7-33-57-179+43-45-57-91) =
=—(716716 + 2356893 + 10036 845) = —13 110 454,

a TaxKe BCe YJICIIa, OTINYAI0TCA OT Hero Ha Iiesible KpaTHble uncian = 57-91-179 = 928473.
HauMeHbIINM IOJIOXNUTENBHBIM CpeAV HUX aBJAeTca Z + 15n = 816 641.
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2.8. IIpocToe mopmose U XapakTepucTuKa. [ 11060r0 KOJbIla C eqUHNIEl K 1MeeTcs
KaHOHUYEeCKN romoMopdusm » : Z — K, 3aJaHHBIN IPaBUIOM

u(=Fn)=+(1+1+ - +1), tme neN. (2-26)
—_—

n

Ecin romoMopdu3M »# NHBEKTUBEH, TO TOBOPAT, UTO KOJIBLIO K MMeeT Xapakmepucmukxy HyITb.
B mpoTuBHOM ciyuae xapakmepucmuxoti Ha3bpIBaIOT HauMeHbIlee m € N, 1711 KOTOpOTo

1+14 - +1=0.
—_———

m

Xapaxkrepucruka Konbla K o6o3Hauaercs uepes char(K).

[Mpeanoxenune 2.4
XapakTepncTuKa eJIOCTHOTO KOJIbIA MO0 paBHA HYJIIO JUOO0 IBISIETCS IPOCTHIM UMCIOM.

ﬂOKaS aTEJ1bCTBO. HpI/I m,n > 1 j1eBas 4acThb PpaBE€HCTBA

1414 o +1=(14+14 - +1)- (1414 - +1),

s
mn m n

obpallfaeTcsi B HyJIb TOJIBKO TOT/a, KOT/1a 3aHYJISIETCS OJIH 113 COCCTOSIINX M3 MEHBIIIETO UNCIIa
eVMHUI] COMHOKUTeJIel B IIPaBoIl YacTu. |

2.8.1. IIpocroe mogmoute. IIycts K = F aBngerca noneMm. HaumMeHbIlee 10 BKIIOUEHUIO
noxmone B F, comepxkartitee 1 u 0, HaswiBaeTcss npocmuim noonosem B F. B cuiy cBoero ompere-
JIEHUSI TIPOCTOE IIOAIIONE COmepKuUT 06pas im (%) romomopdusma (2-26).

Eciu char(F) = p > 0, mpocroe moamosie coBuagaer ¢ im (x) u u30MOpQHO MO0 Fp. Heii-
CTBUTEJIBHO, B 9TOM ClIydae oTobpakenne Z/(p) — F, nepeBonsiuee a (mod p) B #(a), KOPpeKTHO
OIIpefiesIeHO ¥ ABJAETCS TOMOMOP(dM3MOM, a ero 06pas, OUeBUIHO, COIEPKUTCI B oOpase », a
TEM CaMbIM ¥ B IpocToM nopmode. ITo mpemi. 2.3 aror romoMopdu3M UHBEKTUBEH, a 3HAUUT
ero o6pas aBisgercs mojieM. Ctano 6bITh, OH U €CTh IPOCTOE IIOJIIONIEM.

Eciu char(F) = 0, To romomop¢u3sm » BkiaagsiBaet Z B F. IIpocToe mmoamone comepsxut 06-
paTHBIe 3JIeMeHThI KO BCceM asieMeHTaM 13 im ». [Toaromy nmpasuio p/q — x#(p)/»(q) nponoixaet
X 10 BIIOKeHMsI 1moJteit ¥ © Q & F, 06pa3 KOTOPOTO JIEXKUT B IIPOCTOM ITOAIIOJNE, & 3HAUNT, COB-
mmajgaeT ¢ HuM. TeM caMpIM, IPOCTOE IIOAIIOJE ITOJSI XapaKTePUCTUKA HYJIb M30MOP(HO II0JII0
palMoHaNIbHBIX Yucel Q.

YnpaxHeHnue 2.14. ITokaxxure, uto 106071 aBTOMOPQI3M IO OCTABIISET Ha MeCTe KaKIbIi
3JIeMeHT U3 eT0 IIPOCTOr0 IIOAIIONA.

OrMeTnM, UTO U3 ITOTO YIIPa)KHEHVS BBITEKAET, UTO 10JIe Q 0CTaéTCs HEIOABUKHBIM IIPI JIIO-
6om aBTomMopdusme moieit R u C.

Ynpaxnenue 2.15. Ilokaxnute, 4TO MeXIy ITONAMM Pa3sHOM XapaKTEPUCTUKM HET HMKAKIX
HEeHYJIeBBIX TOMOMOP(I3MOB.
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2.8.2. Tomomopdusm Ppobenmyca. B moise F xapakrepucruku char(F) = p > 0 oro6pa-
’KeHIe BO3BEeJICHN B P-TYIO CTeIIeHb

. p -
F,:F>F, xmxP, (2-27)

SIBJIIETCS TOMOMOpP(]U3MOM, OCKONBKY V a, b € F BeimonHsioTcs paseHcrsa (xy)P = xPyP u

p—1
(@+bP =aP +bP +> (1+1+ - +1)-a"bP™* =aP + b7
—_—
k=1

(o)
(cM. mpmM. 2.6 u neM. 2.4 Ha cTp. 23). lTomomopdmam (2-27) HasbIBaeTCs comomopPusmom Ppo-

6eHuyca. B cury maioit teopemsl Pepma’, OH TOKIECTBEHHO AEVICTBYyeT Ha IIPOCTOM IIOATIONE
F, CF.

‘cM. ci1. 2.1 Ha cTp. 23
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Ynp.2.2. OrBets: 1+ xmxy+x+y.

Ynp. 2.3. Ilpu yMHOXeHUU YMCIUTENS M 3HAMeHareJs JII0007 13 Apobell B JIeBBIX YaCTIX pa-
BeHCTB dopMm. (2-11) Ha cTp. 17 Ha OMHO M TO K€ YUCIO C, UMCIUTENb U 3HAMEHATEIb Apoou
B IIPaBOJf YaCTU COOTBETCTBYIOIIIETO PaBEHCTBA TaKXKe YMHosKaTcda Ha ¢. OTciofa ciaemyeT Kop-
pexTHOCTE. IIpoBepKa BBIMOTHEHNU aKCHOM 0eCXUTPOCTHA.

Ynp. 2.5. Bospacraroiiag MHIyKLIUs 10 k, HaunHaroIasacd ¢ k = 0, I0Ka3bIBaeT, YTO Bce uuciua Ej,
nexar B (a, b), B uacTHOCTH, Heiarcs Ha Hoa(a, b). C opyroif cTOpOHBI, YObIBAIOIIAT MHAYKIVT
1o k, HauyHaroIasicsa ¢ k = r+ 1, mokassIBaer, uto Bce uncia £, (B tomuncie Ey =aunk; = b)
nensarcd Ha E,.. Ilostomy u Hoa(a, b) = ax + by nenutca E,..

Ynp. 2.8. CyuecrBoBanne. Eciiu umnciio n mpocroe, T0 0HO caMo 1 OyIeT CBOMM pa3yIoKeHUEM;
€CJIVL N COCTAaBHOE, IIPEACTABUM €ro B BUJI€e IIPOM3BENEHMS CTPOrO MEHBIIUX IO aGCOIIOTHO
BeJIMYMHE YNCEJ, KOTOPBIE B CBOIO OUepeIb MV HEIIPUBOIVMBI VIV SIBJISIOTCS IPOU3BEqEeHMS-
MM CTPOTO MEHBIINX 10 aOCOIIOTHOI BeJIYnHe yucel i T. 1. [[0CKOIbKy MOIYJIb L{eJIOT0 UICIIa
HeJIb3s1 0ECKOHEUHO JTOJITO YMEHBIIATh, MbI B KOHIIE KOHIIOB IIOJyYIM TpeGyeMoe pasiioskeHue.

EnuncreenHocTs. {713 10060T0 IIPOCTOTO UMCIIA p U JIOOOTO I[€JI0T0 YMCTIa Z BBIITOIHIETCI
creqyrolas anbrepHaTuBa: 1mbo Hoa(z,p) = |p|, u Torma z genutcs Ha p, aubo Hoa(z,p) = 1,
M TOTJA Z B3aMMHO IIpocT ¢ p. [IycTs B paBeHCTBE PP, *** Py = G145 *** G BCE COMHOKUTEIN
npoctsl. [Tockonexy [ [ q; mennres Ha p,, Uncio p,, B cuily jeM. 2.3, He MOKET ObITh B3AUMHO
IIPOCTO € KaKABIM ¢;. COITacCHO yIIOMSAHYTOII BBILIE aJbTepHATIBE, HAMAETCA ¢; (MOXKHO CUM-
TaTh, UTO ¢;) KOTOPBII HeauTcs Ha p,. [IocKonbKy q, mpoct, q; = +p,. CokpaljaeM IepBbIi
MHOXXUTEJIb 11 IIOBTOPSIEM pacCyKAeHIe.

¥Ynp. 2.10. Kiacc (";’:Ln) (mod p) paBeH K03 PnLMEHTY TPU xP", BO3HUKAIOIIIEMY ITIOCJI€ PACKPBI-

THS CKOGOK M IIpMBEeHIS MOLOOHBIX cIaraeMbix B 6uHoMe (1 + x)™ Hax monem F,. [ocre-
ooBaTeNbHO mpuMeHsasa Gopmyny Gopm. (2-19) Ha cTp. 23, monyyaem

_2m

A+ ™ = (A+0P)" "= (1+22)7 "= (A+2PP) "= (1+27) "=
= (1 + xpn)m =1+mx? + CTapIIIne CTele

Ynp. 2.14. JIwo6o0it aBromopdusm ¢ : F — F ocraiser Ha MecTe KOKIbIIL 3JIEMEHT U3 im , T. K.

90(}4' ...+%): }+ ...+1’

J

2'g 2'g

p p

a IIpoCToe MOAIOoJIe J1bO0 COBIIAAET € im ¥, TMOO COCTOUT U3 3JIeMeHTOB a /b c a,b € imx.
Ynp. 2.15. ITycte char(FF) = p u char(k) = q. [Ipu sneMeHT 1+ --- +1 € korauueH oT HyJIA,
p y (F)=p (k) = q.Ilpmq #p y

14
HO IIEPEBOANTCA B HYJIb JII0OBIM I‘OMOMOpd)I/ISMOM @ k —» F. Tem CaMbIM, @ HE€ NHBEKTUBECH

U 10 mpen. 2.3 OJKeH OBITH HYJIEBBIM.

103



	Коммутативные кольца и поля
	Определения и примеры
	Делимость в кольце целых чисел
	Взаимная простота
	Кольцо вычетов
	Прямые произведения
	Гомомрфизмы
	Китайская теорема об остатках
	Простое подполе и характеристика

	Ответы и указания к некоторым упражнениям

